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In this thesis, we study qualitatively new non-Hermitian phenomena that occur when the
parameters of coupled harmonic oscillators are tuned (like mass, spring constant, and
damping), while monitoring their motion. We consider both forms of tuning: static and
real time. These phenomena are demonstrated experimentally using the membrane-in-

the-middle (MIM) optomechanical system.

We first describe how tuning the parameters statically along a closed loop results
in braiding of the system’s eigenvalues, and the manner in which they braid determined
by how the loop encircles the system’s double degeneracies. We find that for a system
of N > 2 coupled harmonic oscillators, the topology of the degeneracies and the braids
have a distinct increase in complexity, compared to the widely studied N = 2 case. In
particular for N > 2, the degeneracies are knotted, and the braids are non-Abelian. We

demonstrate these features experimentally for an N = 3 system.

We then study the interplay of Berry phase with non-Hermiticity. For non-degenerate
non-Hermitian systems, it is predicted that the Berry phase is a complex number, whose
imaginary part represents a “geometric” loss/gain unique to non-Hermitian systems. We
demonstrate these features experimentally in the real time evolution of a lossy two-mode
system. Furthermore, we show that the interplay of the system’s intrinsic loss and the

geometric gain allows us to demonstrate a novel form of amplification.

Finally, for degenerate non-Hermitian systems, the Berry phase is predicted to be a
real discrete-valued topological property of the control loop. The distinctive nature of this
Berry phase is shown to be solely due to the non-trivial topology of the degeneracies. The
adiabatic evolution that gives rise to this Berry phase is also responsible for generating
novel dynamical phases. We experimentally demonstrate these predictions by tuning and
monitoring a lossy doubly-degenerate system in real time. Complementary to the previous
case, the novel dynamical phase, combined with the degenerate system'’s loss, allows us

to demonstrate yet another novel form of amplification.
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Chapter 1

Introduction

A linear dynamical system of coupled harmonic oscillators is one the most ubiquitous
concepts in physical sciences. It provides a robust mathematical description for a wide
range of phenomena - from simple oscillating pendulum to gravitational waves, vibrations

of a musical instrument to vibrations of atoms in a typical solid and so on.

Formally, a linear dynamical system is governed by

d
d—f - (1.1)

where x is an N-dimensional vector specifying the state of the system and H isan N x N

matrix that specifies the time evolution of the system, and N is taken to be finite.

Eq. (1.1) is a famous equation. It is so famous, that it does not have a name! In fact,
it has many names and incarnations. It is Hamilton's equation for N masses coupled
to each other by springs [1], Maxwell's laws for N modes of the electromagnetic field
[2], Schrodinger equation for an isolated (closed) quantum system with NNV levels [3], or
Lindblad equation for an open quantum system whose density matrix has N components
[4]. It is also seen in a range of fields such as control theory [5], predator-prey dynamics

[6], stock markets [7] and finances [8].

The ubiquity of Eq. (1.1) is complemented by the simplicity of its solution. If H is a



1.1. Context of Non-Hermitian physics

constant, the solutions can be written via its eigensystem. The eigensystem consists of a
multiset! X, the N eigenvalues of H (they are the roots of the characteristic polynomial
of H [9]), and a set u of NV eigenvectors or generalized eigenvectors of H. When H is
time varying, exact or approximate solutions can be constructed out of A and u, giving
rise to important concepts such as the adiabatic theorem [10, 11], Berry phase [12, 13]
and the Landau-Zener-Stiickelberg-Majorana dynamics [14-18].

However, it is the form of H that determines broad qualitative and quantitative
features A and x via v. It is commonplace to study Eq. (1.1) when H is a Hermitian
matrix, i.e., HT = H where (T) denotes conjugate transpose. For example: Quantum
mechanics of a closed N level system. In such a case, the system undergoes a unitary
evolution and as such it is lossless (or gainless), its N eigenvalues are all purely real, and
its NV eigenvectors form an orthonormal basis, which spans the Hilbert space containing

x [3].

1.1 Context of Non-Hermitian physics

The physical systems we encounter in our daily life are generically subject to loss or gain
and can be non-reciprocal. For example: a system of N coupled and damped classical
harmonic oscillators. For such open systems, their H can be any arbitrary complex matrix
with complex eigenvalues, non-orthogonal eigenvectors (or generalized eigenvectors), and
the system evolves non-unitarily, i.e., the system'’s state can grow or decay in amplitude.

Such open systems are generally studied under the domain of non-Hermitian physics.

1.1.1 Brief historical account

In its early days (before 1980), non-Hermitian physics was considered as a simple perturba-
tive extension of its Hermitian counterpart, and useful approximations for open quantum
systems were derived [19, 20]. However, in the intervening years, non-Hermitian phenom-
ena were found to be dramatically distinct and with no analogues in Hermitian systems.

These early observations include the possibility of complex degeneracies in the eigenvalue

LA multiset, also known as a bag, is a set of elements where repetition is allowed.
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spectrum, termed as “exceptional points (EP)" where H is no longer diagonalizable!. In
the neighborhood of an E'P, the eigenspectrum has a branch-point behavior as a func-
tion of the system’s parameters and as such, encircling an E'P permutes the eigensystem

[21-26].

In addition, the real time dynamical behavior of non-Hermitian systems was found
to be in stark contrast to their Hermitian counterparts. For example, the usual adiabatic
theorem was no longer applicable to non-Hermitian systems, and the non-Hermitian
adiabatic theorem was formulated [11, 27]. The possibility of encircling F'P degeneracies
in real time was predicted to inherit some of the topological character of the static
system [23, 25], with additional features such as non-reciprocity in its dependence on
the initial conditions of the system, the sense in which the EP is encircled, and the
duration of encircling [28-30]. It is important to note that encircling E'P degeneracies
in real time, by default falls outside the purview of the non-Hermitian adiabatic theorem,
and rather relies on a newer notion of quasi-adiabaticity [30]. These quasi-adiabatic and
semi-topological features were observed for the first time in 2016, by two breakthrough

experiments detailed in Refs. [31, 32], respectively.

1.1.2 Parallel development of P7T -symmetric physics

In 1998, PT-symmetric quantum mechanics [33] was put forward as an alternative to the
conventional one wherein the requirement of a Hermitian H is relaxed, and instead an H
that is symmetric under inversion of space (parity, P) and time (7) is required. Formally,
H and the PT operator commute, i.e., [PT,H] = 0. As a result, a PT-symmetric
system can be governed by a non-Hermitian H with real eigenvalues and unitary evolution.
Fast forward to 2007-2010, and the field saw a breakthrough. It was the realization that
PT-symmetric quantum mechanics can be mapped onto classical wave propagation in
optical systems. As an equally important consequence of this mapping, work in the
optical domain expanded upon P7T-symmetric physics by systematically breaking the
PT symmetry as a function of system's parameters [34-37], and the points in parameter

space where this transition occurs are precisely P degeneracies. This breakthrough can

1The term exceptional points (EP) was coined originally by T. Kato in 1960s, in the first edition of Ref.
[21].
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be considered as the inflection point for PT-symmetric physics and to a certain extent,

for the field of non-Hermitian physics.

1.1.3 Current state-of-the-field

In the years following the above breakthroughs, a huge body of work has proliferated in

complementary directions [38]:

(a) Understanding uniquely non-Hermitian phenomena, such as the appearance of topol-
ogy in the system'’s eigenvalue spectrum [39-45]; the often counterintuitive interplay
of loss and gain [46-52]; and adapting Hermitian condensed matter models to the
non-Hermitian domain [53, 54], for e.g. the bulk-boundary correspondence and the

non-Hermitian skin-effect [55-60].

(b) Building novel useful devices and developing novel and robust control and sensing

capabilities using uniquely non-Hermitian effects [32, 51, 52, 61-69].

In addition, the above activities encompass a wide variety of physical settings: cold
atoms [70, 71], optics [51, 52], microwaves [72, 73], electronics [64, 74], acoustics [75],
optomechanics [32, 61], and qubits [76, 77].

1.2 Motivation

The author’s contribution to the work described in this thesis began in November, 2019.
By then, the membrane-in-the-middle (MIM) optomechanical platform [78-81] was an
established front runner in the field of non-Hermitian physics, and had produced some of
the above mentioned breakthroughs [32, 61]. The motivation behind the work described
in this thesis is three-fold.

(i) Despite a large number of results in the field of non-Hermitian physics, some basic
aspects lacked a clear and complete understanding. One of them is the relation
between a system’s parameters and its eigenvalue spectrum, a phenomenon known
as spectral flow. Results on this front had been restricted to systems with N = 2

modes [32, 61, 76] which cannot generalize to arbitrary N. There were a few results
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(ii)

(iii)

on higher N focused on systems either with special symmetries, or tuning them in

an incomplete parameter space, or a combination of both [82-86].

Another area that remained less clear was the manifestation of Geometric phase in
the real time dynamics of non-Hermitian system, and as such, they are expected
to be qualitatively distinct from their Hermitian counterparts [87-89]. Adiabatic
evolution is a cornerstone of Hermitian dynamics, and a paradigmatic setting in
which Geometric phases [12] are studied. The large body of work mentioned above
had explored quasi-adiabatic evolution, and geometric phases was beyond its domain.
Strict non-Hermitian adiabatic evolution and the non-Hermitian adiabatic theorem

[11, 27] were yet to be demonstrated.

A further impetus to this work was to explore purely topological real time evolution
that is generated by the underlying topology of non-Hermitian system. Briefly, the
static spectrum of the non-Hermitian systems have topological structures such as
braids, knots, links, balls, and so on. Can these structures be put to use for real
time evolution? An important insight is that such topological operations may be
robust against fluctuations, which in turn has had a profound impact on many
Hermitian physical settings [90]. Subsequently, theoretical work in Refs. [38, 89]

indeed predicted such a case for degenerate non-Hermitian systems.

In the picture of a system of coupled harmonic oscillators, the above ideas represent

complementary aspects of studying Eq. (1.1), and sets stage for the rest of this thesis.

In particular, sometimes we will be interested in fully parameterizing the matrix H, i.e.,

all of its elements, and studying the real time evolution it generates, while on other

occasions we will be interested only in the eigenspectrum of H, i.e., parameterized by

the coefficients of the characteristic polynomial of H.

The goal of this thesis is to experimentally study each of the three ideas mentioned

above. We will utilize the MIM platform to study a system of N = 2 or 3 coupled

Harmonic oscillators whose parameters can be tuned statically or in real time, and measure

the system's motion. Below we detail the specific contents of this thesis.
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1.3 Thesis outline

The contents of this thesis are organized as follows:

Chapter 2

This chapter provides the theoretical description of the uniquely non-Hermitian effects
that we wish to study, and also models the optomechanical system that is deployed for

experimentally investigating these effects. The chapter is divided into three parts.

Part |

This part (Sec. 2.1) describes spectral flow in a system of N coupled oscillators. The
discussion is based on our previously published work in Refs.[43, 91]. Additional technical

details for this part are in Appendices A.1 and A.2.

Part Il

This part (Sec. 2.2) describes the non-Hermitian adiabatic theorem and the corresponding
geometric phase when a non-Hermitian system is adiabatically evolved. Specifically, we
describe two cases: (i) when the system is non-degenerate throughout the evolution, and
(ii) when the system is degenerate throughout the evolution. Parts of this discussion
are based on a manuscript that has been submitted for publication [92], while others are
adapted from Refs.[88, 89]. Additional technical details for this part are in Appendices
A.3 and A 4.

Part 1l

The final part of this chapter (Sec. 2.3) details the optomechanical model that governs
the MIM platform.

Chapter 3

This chapter provides an experimental demonstration of spectral flow of an N = 3

coupled oscillator system based on a pre-existing MIM platform [93, 94], and is adapted
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from our work in Ref. [43]. This demonstration is then utilized to clarify several surprising
past results regarding eigenvalue permutation when viewed from a various perspectives,
and is adapted from our work in Ref. [91]. Additional technical details for this chapter
are in Appendix B.

Chapter 4

This chapter details the construction and operation of a new MIM platform that is tailored
for studying non-Hermitian physics of a few coupled oscillator systems whose parameters
can be tuned, both statically and in real time. Additional technical details for this chapter

are in Appendix C.

Chapter 5

This chapter provides an experimental demonstration of the complex geometric phase of
a non-degenerate N = 2 mode non-Hermitian system that is tuned adiabatically, and
is based on the new MIM platform described in Chapter 4. Parts of this chapter are
adapted from Ref.[92]. Additional technical details for this chapter are in Appendix D.

Chapter 6

In this chapter, we employ the geometric gain obtained from the complex geometric
phase of non-Hermitian systems to illustrate a counterintuitive result: A collection of lossy
oscillators under “slow” modulation can produce gain via the geometric gain, and thereby
a novel form of amplification. We refer to this mechanism as “steady state geometric
gain” (SSGG). This chapter provides a platform-agnostic definition of SSGG, illustrates
its broad accessibility via numerical simulations and an experimental demonstration using
the new MIM platform. Parts of this chapter are adapted from Ref. [92]. Additional
technical details for this chapter are in Appendix E.

Chapter 7

This chapter provides an experimental demonstration of the topological and discrete

geometric phase of non-Hermitian degeneracies. Specifically, we consider an N = 2
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mode non-Hermitian system adiabatically tuned in its degenerate subspace, using the
new MIM platform. We also demonstrate a novel v/T-dynamical phase, that is expected
for such evolution, and is subsequently employed to demonstrate yet another novel form
of amplification: “steady state /T gain” (SSv/T'G). Similar to SSGG, SSV/T'G illustrates
that a system of coupled lossy and degenerate elements subject to “slow” modulation

can produce useful gain. Additional technical details for this chapter are in Appendix F.

Chapter 8

This chapter concludes this thesis, and provides a list of directions that one could explore

in future, with our new MIM platform.



Chapter 2

Theoretical background

In this chapter, we provide the theoretical background for the work reported in this the-
sis. The chapter is divided into three parts. The first part (Sec. 2.1) illustrates how
topology arises in the spectrum of a system of coupled harmonic oscillators, specifically,
the phenomenon known as spectral flow. In the second part (Sec. 2.2), we discuss ge-
ometric phases in the most general setting, and elucidate their uniquely non-Hermitian
features. The last part (Sec. 2.3) describes the optomechanical platform. By harnessing
the optomechanical interactions between laser light circulating inside a high-finesse opti-
cal cavity and a thin millimeter-sized Silicon-Nitride membrane, we model an arbitrarily

tunable non-Hermitian system.
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2.1 Topological structure of non-Hermitian eigenvalue
spectrum

We motivated in Chapter 1 the idea that the eigenvalue spectrum of a linear system of N
coupled harmonic oscillators quite generically has a topological structure. In particular,
upon tuning the parameters of the coupled oscillator system, its degeneracies form a
knotted structure while the non-degenerate eigenvalue spectrum traces out a braid. In this
section, we elaborate on these generic features for an arbitrary N-mode non-Hermitian
system (Sec. 2.1.1) and illustrate them with examples (Sec. 2.1.2). These discussions
closely follow [43, 91], and for a more mathematically steeped discussion, the reader is
referred to [95] (its chapter 2 and references therein). In the final Sec. 2.1.3 as well as
in Secs. A.1 and A.2, we provide some context and additional details that may further

clarify our description and its relation to other work in this field.

2.1.1 Control loops and spectral flow

The eigenvalue spectrum of a generic N-mode non-Hermitian system can be regarded as
an unordered set of IV points in the complex plane. They are the N complex eigenvalues
A ={A\, A, ..., An} of H. H is the N x N matrix that governs the time evolution
of the system, referred to as the dynamical matrix or the “Hamiltonian”. The task of
finding A is straightforward: they are simply the roots of the characteristic polynomial
py of H. py = AN =y AV 4o XV (=1)V vy is completely specified by its N
complex coefficients I' = (1,72, ..., 7v), Which is an ordered set and these coefficients
have polynomial expressions in terms of the elements of H. For example: 7, = Tr(H),
v~ = Det(H). Equivalently, p,(\) can be factored out as Hi]il()\—/\i) in which the roots

A; maybe repeated and the coefficients I' are polynomials in \;, such as v, = Zf\il i,
N
2 = Zi,j:z’<j Aidj, o v = iz A

We now identify a few key ideas. We will sketch them out loosely below, and their

formal description is detailed immediately after.

The first idea is that the coefficients of py i.e., I', smoothly and completely param-

10
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eterize the eigenvalue spectrum A [21, 26, 96]. To be specific, smoothly varying the
elements of I causes the eigenvalues to vary smoothly. This naturally leads to regarding
these coefficients as defining a space: the control space Ly, and each coefficient as a

control knob that tunes .

The second idea is to realize that root finding amounts to a bijective mapping between
the ordered set of N complex numbers I' and the unordered set of N complex numbers
A. Such a mapping has an uncertainty as seen in the following example: suppose we vary
the elements of I along a smooth closed path. We are guaranteed the same (unordered)
set of A at the start and the end of this path, by construction. However, in the absence
of any other information, we do not know how the individual elements of A are mapped
- and to be concrete, they could have been transported in any manner: trivially! or
non-trivially?. Such mapping, when viewed topologically are distinct, and is what we will

describe below as ‘spectral flow'. We now formalize these ideas below.

2.1.1.1 Describing the control space L

The starting point of this discussion is that we have a control space Ly, given by
the coefficients I' of py and the corresponding N eigenvalues A. They are related as:
(a) A are the roots of py, and (b) T' are polynomials in A. We are interested in
how A change with T", and not their absolute value. Thus, without loss of generality,
A can be defined up to a complex offset as it merely shifts all of its elements by an
equal amount on the complex plane. In particular, we take H to be traceless such that
v =Tr(H) = 32N, \; = 0 (we provide further justification in Sec.2.1.3.1). This leaves
us with N — 1 complex parameters (72,73, ..., 7n) that define the control space Ly,

which is simply CN-1ie., Ly = CVN 7! = RV 2

, where we use = to denote topological
isomorphism, i.e, homeomorphism [97] of respective spaces throughout this thesis. We

note that Ly is a topologically trivial space.

!An example would be when X is constant throughout the mapping.

2An example would be the first two elements of A swapped their positions during the mapping, i.e.,
A = (A1, A2, ..., An) got smoothly mapped to (A2, A1, ..., \w). Here we used X to denote ordered X,
with the ordering done using some sane algorithm.

11
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2.1.1.2 Partitioning L into non-degenerate (G ) and degenerate (V) sub-

spaces

Ly can be partitioned into two distinct subspaces:

» N

This is the space of points in Ly for which the corresponding A are non-degenerate.

= VN
This is the space of points in Ly for which the corresponding A are degenerate.
Equivalently, Vy consists of the points for which the discriminant D of py vanishes.
Degeneracy is a complex constraint given by \; = X\, and {7,j} € {1,2,3,..., N}
i.e., there exist at least two degenerate eigenvalues. This renders Vy with one (two)
complex (real) dimensions lesser than Ly. This fact is generally stated as: “For
non-Hermitian matrices,..., degeneracies are of (real) codimension two, that is points
in a two-parameter space and curves in a three-parameter space”[25]. However, we
emphasize that Vy contains degeneracies of all orders as they satisfy D = 0. Said in
another way, an N-mode non-Hermitian system will have degeneracies of order two

up to V.

While Ly is topologically trivial, that need not be the case for Gy and Vy. To further
describe these subspaces, we vary parameters in Gy along smooth closed curves! (C : a
control loop) with a fixed starting point (which by construction is also the ending point).
Traversing a control loop C smoothly transports A back to itself [21, 26, 96] and such
an evolution of NN distinct points in the complex plane is called a braid of /N strands
[43, 91, 95, 98, 99]. For the rest of this discussion, all Cs lie exclusively in Gy. As for
Vy, one can think of it as a hole in Ly of (real) codimension two, which can be encircled
by control loops in Gy in various ways. In Sec. 2.1.3.3, we provide further clarification

on encircling Vy.

2.1.1.3 Equivalence classes of eigenvalue braids and control loops

Now consider two distinct control loops C; and Cs that share a common starting (and

ending) point. We refer to such control loops as based control loops and focus only on

1Curves by definition are one dimensional objects.

12
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such loops - unless mentioned otherwise. C; and Cs result in distinct eigenvalue braids. If
one of the eigenvalue braids can be continuously deformed into the other, while keeping
its end points (also referred to as basepoints) fixed and its strands non-intersecting
throughout the deformation, then the two braids are topologically equivalent. Formally,

such braids are isotopic, and belong to an isotopy equivalence class b.

Now let us focus on the control loops that produce isotopically equivalent eigenvalue
braids. Such loops can be continuously deformed into each other within Gy. Subse-
quently, the based control loops that give rise to isotopically equivalent braids are topo-
logically equivalent, and belong to an equivalence class: the homotopy equivalence class
of based control loop ¢. See Refs. [100, 101] for an intuitive description of homotopy

and isotopy.

To summarize, there is a one-to-one correspondence between the topology of control
loops and the topology of the resulting eigenvalue braids. Loosely speaking, topologically
equivalent control loops result in topologically equivalent eigenvalue braids and formally,
the correspondence is between the homotopy classes of based loops and the isotopy

equivalence classes of braids [43, 91, 95, 98, 99].

2.1.1.4 Definition of spectral flow

We define spectral flow produced by a control loop C to be the isotopy equivalence class

b of the corresponding braid of eigenvalues.

2.1.1.5 The Braid group and the fundamental group of control loops

We now observe that braids with a common base point can be concatenated (or com-
posed) with each other to produce another such braid. With concatenation as the opera-
tion, the braid isotopy equivalence classes b form the braid group of N strands: By, also
known as the Artin braid group [102]. Similarly, concatenating two based control loops
would produce another based control loop, and the homotopy classes of control loops ¢
form the fundamental group 7 of the subspace G with concatenation as the group op-
eration. Loosely speaking, the fundamental group provides a catalog of all topologically

distinct control loops. From the previous discussion, 71 (Gy) ~ By where ~ is used to

13
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denote group isomorphism [103] throughout this thesis.

2.1.1.6 A “picture” of Ly, Gy and V

For N > 2, By is a non-Abelian group, which renders m;(Gy) non-Abelian. More
specifically, based control loops that belong to distinct homotopy classes do not commute
i.e., the order in which we concatenate two based control loops matters. Recall that Ly
has a trivial topology, whereas G consists of loops whose order of concatenation matter,

thus making it topologically non-trivial. This naturally leads to the question below:
Q: Where did this non-trivial topology come from?

A: The non-trivial topology can be solely attributed to the non-trivial geometry of the
degenerate subspace Vy, which carves out a hole of (real) codimension two in Ly, and
the control loops in Gy can wind around this hole in various homotopically inequivalent
ways. The spectral flow of the corresponding eigenvalue braid is determined by how the

control loop encircles Vy.

We note that in comparison, the widely studied N = 2 case is topologically “simpler”
as B5 is an Abelian group, £ is the complex plane and V), is a 0-dimensional space i.e.,
just a point. It will be explicitly shown in Sec. 2.1.2, that the based control loops in
G, commute, can be simply labeled by an integer and composing them simply amounts
to adding these integers modulo 2. This increase in the complexity of the topology as
N increases past 2 is the crux of this discussion® and the work described in Chapter 3.

Some concrete examples are worked out below.

2.1.2 Illlustrating N-mode spectral flow

In this section, we work out the spectral flow for various IV, describe their control spaces
Ly, degenerate Vy and non-degenerate Gy subspaces, and the corresponding eigenvalue
braids.

1To be specific, the complexity we are referring is that for N > 2, the loops cannot be labeled by an
integer.
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(a) Im(y,) (b) (c)
1
N\ s-0-1 1 1
w=+1 e
w=0
s S
k) \x > Re(r,)
degeneracy 0 0
-1 /WQ} 1 /WQ} 1

Figure 2.1: Spectral flow: N = 2. (a) The control space L5 is the complex plane, spanned by a
complex parameter 5. The degenerate subspace Vs is the origin of the complex plane {0}, indicated
by a black cross. Two control loops in G, each parametrized by 0 < s < 1 are shown. Red curve: a
loop that does not enclose the origin (winding number W = 0), blue curve: a loop that encloses the
origin in counter-clockwise sense (W = 1), black disk: common base point that corresponds to s = 0 =
1, black arrow: sense in which the control loops are traversed. (b) Eigenvalue braid calculated for the
red loop in (a). The braid strands map trivially back to themselves: I. (c) Eigenvalue braid calculated
for the blue loop in (a). The braid strands swap: o7. In both (b,c), s indexes the corresponding control
loop's coordinate, the black crosses show A at the basepoint and the dashed lines are guides to the eye.
Details of the corresponding numerical simulation are given in Sec. A.1.

N =2

For N = 2, the parameter space: Ly, = C, i.e., the complex plane (Sec. 2.1.1.1).
To identify the degenerate subspace, we recall that it is where the discriminant D of
the characteristic polynomial p, vanishes. Applying the traceless H constraint: v, =
Tr(H) = A + Ao = 0 we are left with pa(\) = A2 + 95 and D = —4v,. We note
that 7, is the (complex) coordinate in C = R? and 7, = 0 is the only solution for D =
0. Thus V, = {0}, the origin of the complex plane. Subsequently, Go = C\ {0}, the
complex plane without the origin. The fundamental group of G,: 7 (G2) ~ Bs, the braid
group of two strands. B, is isomorphic to Z: the group of integers under addition. This
is reflected in the fact that control loops C in G, are classified by their winding around
the origin with a winding number WW. Concatenating such control loops provides a new
control loop whose winding number is simply the sum of the winding numbers of the
individual control loops used in concatenation. Finally, By is characterized by an identity
element T and a generator o, where o;(0; ') indicates that strand i has crossed over
(under) strand i + 1, the strands are counted from the left (in the view used for the
figures below), and operations are written symbolically from right to left as the braid is

read from bottom to top [104]. The winding number of the control loops that result in
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2.1. Topological structure of non-Hermitian eigenvalue spectrum

the corresponding braids are W = 0 for T and W = +1(-1) for o1(0; ). These results

are illustrated in Fig. 2.1 via simple numerical simulations with further details in Sec. A.1.

N =3

For N = 3, the parameter space: L3 = C2. Repeating the procedure from the previous
case, we have 71 = 0, p3(A) = A3 + 1A + 73 and D = —47,3 — 2732, Here, {72,773}
are the (complex) coordinates in C> = R*. To isolate the solutions for D = 0, we
represent {7s,73} in their polar form i.e., v, = re? and 3 = pe’®. For the ease of
illustration, we constrain them to lie on a 3-sphere centered at the origin with a radius
R ie., |%* + |ys|* = R® This constraint will be relaxed later in this section. The
corresponding solutions to D = 0 are given by {rema_”/?’),pegm} where 0 < o < 27,
41 = 27p* and 12 + p? = R? with r > 0,p > 0. We elaborate on these solutions and

describe the structure of V5 below:

= The trivial solution » = 0 = p, the origin of L3 corresponds to a triple degeneracy

i.e.,A\1 = Ao = A3 = 0, where we applied the traceless H condition.

= For non-zero r and p, the solution to D = 0 is a trefoil knot (XC) on a 3-sphere of
radius R and corresponds to double degeneracies. We note that K is a one-dimensional
object - a curve. The specific values of 7 and p are constrained by 4r* = 27p* and
the choice of R. More specifically, » = rq is the positive real root of Eq. (2.1) and

_ /4.3

4
il - B =0 (21)

Different values of R provide the second dimension to the space of double degeneracies.

» For a particular scaling of v, and 73 as given by: v — a?y, # 0 and 73 — a3vy3 # 0
with a being any complex number and |a| > 0, D — a®D. Thus the solution to
D = 0 remains a trefoil knot (K) but lies on a different 3-sphere, i.e.,has a different

radius given by R’ = |a|*r2 + |a|®p3, where 1y, py are determined above.

With these features, V5 consists of a triply degenerate point at the origin {0} and
all double degeneracies that are the cone of the trefoil knot K i.e., IC x R-y. These de-

generacies altogether form a two-dimensional subspace as expected. They are illustrated
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Figure 2.2: Degenerate subspace: N = 3. (a) A cartoon schematic of L3, spanned by complex
parameters 72, 7vs. The triple degeneracy is the origin of L3, indicated by a black cross, which is enclosed
by 3-spheres: S, (red, radius R = 0.5), S, (blue, R = 1) and S, (yellow, R = 1.5). (b) The unit
3-sphere S}, and the corresponding degeneracies, which are all two-fold. They are represented in Hopf
coordinates [105], following Ref. [L06]. where Sy, is represented as torus (light blue) with toroidal radius
ro (between the center of the torus and the center of the tube), toroidal angle 8, poloidal (tube) radius
po and poloidal angle ¢. For this case, 7 = 0.937 and py = 0.349. The double degeneracies (dark
blue curve) form a trefoil knot IC. (c-e) Double degeneracies corresponding to 3-spheres S,, S and
S., respectively, represented in standard stereographic projection [107]. The coordinates X, Y and Z are
defined in Sec. A.1. The double degeneracies altogether form a cone of I, that converges to the triple
degeneracy at the origin.

in Fig. 2.2.

The control space: Gz = C?\ (K x Rsq). Identifying C* with R* and subsequently
R* = S5 x R [108, 109] where S is the unit 3-sphere, we have G3 = S3 \ K. Since
m1(G3) ~ Bj, we have m(S3 \ ) ~ Bs. Finally, Bs is characterized by an identity
element I and two generators o1, 05. The control loops are identified by how they wrap
around the trefoil knot, and the corresponding braids are expressed by their braid-word
[110]. This highlights the fact that the control loops cannot be characterized by a number
like in the N = 2 case, and their identification requires systematic analysis that keeps
track of how braid strands cross over or under each other!. However, the simple case of

identity braid corresponds to control loops that do not wrap around the trefoil knot. We

'Formally, via the Reidemeister moves [111, 112].
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(%]
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Figure 2.3: Spectral flow: N = 3 - part |. (a) Stereographic projection of a unit 3-sphere enclosing
the origin in L3, with the trefoil knot of double degeneracies (orange curve) and four control loops
(black, red, green, blue curves). The control loops are parameterized by 0 < s < 1, share a common
basepoint (black sphere) and their sense of traversal is indicated (black arrow). (b-e) Eigenvalue braids
calculated for the black, red, green and blue loops in (a), respectively. They trace out the identity braid
in (b,c), o1 in (d) and o102 in (e). In (b-e), s indexes the corresponding control loop's coordinate, the
black crosses show A at the basepoint and the dashed lines are guides to the eye. The coordinates X,
Y and Z, and the details of the corresponding numerical simulation are given in Sec. A.1.

also note that control loops corresponding to o; and o5, respectively, do not commute,
highlighting the non-Abelian nature of B3. We numerically simulate these results and
illustrate them in Figs. 2.3 and 2.4. These simulations closely follow those in Refs. [43, 91]
and further details are provided in Sec. A.1.

To conclude this discussion, we remark on our choice of the 3-surface that encloses
the origin of L3 (which corresponds to the triple degeneracy). The choice of a 3-sphere
centered at the origin simplifies the analysis presented here, and does not alter the
conclusions. However, for completeness, we note the intersection of any arbitrary 3-
surface S,y with the doubly-degenerate subspace would result in a trefoil knot (K) if

Sarp satisfies the following conditions [43, 95]:
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(b) ('51(527l

Figure 2.4: Spectral flow: N = 3 - part Il. (a) Stereographic projection of a unit 3-sphere enclosing
the origin in L3, with the trefoil knot of double degeneracies (orange curve) and two non-commuting
control loops (blue and red curves). The control loops are parameterized by 0 < s < 1, share a common
basepoint (black sphere) and their sense of traversal is indicated (red and blue arrows, respectively).
(b) Eigenvalue braid o057 calculated when first performing the blue control loop (0 < s < 0.5)
followed by the red control loop (0.5 < s < 1) in (a). (c) Eigenvalue braid o !0y calculated when
first performing the red control loop (0 < s < 0.5) followed by the blue control loop (0.5 < s < 1) in
(a). In (b-c), s indexes the corresponding control loop’s coordinate, the black crosses show A at the
basepoint and the dashed lines are guides to the eye. The two braids can be seen to be topologically
inequivalent thereby highlighting the non-commuting nature of the two control loops. The coordinates
X, Y and Z, and the details of the corresponding numerical simulation are given in Sec. A.1.

1. It has the topology of a 3-sphere Ss.
2. It surrounds the origin without passing through it or intersecting itself.

3. It is everywhere transverse [113] to the local action of an infinitesimal scaling (say,
by a — 1+ ¢, € being small). Intuitively, rescaling the 3-surface should not “run
parallel”, anywhere on the 3-surface. Any two such 3-surfaces are isotopy equivalent

(through a rescaling that depends on the position on the 3-surface).

However, if a 3-surface does not satisfy the above conditions, then its intersection with
the doubly-degenerate subspace may produce structures in addition to K, in the form of
isolated points, closed loops or more Ks. We emphasize that none of these structures
have any additional topological features other than what is described above. However,
for simplicity of interpreting and understanding these results, especially those from ex-

periments (as in Chapter 3), a 3-surface that follows the above conditions is desirable.
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N >4

For N = 4 , the parameter space: £, = C3. Repeating the procedure as before, we have

1 =0, pi(A) = A3 + %A% + 3\ + 74 and D is given by Eq. (2.2).
D = 167571 — 43575 — 1289377 + 144727374 — 2773 + 25674 (2.2)

Note that {72,73,74} are the (complex) coordinates in C* = R®. Making any further
progress similar to the NV = 2 and 3 case is an unwieldy task due to the non-trivial dimen-
sionality of the control space, the respective degenerate and non-degenerate subspaces.
While, some general results follow from our discussion in Sec.2.1.1: 71(Gy) ~ By, and
71 (SN \ Vy) =~ By, where SV N-sphere, explicitly deciphering the structure of Vy for
N > 3, is beyond the scope of this thesis.

2.1.3 Further remarks

This section is devoted to provide additional details that may improve the clarity of our
description above. We also provide some context and relate our description to other work

in this field.

2.1.3.1 Tracelessness of H

In the above description we used the fact that H can be taken to be traceless. We note
that this simplifies the analysis, and does not alter the generality of the results. We

justify this assumption below.

To focus this discussion, we will work with an arbitrary N-mode system and consider
a control loop parameterized by 0 < s < 1, for which H(s) is not assumed to be traceless
and to be specific, Tr(H(s)) may vary with s. The N eigenvalues of H (), viewed as
a function of s, will trace out a braid of N strands [43, 91, 95, 98, 99]. For each value
of s along the braid, Tr(H (s)) sets the average of A. Intuitively, if we remove the trace
of H for each value of s, i.e., replace H(s) with H(s) — T Tr(H(s)/N where I is the
identity matrix, this amounts to translating A as a whole, in the complex plane. Despite

the fact that this translation may be different for each value of s, since it is applied to A
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as a whole, the topological character of the braid remains unchanged.

Formally, this follows from the result [114] that shifting the center of the eigenvalue
braid by an amount that varies with s gives a family of homeomorphisms that define an
ambient isotopy (the ambient space i.e., where the braids live: C x ¥, where JF is the

unit interval). Such an operation leaves the braid's isotopy equivalence class unchanged.

2.1.3.2 Generic nature of eigenvalue degeneracies

As described above, the degenerate subspace corresponds to D = 0 i.e., at least two of
the eigenvalues are degenerate. In this section, we list some of the generic characteristics

of these degeneracies.

1. For any N-mode system, the most generic type of degeneracies of order m < N render
H to contain a Jordan block of dimension m, via similarity transformation (i.e.,change
of basis) [88, 115]. These degeneracies are commonly known as exceptional points of
order m or EP,,, even though they are not isolated points for N > 2. In particular,
degeneracies of order m form a (real) codimension 2(m — 1) subspace, and double

degeneracies, i.e., m = 2 correspond to the lowest (real) codimension of two [25].

2. Degeneracies corresponding to E P are defective i.e., H is not fully diagonalizable and
its right eigenvectors coalesce (as do its left eigenvectors). Consequently, right (left)
eigenvectors by themselves are unable to span the columns (rows) of H. However, this
situation is remedied by using generalized right eigenvectors, which has been dubbed

as "revealing the missing dimensions at EP"[116].

3. At an EP, the eigenvector degeneracy can be generically encoded by requiring a
quantity F = Det(S)~2 to vanish [43]. Here S is an N x N matrix whose elements
are given by s;; = T;;(T1);;, where T diagonalizes H, i.e., Diag(H) = T"'HT and
the columns (rows) of T'(T1) are the right (left) eigenvectors of H.

This can be seen as follows: At an EP right (left) eigenvectors are unable to
span the columns (rows) of H. Consequently, at least two! projections of a generic

vector onto both the left and right eigenvectors would diverge. This implies that at

LAs the lowest order E'P are order two.
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least two columns of S diverge, hence Det(S) diverges and E = Det(S) 2 vanishes.

We list some notable properties of £ below:

= As defined above, F has an undesirable property of depending explicitly on the

choice of basis, i.e., the basis in which we express the right and left eigenvectors.

» [ does not depend on the arbitrary nonzero scaling of the eigenvectors because of
the multiplication of matrix elements of 7" with those of 7! in the definition of

S.

= Taking the square of Det(S) ensures that F does not depend upon the ordering of
the eigenvectors, and is single-valued. The definition of E in terms of the reciprocal

of Det(SS) is just a convention chosen so that it vanishes at an E'P, similar to D.

We will now explicitly work out an example following [43] that shows E — 0 generically
as we approach an E/'P;, and that its phase winds by 27 when such a point is encircled.
Without loss of generality, we focus this discussion on a 2 x 2 traceless H as close to
an E'P, only the two-dimensional subspace spanned by the two coalescing eigenvectors
is relevant. The general form of 1" that evolves smoothly away from an E P, is given
by Eq. (2.3) (see also Eq. (9) of Ref. [38]).

11
T~V (2.3)

—Vz Vz
where z = Det(H), |z| — 0 and z = 0 at a second-order EP (an EP,). The first
column of V i.e.,(Vi1, Va1)T defines the unique (right) eigenvector at z = 0. All that

can be said, in general, about the z-independent basis transformation matrix V' is

that Det(V') # 0, which follows from Det(7") # 0 when z # 0. After some algebra,

we obtain:
Vi1V Vi1V
1 1 zpe 1 - z.
S : VzDet(V) VzDet(V) (2.4)
1 Vi1 Va1 1 Vi1 Vo

T VzDet(V) V/zDet(V)

with |z| — 0. Subsequently, E ~ z (Det(V)/Vi1Va1)?. This shows that as long as

Vi1 and V3 are non-zero, £ — 0 as |z| — 0 and its phase winds by 27 when z = 0
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is encircled. To complete this example, we note that Vj; and V5, are generically
non-zero. In comparison, for Vj; or V5 to vanish would require fine-tuning all the
matrix elements of the traceless H (i.e., six real parameters), while we require only
two linearly independent real control parameters to access a second-order degeneracy:

z = (0 and the space around it.

4. To conclude this discussion, we note that there may exist degeneracies that are not
EP. In particular, some degeneracies may not be defective i.e., only eigenvalues A
and not the eigenvectors coalesce. However, we emphasize that such “non-defective”
or Hermitian degeneracies (also known as “Diabolical points” (DP) [117]) are not
generic when H can be any complex matrix. We illustrate this claim by listing all

possible degeneracies for a general complex 2 x 2 matrix, H.

However, before delving into this discussion, we clarify that up until now, we
were solely concerned about the spectrum of H i.e., A which are parameterized by
the coefficients of the characteristic polynomial (py). For this particular discussion,
we are interested in fully parameterizing H i.e., all of its elements. We recall that
A are the roots of py of H and the coefficients of py are invariant under similarity
transformations of H. This result has a wide range of consequences, of which we focus
on the following aspect: A family of H that are related by similarity transformations
result in the same A, and this family of H also forms an equivalence class. We now

turn to discuss the relevant spaces of a general complex 2 x 2 matrix, H.
As before, without loss of generality we consider a traceless H, and its most
general 2 X 2 incarnation is given by Eq. (2.5).

H = (Bg. + iBp).& (2.5)

where H is represented as a pair of vectors Bge 1, €ach in R? and & is the Pauli
vector [118]. The full control space of H spans R® and some of its notable subspaces

are listed in Table 2.1, below.

As illustrated in Table 2.1, E'Ps are simply more numerous than D Ps and thus,

are more likely to be encountered upon arbitrary tuning of H. In fact, £ Ps are more
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Matrix space | Geometry | Dimensions Condition
All H RS 6 All Bre,im
Hermitians R3 3 B, =0
DP RO 0 Bgr. = 0= By,
EP RP3 x R 4 Bge - B = 0, |Bre| = |B|
PT symmetric | RP? x R? 5 Bgr. - B, =0

Note: (i) H is taken to be traceless, (ii) For this exercise, we count the real dimensions.

Table 2.1: Various spaces of a general complex traceless 2 X 2 matrix. DP: the space of all
matrices that correspond to “diabolical point” (DP) degeneracies; EP: the space of all matrices
that correspond to “exceptional point” (EP) degeneracies; RP3: real-projective space, topologically
equivalent to a 3-ball with antipodal surface points identified; P7: the space of all matrices that
are PT symmetric i.e., they commute with the PT operator [119, 120].

numerous than all Hermitian H, which may further highlight their ubiquity. We also
note that all 2 x 2 traceless H's that correspond to EP are similar to a 2 X 2 Jordan
block, and the degenerate eigenvalue is 0. A similar analysis for N x N matrices with
N > 2 reveal the ubiquity of E'Ps over DPs, and they are explicitly worked out in
Ref. [115]. Finally, to include tracefull matrices, one simply includes two more real

parameters that correspond to a complex-valued trace.

2.1.3.3 Clarifying encircling of degeneracies

In the preceding sections we discussed that (eigenvalue) degeneracies form a (real) codi-
mension two subspace and encircling them with control loops results in eigenvalue braids.
In this section, we explicitly clarify the order of degenerate subspaces which can be en-

circled with control loops.

For smooth closed curves encircling an object is a mathematically valid operation
iff the object is of (real) codimension two. By comparison, E'P, (degeneracies of order
2) are of (real) codimension two, and so can be encircled with a control loop. In con-
trast, E'P,,~2 have (real) codimension greater than two, and hence cannot be encircled
with a control loop. With this information, we refurnish a conclusion from Sec. 2.1.1:

Topologically (in)equivalent control loops result in topologically (in)equivalent eigenvalue
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braids and topological (in)equivalence is determined by how control loops encircle the

EP; subspace.

Despite the above reasoning, work on non-Hermitian systems have instances of en-
circling EP,,~2 [83-86, 121-126]. While our previous reasoning concludes that such
encircling is not meaningful, we attribute these results to the fact that analyzing the be-
havior of an N-mode system in a restricted control space, that does not span the entire
space of eigenvalues may have apparent surprises. As such, it can result in situations

where EP,,~ “appear” as a (real) codimension two object in the restricted control space.

2.1.3.4 Consequences of accessing a restricted control space: Part |

The dimensionality of the control space grows linearly in the number of modes considered.
Thus, despite their straightforward mathematical description (as in Sec.2.1.1), the high
dimensionality makes visualization of relevant subspaces hard. Furthermore, it may not
be practical for experiments to have linearly independent control knobs that span the
entire control space i.e., (2/NV — 2) (real) control parameters for N modes. Thus, several
works on such systems have proceeded by considering a low-dimensional “slice” in the
full control space [83-86, 121-131]. Such a “slice” is typically 2D. However, such a
simplification may not always capture the key topological features of the full space and
consequently may produce surprising results. One such behavior is already mentioned in
the previous section, where the use of a restricted control space caused F' P,,~ to appear
as (real) codimension two objects. In this section, we elaborate on the idea of using 2D
control slices (B: spanned by (real) parameters b = (b1, bs)) in the full control space
(Lx) and study the topological structure in the evolution of eigenvalues (A) when the

system’s parameters b are varied along a control loop.

For N = 2, L, is the complex plane, and a generic B will contain a single point where
A is degenerate, an EP,. Control loops in B\ EP, with odd winding number around
the E'P, result in a permutation of A. However for N > 2, a generic B will contain
isolated F'P; that correspond to degeneracies between various mode pairs [21, 26, 115].
In such systems, the relationship between a control loop, the EP;, and the resulting

permutation of A is less intuitive than for N = 2. In particular, there is no simple
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(a) (b)
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Figure 2.5: Spectral flow: N = 3 - part Ill. (a) Stereographic projection of a unit 3-sphere enclosing
the origin in L3, with the trefoil knot I of double degeneracies (orange curve) The gray plane shows
an example of a 2D control slice (B). The yellow discs are the five intersections of B with IC. The
red, green, and blue control loops all lie in B, are parameterized by 0 < s < 1 and have a common
basepoint (black sphere). (b) The control slice BB, showing the five EP, it contains (yellow circles)
and the three control loops. (c-e) Eigenvalue braids calculated for each of the control loops. s indexes
the corresponding control loop's coordinate, the black crosses show A at the basepoint and the dashed
lines are guides to the eye. The coordinates X, Y and Z, and the details of the corresponding numerical
simulation are given in Sec. A.1. This figure is adapted from Ref. [91].

correspondence between a loop's topology (formally, its homotopy class in B = B\EP)
and the resulting permutation of A. For example: loops that are homotopy equivalent
in B all give the same permutation, but homotopy inequivalent loops do not necessarily

give distinct permutations.

As shown in Ref. [131], the permutation associated with a given loop can be calculated
by introducing branch cuts (BCs) into B for A, and tracking the manner in which the loop
crosses these BCs [121, 131]. This approach has the advantage of being straightforward
to visualize, as it only involves quantities that are defined in the 2D space B. It is

also relevant to the many experimental systems that offer just two control parameters.
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However, relying on the BCs can obscure the topological relationship between control

loops and E Pss.

We illustrate these features by numerically simulating a system of N = 3 modes. As
described in Sec. 2.1.2, the EP, form a trefoil knot IC and is illustrated in Fig.2.5(a) as
the orange curve. Also shown in Fig. 2.5(a) is an example of a 2D control slice B (gray
plane). This particular choice of B intersects K at five distinct locations: one of them is
tangential (topmost), which is obtained via fine-tuning. The remaining four are generic
transverse intersections [113]. Fig.2.5(b) depicts B and the five E Pss within it. We then
consider three based control loops in B. Viewed in B (as in Fig. 2.5(b)), they enclose
zero, one, and two EP,s, and so are not homotopic in B. However, it is straightforward
to see from Fig. 2.5(a) that they are homotopic in the full control space. As a result,
these control loops all result in the same eigenvalue braid. In fact, each of these loops
is contractible, and so results in the identity braid (and hence the identity permutation).
This agrees with the explicit calculation of A around each control loop, shown in Fig.
2.5(c). These simulations are wholly adapted from [91] and further details are provided
in Sec. A.1. In Chapter 3, we provide further illustrations of such cases by experimentally

investigating an N = 3 mode system.

27



2.2. Non-Hermitian geometric phase

2.2 Non-Hermitian geometric phase

In Chapter 1, we motivated that the geometric phase or the Berry phase is expected
to differ qualitatively between Hermitian and non-Hermitian systems. In this section,
we discuss geometric phase and elaborate on its uniquely non-Hermitian features. We
begin with a brief review of geometric phase in Sec. 2.2.1. We then state the adiabatic
theorem applicable to Hermitian and non-Hermitian systems, in Sec. 2.2.2, and detail
their respective geometric phases. We subsequently illustrate the non-degenerate (Sec.
2.2.3) and the degenerate (Sec. 2.2.4) non-Hermitian geometric phase, with concrete
examples of the N = 2 mode system. In Secs. A.3 and A.4, we provide supplementary

discussions and provide context to other work in the field.

2.2.1 Control loops and geometric phases

In Sec. 2.1, we described how tuning a system’s parameters would tune its eigenvalues
along a braid. We continue with the same theme, but instead focus on the system's state

(or state vector) now. In particular, we focus on the following strategy:
1. The system is prepared in some initial state.

2. The system’s parameters are varied smoothly around a closed path (a control loop,
C) in the space of these parameters, such that the system is strictly non-degenerate

throughout.

3. At the end of this variation, the system’s state has changed by an overall phase factor,

e i,

Under these conditions, ¢ includes a contribution ¢p, known as the geometric or
Berry phase [13], which is (i) determined solely by the shape of C, (ii) independent of
the duration of the traversal around C, and (iii) independent of the manner in which C
is traversed. This robust relationship — between the shape of a loop and the effect of
transporting a system around it — arises in many physical settings [132, 133], and has a

historically rich conception [134-136].

There are several ways in which the above conditions can be met and consequently,
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the geometric phase ¢ maybe isolated. These include protocols that follow the adiabatic
theorems for Hermitian [10] and non-Hermitian [11, 88] systems, respectively, wherein a
crucial idea is to initialize the Hermitian (non-Hermitian) system in any (least-dissipative)
eigenvector and then vary the system's parameters “slowly” in real time [12] (formalized
in Sec. 2.2.2). Such adiabatic processes result in parallel transport of the system'’s
state vector, by construction. The resulting 'parallelly transported’ state vector encodes
the holonomy of the control loop, and the geometric phase is a convenient measure of
such holonomy (see Chapter 1.1 of Ref.[134]). There also exist protocols that side-step
adiabaticity [137] and utilize holonomy in a more geometric sense [138-140]. In such non-
adiabatic protocols, the system parameters can be varied without any speed-limits iff the
control loop is reverse-engineered to prevent any diabatic transitions into other states
[141, 142]. Such reverse-engineering is generically non-trivial for actual experimental
systems. Finally, one may consider tuning the system's parameters statically, evaluate
(or measure) the system’s eigenvectors, and advisedly “stitch” them together to obtain
¢p [143, 144]. Loosely speaking, this protocol probes how eigenvectors “twist” and
“turn”, statically as a function of parameters. Going forward, we restrict our discussions

exclusively to protocols that obey respective adiabatic theorems.

2.2.2 Adiabatic theorem

The adiabatic theorem is a cornerstone for linear dynamical systems described by Eq.
(1.1). Analytic solutions to Eq. (1.1) are easily obtained if the elements of the system'’s
dynamical matrix H are constant in time. On the contrary, their explicit form is difficult
to write down for a general, time-dependent H. However, if the elements of H vary at a
“slow” rate ~ 1/T', where T' is the total time duration of the variation, the asymptotic
behavior of the solutions become tractable again. Such “slow” variations are the domain
of adiabatic theorems. In this section, we state Hermitian and non-Hermitian adiabatic
theorems and discuss the outcomes of the “slow” variation of parameters, one of them

being the geometric phase.
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2.2.2.1 Non-degenerate Hermitian case

For Hermitian systems, for finite-dimensional systems [10] and for infinite-dimensional
systems [145], if a control loop! tunes H “slowly” in a time duration ¢ = T while
remaining strictly non-degenerate, and the initial state is an eigenvector of H(t = 0), the
initial state evolves so as to always be an eigenvector of H(t) that is smoothly connected
to the eigenvector of H(t = 0), and in the limit of large-T" (i.e., T" — 00) it returns

asymptotically to itself at the end of the loop, up to an overall adiabatic phase factor,

e~

c0)=t0—c(T)~e ™ (2.6)

where ¢(0) denotes the initial state vector at ¢ = 0, U the non-degenerate eigenvector
which is assumed to vary continuously with parameters, ¢(T') the final state at T =
T, ¢ the adiabatic phase, and ~ denotes the asymptotic behavior as T" — oo. The
corrections to the right-hand side of Eq. (2.6) are of order O(1/7") for H that are first-
order differentiable in time ¢ [10], and higher-order corrections can be shown for H that

are higher-order differentiable [27]. Similarly, ¢ can be expressed as a series in orders of

1T

gb(T):/OT)\(t)dt —¢B+%+%+o(%) (2.7)

where A is the (real) non-degenerate eigenvalue which characterizes a phase that grows
linearly in 7' - known as the linear dynamical phase, ¢p. ¢p is the (real) T-independent
part - the geometric phase or the Berry phase. ¢, are the (real) coefficients of 1/77

terms, for p € N. As T — oo, ¢p and ¢p are the only terms that survive? in Eq. (2.7).

One can show that ¢p is given by
¢B:]{A-dR,A:m-vRﬁ (2.8)
c

where R denotes the control parameters that are varied and constitute the control loop,

fc dR the line integral along the control loop C, Vg the gradient in R, () an inner

1To be specific, we take the control loop of a fixed shape and the manner in which it is traversed.
2Another intuitive way to see why ¢p cannot be neglected is due to the fact that it appears in the
argument of e~*® = Cos(¢) — iSin(¢).
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product and A the Berry connection, which is generically taken analogous to the vector
potential in electromagnetism. Subsequently, one may apply Stokes’ theorem, ¢ is then
given by a surface integral of the Berry curvature or Berry flux: Vg XA, over a surface

defined by C.

2.2.2.2 Non-degenerate non-Hermitian case

Adiabatic transport for non-Hermitian systems is strikingly different from its Hermitian
counterpart. For a Hermitian system, all non-degenerate eigenvectors can undergo adia-
batic transport as in Eq. (2.6). In contrast, for non-Hermitian systems, only the eigenvec-
tor corresponding to the eigenvalue with the largest imaginary part is amenable to strict
adiabatic transport similar to Eq. (2.6), iff such an eigenvector exists. Such eigenvectors,
also known as the "dominant” eigenvector/mode or the “least-dissipative” eigenvector/-

mode, have the largest (slowest) rate of growth (decay)®.

During adiabatic evolution along a generic control loop, the system's state tends to
transition into the least-dissipative eigenvector (conditional on its existence), despite the
choice of the initial state - and to be clear, the initial state can be chosen distinct from

the least-dissipative eigenvector. This can be expressed as
N
c(0) = a;i; = &(T) ~ e ayiy (2.9)
j=1

where U; denotes a (right) eigenvector of the non-degenerate N-mode system, of which
U; is the least-dissipative eigenvector. a; are the complex amplitudes with a; # 0,
and the ¢ is the complex adiabatic “phase”. The corrections to the right-hand side of
Eq. (2.9), specifically a1, are given in orders of 1/7 [11], and are determined by the

differentiability of H, similar to the Hermitian case, above.

The adiabatic phase ¢ also generalizes from the Hermitian case and splits into linear
dynamical phase (¢p, linear in T'), geometric phase (¢p, T-independent) [87, 146] and

corrections in orders of 1/T', as in Eq. (2.7), with the following changes and features:

1To be specific, we are addressing right eigenvectors, and throughout this chapter the phrase ‘least-
dissipative eigenvector' implies least-dissipative right eigenvector.
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1. The real eigenvalue becomes the complex least-dissipative eigenvalue, A — ;.
2. The real geometric phase becomes a generic complex number.

3. The real coefficients ¢, become complex.

4. As'T' — oo, ¢p and ¢p are the only terms that survive.

In addition, we reiterate that the adiabatic phase ¢ is applicable only for the least-

dissipative eigenvector, if such a mode exists.

As shown in Ref. [87, 146], the complex ¢p can be expressed as
¢B:7{A-dR,A=N-VRﬁ (2.10)
c

which is similar to Eq. (2.8) except for the use of left (V) and right () eigenvectors,
respectively and the Berry connection A is now a complex vector. Further work on
A reveals an algebraic analogy to the Hermitian case. However, there are important

distinctions as well, and we detail them in Sec.2.2.3.

In the above case, we have implicitly assumed that there indeed exists a unique least-
dissipative eigenvector throughout the adiabatic evolution, which may not be the case in
general. As discussed in Sec. 2.1, control loops generically produce braids of eigenvalues
which may change the identity of the least-dissipative one during the control loop. As a

result, the non-Hermitian adiabatic theorem does not apply to such cases.

In this view, the non-Hermitian adiabatic theorem may appear more restrictive than
its Hermitian counterpart. This has naturally led to work in this field that: (i) employs
a weaker notion of adiabaticity - “quasi-adiabaticity” (Sec. A.3.3 - part 2), (ii) tries
to side-step adiabatic evolution partially, in favor of shortcuts-to-adiabaticity schemes
[141, 142, 147-149] or completely, in favor of static characterization, or to a specifically
limited extent (iii) fully embrace the non-Hermitian adiabatic theorem and restrict oneself
to control loops that explicitly obey it. The work described in this thesis (Chapters5, 6
and 7) exclusively falls in the third category.
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2.2.2.3 Degenerate case

In so far, we have restricted ourselves to control loops that render the system to be strictly
non-degenerate. However, the story of tuning a system's parameters and monitoring the
system'’s state becomes richer, when we include control loops that render the system
to be strictly degenerate i.e., throughout the entire loop. Important results have been
obtained for Hermitian degenerate systems and more recently, non-Hermitian degenerate

systems. The theoretical results and predictions for each of them are stated below.

Hermitian degenerate systems

For an N-mode Hermitian system, that is m-fold degenerate for 2 < m < N, it was

shown in Refs. [150, 151]:

1. A state initialized as any one of the eigenvectors corresponding to the degenerate
subspace can be transported adiabatically, similar to the Hermitian non-degenerate

case.

2. For a control loop Cqee that renders the system strictly degenerate throughout, the
geometric phase factor is an m x m unitary matrix, which encodes the holonomy of
Cdeg- This unitary matrix, also known as the Wilson loop, is given by a path-ordered
integral of a Berry connection matrix, which solely depends on the geometry of the
space of Hermitian degeneracies, and is a generalization of the Berry connection in the
non-degenerate case. For m = N, the Berry connection matrix is trivial, i.e. equal to
the zero matrix. For m # N, if the subsystem is non-trivially embedded® in the larger
(N-mode) system, the gauge potential was shown to be non-trivial [150]. We note
that if for m # N, the m-fold degenerate subsystem is independent from the larger
N-mode system, i.e., has constant embedding, the resulting gauge potential is trivial

once again.

3. A state initialized as any one of the eigenvectors corresponding to the degenerate

subspace transforms via this geometric unitary matrix under adiabatic evolution.

4. For the non-trivial case of m # N, upon concatenation of Cyeg, the corresponding

1To be clear, by non-trivial embedding we mean that the embedding is not constant along the control
loop.
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matrices that encode their holonomy are generically non-commuting, thereby demon-

strating the non-Abelian nature of the holonomy.

Non-Hermitian degenerate systems

For non-Hermitian systems, recent theoretical results [88, 89] have shown that in the
space of degeneracies of N x N dynamical matrices (Hqeg), that are equivalent to an
m x m Jordan block [152] i.e., correspond to m'" order EP: EP,,, with 2 < m < N,
for certain classes of control loops in £P,,, and a choice of initial state, the state returns
to itself and acquires a complex phase ¢qe,. Below, we state the theoretical results for

two distinct cases given by: (i) m = N, and (ii) m < N.

i)m=N
For m = N, ¢geg can be given as a Puiseux series [153]:

N

Gaeg(T) = Y TN /0 1 ay(s)ds +O(T~HN) (2.11)

r=0

where a,.(s) are complex functions of H'(s) = Jy — A,(s)/T, with A; the matrix of
Berry connection, generalized from the Hermitian case. H' is the matrix that governs
the real time evolution of the state vector and 0 < s < 1. The complex dynamical phase
(i.e., the T-dependent phase), includes the well-known linear in 7" part (r = 0 term)
and fractional powers of 7" (1 < r < N terms), which provide a “stretched exponential”

adiabatic evolution. It was shown that the T-independent term (r = N term):

1. Remarkably encodes the holonomy of loops in £Py and hence is a geometric phase

¢B,deg-
2. However, the Berry curvature in the space of Py is identically zero.

3. Despite the zero Berry curvature, ¢p 4o Can be obtained by an analogous equation

involving A ;. It is precisely given by

DB.deg = % 7{ Tr(A;)ds (2.12)
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and has a non-trivial and a purely real value given by 27n/N, where n is the wind-
ing number of the control loop Cges in EPyx. The fundamental group of EPy:
m(EPN) = Zy, the cyclic group of order N [88, 89], where the winding number of
Caeg determines its homotopy class [154]. Thus, the T-independent term is topologi-

cal, and it takes discrete values.

4. Upon concatenating CqegS, the resulting ¢ 4e; does not depend on the order of con-

catenation and thus the holonomy is Abelian.

This is in contrast to the corresponding Hermitian case where the geometric phase factor
is trivially zero. One of the conditions under which these results hold is that the state
being transported is the least-dissipative eigenvector of H'(s) = Jy — A;(s)/T for all
s € [0,1]. We detail these properties, provide some intuition, and work out a concrete

example for the case of N = 2, in Sec.2.2.4.

(i) m < N

For m < N, one can again express ¢gc; as a Puiseux series, similar to Eq. (2.11), for
a class of loops in £P,,, and a choice of initial state. Subsequently the T-independent

term yet again encodes the holonomy of the control loop in EP,, [89].

However, for this case, the corresponding Berry curvature is generically non-zero and
complex-valued and the resulting ¢p 4cs is a generic complex number. Although, any
further discussion on this matter is beyond the scope of this thesis, we refer the reader

to Ref. [89] for a detailed study.

2.2.3 Illlustrating the non-degenerate non-Hermitian geometric

phase

In this section, we work out the complex geometric phase for an N = 2 mode non-
Hermitian system for a simple class of control loops and list its salient features. We
subsequently provide a geometric intuition for it, describe its numerical calculation for
arbitrary control loops, show that the imaginary part of this geometric phase is well-

defined for open control paths (i.e., non-loops) and give a teaser for a novel mechanism
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for realizing an amplifier using the non-Hermitian geometric phase.

2.2.3.1 Geometric phase for “simple” control loops

The dynamical matrix H of a two-mode system is conveniently represented via a pair of

three-vectors Bre i in R?, as in Eq. (2.5), supplemented with a complex trace 7.
H = (Bge + iBp).6 + T1/2 (2.13)

where & is the Pauli vector, and I is the identity matrix. A control loop C corresponds
to Bren tracing out a closed path in R? as shown in Fig. 2.6(a). Subsequently, Brem
are set by the control parameters R, and C is defined parametrically via R(s), where
0 <s<1andR(0) =R(1). A particular real time traversal of C is given by choosing
the total duration of the control loop, 7" and a function s(¢/T"), with s(0) = 0 and
s(1) =1.

A particularly simple class of loops consists of fixing the lengths and the relative
orientation of Bgre 1, and rigidly rotating them around the z-axis once as shown in Fig.

2.6(b), at a constant rate. Such “simple” control loops can be encoded as

A B 16(s)
He = | 4P LT, (2.14)
Ce 6 A 2

where A, B and C' are constant complex numbers that set the lengths Bre i, and their
relative orientation. 6 is a real parameter that sets the azimuthal angle of Bgem (in
the x,y-plane). Setting 6(s) = 2ms and varying s from 0 to 1, affects a full rotation of
Bge,m around the z-axis, at a constant rate. For this case, Bre 1, are explicitly given

by
[Brex] (s) = 2B Cos((s)) — L= Sin(0(s))

Bre - y] (s) = =" Sin(9(s)) — 5= Cos(0(s)) (2.15)

[Bre - 2] (s) = Re(A)
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B - x] (s) = 2829 Sin(g(s)) — ™EX Cos(6(s))

2

Br - y] (s) = 2429 Cos(6(s)) — "+ Sin((s)) (2.16)

2

[Bim - 2] (s) = Im(A)

Finally, we allow for an arbitrary complex trace 7 (s) with 7(0) = 7(1). As will be

shown below, the complex geometric phase is independent of 7 (s).

The eigenvalues of H in Eq. (2.14) are
Ai(s) =T(s)/2+£ VA%2+ BC (2.17)

and the corresponding right (left) eigenvectors i (V) are, up to an overall complex scaling

factor, given by

) Bei@(s) . I 1 +A + A
ui(S) = 7Vﬂ:<8) - m Beie(s)

2.18
FA-A (2.18)

where A = /A2 + BC, '+ is chosen to denote the least-dissipative eigenvector and ‘—'
denotes the other mode. We note that this choice of eigenvectors satisfy the normalization
condition (the dot product between two vectors is defined as & - b = a;by + asbs). For
“simple” control loops, we only need to consider the Berry connection A along the 6

direction of the parameter space, which is readily computed to be [12, 87, 146]

1 A

and the geometric phase for a control loop in which §: 0 — 27 is simply given by

2
OB+ = AL-0d0=—7 <1 + ;) =47 (1 — é) (2.20)
0

where in the last equality we have used the fact that ¢p 1 is defined modulo 27.
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(a) B, t (c) e
Bre(t) Q Srelt)
¢ Bl . cly .
Y ~
Q
—
sIm(t)
BX SX
(d) Initial state: mode + (e) Initial state: mode -

20 40
T [ms] T [ms]

Figure 2.6: Control loops and real time evolution of state vector. (a) A generic control loop.
Circles: the starting and the stopping point of the loop, at t = 0,7, respectively; curves: Bre, m; arrows
are a guide to the eye. (b) A “simple” control loop. (c) “simple” control loop re-parametrized in terms
of SRe,1m to obtain geometric intuition for the non-Hermitian ¢p (see Sec. 2.2.3.2). (d) Numerically
simulated real time evolution of the system when initialized in the least-dissipative eigenvector (+). For
this case, T(s) = —2m(34.7 + 30.5¢) Hz, A = 27(14.1 + 4.6i) Hz, B = —2m(14.2 + 13.5¢) Hz and
C = —27(12.5 4+ 15i) Hz. Cyan curve: ¢, (T); dashed black curve: ¢p . — ¢p +; dot-dashed gray
curve: ¢p +; black vertical line: characteristic adiabatic time scale T,q = 27/| A+ — A_| ~ 22 ms. Top
panel: Re(¢4(T)); bottom panel: Im(¢4(T)). (e) Same as (d) but the system in initialized in the
other mode (—). Orange curve: ¢ (T); dashed maroon curve: ¢p _ — ¢p, _; dot-dashed pink curve:
¢p,—; dot-dashed gray curve: ¢p . Top panel: Re(¢—_(T)); bottom panel: Im(¢_(T)).
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Some salient features of the geometric phase

Based on this exercise with “simple” control loops, we now list some of the salient features

of the geometric phase ¢p.

1. Since A, \ are generically complex numbers, ¢ is generically complex [87, 146]. This
is an important distinction between the Hermitian and the non-Hermitian case (where
¢p is purely real). The real part of ¢ affects the phase of the system's oscillations
while the imaginary part affects their magnitude. ¢g is also seen to be independent

of the trace T of H, similar to the Hermitian case.

Additionally, we recover the well-known result from the Hermitian case by setting
B, = 0. This corresponds to A, \ being real. The resultant ¢ is real and is precisely

the half of the solid angle subtended by the control loop at the origin of R? [12].

2. In Eq. (2.20), we predict a geometric phase for both modes, ¢p  for the least-
dissipative eigenvector (+) and ¢p _ for the other mode (—), which are equal in
magnitude but opposite in sign. However, only the least-dissipative eigenvector is

amenable to adiabatic evolution [11], and as a result, adiabatic protocols allow for

isolating ¢p 4, only.

To illustrate this effect, we numerically simulate the real time evolution of the
state vector when it is prepared in mode (+) and (—) and H is varied along “simple”
loops, given by H in Eq. (2.14), with a choice of {7 (s), A, B,C'}. We find that for
large T', the state initially in mode (+) acquires a phase ¢ (7") consistent with Eq.
(2.7). In particular, ¢ (T") approaches ¢p (T) — ¢p 1, where ¢p (T') is the linear
dynamical phase for mode (+). This is shown in Fig.2.6(d).

In contrast, as shown in Fig. 2.6(e), the phase acquired by the state initially
in mode (—), ¢_(T) does not obey Eq. (2.7). Specifically, for large 7', mode (—)
acquires a linear dynamical phase ~ ¢p_, which further highlights non-Hermitian
Adiabatic theorem (see Eq. (2.9)). It is indeed an interesting curiosity that for large T,
¢_(T) appears to have a ~constant offset from ¢p ., potentially indicating something
geometric (i.e., oc T°). We relegate its further investigation for a future work. See

also Sec. 5.4 for additional insights.
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Going forward, we will only discuss the geometric phase for the least-dissipative

eigenvector, unless mentioned otherwise, and for notational simplicity we define ¢ =

OB -

3. Analogous to the Hermitian case, the non-Hermitian ¢p changes by a sign if the
direction of traversing the control loop is reversed. Similarly, as in the Hermitian case,

¢p is additive upon multiple repetitions of the same control loop.
s—>1—s = ¢ — —o¢p (2.21)
s—=ns = ¢p > nppVneN (2.22)

4. While we parametrized the control loop via 0(s) = 27s, ¢p as given in Eq. (2.20) is
independent of this parameterization. This highlights an important property of ¢p:

it is independent of the manner in which we traverse the control loop.

These features of the non-Hermitian ¢ g for the non-degenerate case are experimentally

demonstrated in Chapters 5 and 6.

2.2.3.2 Geometric intuition

A large body of work on Hermitian geometric phase has provided important intuitions
and visuals about how it manifests as a holonomy when vectors are parallel-transported,
and its relation to geometric and topological entities such as the solid angle and the
Chern number, respectively [12, 132, 138, 150, 155-157]. In this section, we provide a

similar intuition for the complex geometric phase.

While “simple” loops are convenient for evaluating the geometric phase, we now
consider arbitrary control paths by parameterizing them in complex spherical coordinates
[158] as:

Cos(v)  Sin(v)e™®

H =)\ , ~B.§ (2.23)
Sin(v)e®  —Cos(v)
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with
Sin(v) Cos(O)
B = )| Sin(v) Sin(©) (2.24)
Cos(v)
and \,0,v € C. We have omitted the trace of H as it plays no role in the geometric

phase. In these coordinates, the eigenvalues are given by +), and left () and right (V)

eigenvectors are given by

Cos(v/2) __ |Sin(v/2)e™®

Sin(v/2)e™® L —Cos(v/2)
(2.25)

. Cos(v/2) . Sin(v/2)e®

= s V_ =

Sin(v/2)e*® —Cos(v/2)

where ‘+' is chosen to denote the least-dissipative eigenvector and ‘—' denotes the other
mode. The Berry connection is readily computed to be
- . 1

A, =iV, Vi = ¥5 (1 —Cos(v))© (2.26)

We note that the Berry connection A is a vector in control parameter space, and V is
the gradient operator in this space. Thus, when considering a generic path in parameter
space, we only have to consider the projection of the path to the complex © plane. We
now consider a simplification in which we constrain © to be real, similar to the “simple”
loops. In particular, we take Re(©) = —6, where 6 appears in the “simple” loops (Sec.

2.2.3.1). For such simple loops, we have for the least-dissipative eigenvector

2
b = /0 A. 6 df = r(1— Cos(v))

= (1 — Cos(vge)Cosh(vry) + 1Sin(vge)Sinh(vny,) (2.27)

where v = VR, + ivpy,. It was noted in Ref. [87, 146] that the line integral of AL over
a control loop C may be converted, via Stokes’ theorem, into the surface integral of a

curvature over the area bounded by C. Indeed, in complete analogy to the Hermitian Berry
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curvature, this curvature may be written (in C?) as the field strength tensor associated

with a “magnetic field”
B

LT
where B is defined in Eq. (2.24). See also Eq.45 of Ref. [158]. Therefore, the complex

R, (2.28)

geometric phase can be interpreted as a flux enclosed by C in the presence of a monopole
source of “magnetic field” that is located at B- B = 0. Note that this is the location

where H is degenerate.

Despite this algebraic analogy between the Hermitian and non-Hermitian case, there
are also important differences. As shown before (Sec. 2.1.3.2), in the Hermitian case,
the space of B is R3, with a sole degenerate point at B = 0. However, in the non-
Hermitian case, the space of B is C* ~ R% and the degeneracy i.e., B-B = 0, occurs
in a four-dimensional subspace, making the relationship between C and ¢p challenging

to visualize. Some progress can be made by decomposing

Sin(vge) Cos(0) Cos(vge) Cos(8)
B o .
3= Cosh(vm) | Sin(vge) Sin(f) | + iSinh(viy) | Cos(vge) Sin(#) | = Sre + iSm
Cos(vre) —Sin(vge)

(2.29)
where Sge1m are vectors in R3. It can be readily verified that sge - sy, = 0. For “simple”
loops discussed earlier (Sec. 2.2.3.1) and in the limit of |By,| < |Bgre| or v, < 1,
which is relevant to many of the measurements shown in Chapter 5, the real part of ¢p
simplifies to

Re(¢p) = m(1 — Cos(vre)) + O(vn,?) (2.30)

which is approximately equal to one-half the solid angle €2 subtended by sg., similar to
the Hermitian case. For the imaginary part of ¢, we note that |sgo| = Cosh(vp,) =
1+ O(v?) and || = Sinh(vry) = |vm| + O(vi®) and observe that the area of the
mantle of the cone swept by sg. (see Fig. 2.6(c)) is € = 7Sin(vge) + O(vm?), and we
have

Im(¢p) = 7(Sin(vge)Sinh(vy,)) = Q\slm\ + O(U1m2) (2.31)
In the limit of v € R, which corresponds to |sy,| = 0, this reduces to the stan-
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dard (real) Hermitian geometric phase, even for H with complex eigenvalues A. These

intuitions are illustrated in Fig. 2.6(c).

2.2.3.3 Numerical method for calculating the geometric phase

For control loops that are not “simple” (Eq. (2.14)) there is no simple expression for ¢,
and thus we calculate it numerically as follows. We first discretize the loop into K equal
steps, each starting at s, = k/K with £ = 0,1,2,..., K. In analogy to the Hermitian
case (Eq. 3.6 in Ref. [143], Eq. 4 in Ref. [144]), the non-Hermitian ¢p can then be
expressed as
K—1
¢p+ ~ —ilog (H Vi(skﬂ)-ﬁi(sk)) (2.32)
k=0
Thus, we calculate the geometric phase by computing the left and right eigenvectors
at each step s, (while ensuring there is a consistent choice of gauge between all K steps)
and multiplying the chain of inner products above. For closed loops, this formulation
is invariant to gauge choice, as T — €@ and Vv — e ¥ for all @« € R. All such

calculations presented in this thesis use K = 20,000.

2.2.3.4 Gauge-invariance of the imaginary part of the Berry connection

In this section, we show that the imaginary part of the Berry connection is gauge-invariant,
from which it follows that the imaginary part of the geometric phase is also gauge
independent, regardless of whether or not the path is closed [159]. This discussion is
similar to that of Refs. [12, 160].

To begin, consider a choice of right and left eigenvectors U, V. that obey the joint
normalization condition:

An arbitrary state vector d may be decomposed as d= d iy + d_u_ with complex
coefficients d+ = V4 - d. In this case, a state vector d that is proportional to the

eigenvector i; has population |d;|?.

Now, consider a different choice of right eigenvectors W, = z, i, with nonzero
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complex constants |z |. To satisfy the normalization condition above, the corresponding
left eigenvectors must be vV, = V.. /z1. However, upon making this choice, the population

of d in eigenmode i} is

- 2
vV, =
L od| = |di]*/ |2 (2.34)

i = ;- dP? =

Z;

where the population depends explicitly on |z;|. Since the population of a mode encodes
an absolute physical quantity (For example: for a system of coupled harmonic oscillators,
it is proportional to the energy stored in an oscillator), it must be independent of the
choice of gauge, i.e.,the choice of UL, V.. This is ensured by imposing an additional
normalization condition:

[ e =1 (2.35)

where (*) denotes complex conjugation. Thus with condition Eq. (2.35), any choice
of right eigenvectors, i.e.,choice of gauge, obeys U/, = z.iy with |z4| = 1. Put
another way, to preserve the gauge independence of populations, the only allowed gauge
transformations of right eigenmodes 1. are unitary complex numbers, just as in the
Hermitian case. Under such gauge transformations, the real part of the Berry connection
changes but the imaginary part does not. Subsequently, the imaginary component of the
geometric phase is gauge-invariant for any path, including open ones. We empirically

demonstrate this facet of the complex ¢ in Chapter 5.

2.2.3.5 Geometric amplifier: A prelude

For a control loop with Im(¢p) < 0, the geometric phase contributes gain to the normal
mode, and the amplitude of its motion should actually increase if this geometric gain
exceeds the dynamical loss. For example, if Im(¢p) < Im(¢p) < 0. For any control
loop C, it is impossible to meet this condition in the large-T" limit, as Im(¢p) o T while

Im(¢p) oc T* and in this limit, the gain or loss of the normal mode would be dictated

solely by Im(¢p).

However, for a given T' that is compatible with the notion of adiabatic theorem, we

have found that it is possible to find C, such that the geometric gain amplifies the normal
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mode’s motion, regardless of how large T" is. We give a teaser of this new mechanism for
building an amplifier, by noting that for an advisedly chosen C,..,,, we can have a control

loop duration T such that

Im(¢p)
m(f; Ay (s)ds)

where the geometric gain (i.e., Im(¢p) < 0) has canceled the dynamical loss (i.e.,

T =

(2.36)

Im(fo1 A4 (s)ds) < 0) for a control loop duration 7*. Now in order to arbitrarily extend
T*, we recall the additive property of ¢5 upon repetitions of Cyy,p,, formally Comp . (Sec.

2.2.3.1) and observe that

F= (g e ) =T 2.37
T =1 (i) =TV n €N (2.37)

We will give the full illustration of this Geometric amplifier in Chapter 6.

2.2.4 lllustrating the degenerate non-Hermitian geometric phase

In this section, we detail the topological and discrete geometric phase ¢ gcs correspond-
ing to the space of degenerate N x N dynamical matrices: £Py, the space of highest
order EP (EPy). Such matrices are similar to an N x N Jordan block .Jy. We start by
stating the theoretical results and predictions of Refs. [88, 89] and provide some intuition
for ¢ deg (Sec.2.2.4.1). We then highlight its broad accessibility in tunable systems and
discuss its robustness to perturbations (Sec. 2.2.4.2). We conclude this section by work-
ing out an example of a general degenerate N = 2 mode system, and illustrate ¢p qeq
(Sec.2.2.4.3).

2.2.4.1 Topological and discrete geometric phase

This section details adiabatic transport in £Py. We show that upon initializing the
system in the least-dissipative eigenvector of H' = Jy — €A ;: the dynamical matrix that
governs evolution in Py, the system returns to itself and acquires a complex phase
¢aeg(T') given by Eq. (2.11), in the adiabatic limit (7" — oc). We then discuss the 7*-
independent part of ¢qes(7") and show that: (a) It encodes the holonomy of the control

loop in EPy - and thus a geometric phase ¢ deg, (b) @5 deg is real-valued and discrete,
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and depends solely on the homotopy class of the loop in £EPy, i.e., it is topological.

Traversing control loops in EPx

For this discussion, we smoothly parameterize £Py by the control parameters of Heg:
Raeg, Which form a (complex) N? — N + 1 dimensional space. The dimensionality can be
understood as follows: an arbitrary complex N x N matrix is parameterized by arbitrary
N2 complex numbers. The condition that all N complex eigenvalues equal imposes N —1

complex constraints, leaving an N*> — N + 1 (complex) dimensional parameter space.

A control loop in EPy: Cgeg is defined parametrically by Rgeg(s), with 0 < s <1
and Rgeg(0) = Raeg(1). The system is then evolved in real time ¢ for total duration of T

and its evolution is given by

1€05C = HaogC (2.38)

as in Eq. (1.1), where C'is the state vector being evolved, with ¢ = 1/7" and s = t/T". For
simplicity, we take Hge, to be traceless, which reduces the (complex) dimension of EPy
to N? — N. A key point is to note that Hge is a defective NV x N matrix and Eq. (2.38)
can be systematically studied under a similarity transformation (change of basis) that
reduces it to a single Jordan block!: Jy. This similarity transformation is accomplished
by an N x N matrix M, whose columns are given by the unique right eigenvector and
N — 1 generalized right eigenvectors of Hye,. Upon this similarity transformation, Eq.
(2.38) reads as

i€0sC; = H'Cy = (Jy — eAy)C (2.39)

where ¢ = Mcy, M‘lHdegM =Jyand A; = iM‘l% is the matrix of Berry connec-
tion. As Cgeg is a (closed) loop, we have: M(s =0) = M(s = 1) and A;(s =0) =

.AJ(S = 1)

Identifying initial states amenable to adiabatic evolution: Part |

Our interest lies in the solutions of Eq. (2.39) in the adiabatic limit, i.e. T — 0o = € — 0,

such that the initial state returns to itself and acquires a complex phase. In this limit, the

'However, see a discussion in Sec. 7.3.2 and F.2 regarding the pitfall of working with the Jordan normal
form, and how Schur decomposition remedies it for general considerations of N = 2 case.
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second term (e.A;) of H' in Eq. (2.39) can be treated as a perturbation to the first term
(Jn). Now the important idea is that while both Hye, and Jy are not diagonalizable (the
characteristic feature of E'P degeneracies), the perturbation on Jy, i.e., H = Jy —€eA;
generically is. This means we can apply the non-Hermitian adiabatic theorem to the
expectedly non-degenerate H'. The following discussion is a recipe to find the asymptotic
form of the eigenvalues of H": X’, and then select the least-dissipative eigenvalue X/, . A
provides the adiabatic complex phase via ¢geq (1) = T fo N (s)ds for the least-dissipative

eigenvector of H'. The following recipe is adapted from [88, 89].

The characteristic equation of H’ can be expressed as

MY+ b(X) =0 (2.40)

where b, can expressed in terms of the elements of H’. We also note that b, for all
r=0,1,... N — 1 are order O(¢) as ¢ — 0. This can be seen simply by noting that
the eigenvalues of Jy are identically zero, and therefore the non-zero contribution comes

from €A, which in leading order is o €. Explicitly, they are given by

br=c¢ Z AJN7r+i,i+1 + 0(62) (241)
=0

Now it can be shown that in the limit ¢ — 0, by = €Ay, is the only term that
contributes to the solutions of A, in Eq. (2.40), at leading order in ¢, provided by/e # 0
[88, 89]. Consequently, these solutions can be expressed as X/, = (e2™/N)(—eAq)V/N,
at leading order in ¢, for 4 =0,1,..., N — 1. Here we replaced A, , = Ag and chose its
principle branch, Z Ay € (—7/N,m/N]. The next order correction of X/, is o 2N and is
given by —(e™#/N )b, (—by)2/N=1/N. lteratively solving for each eigenvalue, one obtains

the Puiseux expansion of X, [88, 89]

)\:L _ (627ri,u/N)61/N<_AO)1/N . <€4mlt/N)€2/N(AJN,L1 + AJN’2)(_AO)2/N—1/N 4o

e}

Z 271'1;“”/N T/N&T (242)
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and coefficients a,, = a,(s). a, can be seen to be independent of y, because if XM in Eq.

(2.42) satisfies the characteristic equation (Eq. (2.40)) for a value of y, then it does for
all p.

Identifying initial states amenable to adiabatic evolution: Part Il

Having obtained )/, we wish to identify the unique least-dissipative eigenvalue X . It
corresponds to choosing a particular 1 such that Im()\L) has the largest value for all
s € [0,1]. The existence of such unique least-dissipative eigenvector is ensured by

[88, 89]:
1. A #0 for all s €0,1].

2. Ay does not make a full circuit around the origin as s varies from 0 to 1 via the
constraint |£Ag| < m. Such an Ay does not touch or cross the negative real axis.
Intuitively, allowing Ay to make a full circuit around the origin causes \), to braid,

and specifically cause a net cyclic permutation.

As a result, for all s € [0,1], ¢ — 0, and for a given choice of A that satisfies the
above conditions, X', is identified for the value of 1 for which Im(\),) is the largest value.
However, if Ay = 0, additional analysis is required which is deemed beyond the scope of

this thesis, and we never consider such cases.

Calculating ¢yee(T') and isolating ¢p deg

Subsequently, the appropriate value of y is chosen and the corresponding adiabatic phase

is then given by

N

1 ' 1
by = —/ A, ds = Z(ezm‘“"/N)er/Nl/ a.(s)ds (2.43)
€Jo —1 0

where r = N corresponds to the O(€°) term, the T-independent phase. In particular it
encodes the holonomy of Cye, [88, 89]. This can be seen heuristically by observing that

the calculations shown here are analogous to the non-degenerate case, and its value is
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given by

1
PB.deg = —/ an(s)ds (2.44)
0

To obtain ay, we evaluate the trace of H' i.e. Tr(H') = 25;01 A, via Eq. (2.42).
We observe that

T
2
2

-1

( 27rzur/N r/Na + ZCLN + Z i 27r1,ur/N T/N&T

1 pn=0 r=N+1

I
=)

‘s

hi
o

0

:O+NGN+O (245)

where we have suggestively decomposed the above into three terms. The first term is 0 as
the complex coefficients a,. for r = 1,2,..., N — 1 are multiplied with N unitary complex

numbers e /N

, uniformly distributed around complex origin. The same exact reasoning
holds for the complex coefficients a, forr = N +1, N +2,...,2N —1,2N +1,...3N —
1,3N + 1,..., and a portion of the third term is 0. Finally, we are left with complex
coefficients a,. for r = 2N, 3N, ... for the third term. To evaluate these terms, we utilize:
25;01 N, =Tr(H') = Tr(Jy—eAy) = 0—€Tr(A;). Consequently, apy = azy = ... = 0
as they correspond to the coefficients of €2, €3, ... terms in Z X , respectively. Thus,

we have

1
ay = NTI'(AJ) (2.46)

and

1
OB deg = —%/ Tr(A;(s))ds mod 27 (2.47)
0

A special class of loops in EPy

An important special class of loops Cgeg sp €xist in EPy for which A is independent of
s. In such a case, the coefficients in Eq. (2.41) are constant for each value of r. As
a result, if the initial state (i.e., s = 0) is any one of the eigenvectors of H’, the state

evolves as the smoothly connected eigenvector as s is varied from 0 to 1. Subsequently,
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any such eigenvector is amenable to the adiabatic transport as described above. Such

loops are called “straight loops”, with
M(s) = M(0)e"™A (2.48)

where we utilized: MM = MM, thus [24 M- = 0ie, 22 and M~!

I =
Os s
commute, which results in M (s) = M(0)eJo A7()45" and Eq. (2.48) follows.

One can then immediately calculate ¢p qcs for traversing a “straight loop” in EPy

as:
(i0B.dcg — [eiTr(AJ)}—l/N

— [Det(eiAJ)rl/N

= [Det(M(1))/Det(M(0))] "~

= [Det(M(0))/Det(M (1))~ (2.49)
where the N* root is defined by imposing continuity on Det(M (s))/", and we used
Eq. (2.48), the identity Det(eX) = ™) [161] where K is a square matrix, and that
Det(M ™) = 1/Det(M).
Salient features of ¢p 4o and £Pn subspace

In this section, we describe some salient features of ¢p 4o in Eq.(2.47) and of the

structure of the degenerate subspace £P of an N mode system.

1. We first comment on the form of ¢p 4es given by Eq. (2.47). We note that ¢ geg is
proportional to a line integral of the Berry connection, which one may recognize as

encoding the holonomy of Cgeg, similar to its non-degenerate counterpart.

However, the fact that ¢p q4es is proportional to the line integral of the trace of
the Berry connection, i.e., it takes the “entire” Berry connection matrix into account,
is a crucial distinction from its non-degenerate counter part, In particular, the non-

degenerate case takes specific elements of the Berry connection matrix for a given
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initial state. Explicitly: (a) for the Hermitian non-degenerate case, ¢p; = f01 Ajids
(Eq. (2.8)) for a state vector initialized as its i*" eigenvector and then transported
adiabatically, and (b) for the non-Hermitian non-degenerate case, ¢p + = fol A, ds
(Eq. (2.19)) for a state vector initialized as its least-dissipative eigenvector and then

transported adiabatically.

2. We note that although “straight loops” exist in £EPy, A is not constant in gen-
eral. Intuitively, variations in A; that contribute at O(T"), appear proportional to
fol 0sLog(Ap)ds. Since one of the conditions that guarantee the existence of a unique
least-dissipative eigenvector throughout the evolution along Cqes is that A does not
make a circuit around the origin, fol 0sLog(Ag)ds = 0. This result is calculated in
Refs.[88, 89] for any N, and we show this explicitly for the N = 2 case in Sec. A.3.2
via Egs. (A.16) and (A.17).

As a result Eq. (2.49) holds for a general Cyeg, for which a unique least-dissipative

eigenvector of H' = Jy — €A exists throughout.

3. We now comment on the form of ¢ 4e, given by Eq. (2.49). Notice that for any
Caeg, Det(M(0))/Det(M (1)) = 1. However, choosing the N root is non-trivial and
specifically requires the knowledge of homotopy class of Cqes in EPn. This naturally
requires an examination of the geometry and the topology of £P y subspace. It can
be shown that the fundamental group of EPn: m(EPN) = Zy, the cyclic group
of order NV [88, 89], and thereby it is the winding number (W) of Cge, in EPx that

determines its homotopy class.

From this result, Cqee with YW mod N = 0 is contractible in Py, whereas

W mod N # 0 corresponds to a non-contractible Cgey in EP . Finally, we determine
[Det(M(0))/Det(M(1))]'/Y = ei2n(V mod N)/N ' and thus using Eq. (2.49):

¢B,deg = 27T(W mod N)/N (250)

which demonstrates its dependence of the homotopy class of C4cg, and also that it is

real and discrete.

4. Finally, we note that the Berry curvature for £Py is identically zero, and follows
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from the same reasoning as for its Hermitian counterpart, i.e., the embedding of the
degenerate subspace in the degenerate subspace itself, does not change as function
of parameters or when parameters are tuned in real time. As a result, it does not

contribute to ¢p 4eg, Same as its Hermitian counterpart.

However as shown above, ¢p e, is non-trivial for the non-Hermitian case as com-
pared to its Hermitian counterpart where it is trivially zero. This highlights an im-
portant distinction between the two cases. As such the unique topological nature of

®B,deg iN the non-Hermitian case arises solely from the non-trivial topology of EP .

2.2.4.2 Broad accessibility and robustness to perturbation

In this section, we first clarify that the topological ¢ 4cg is broadly accessible, and not
just a result of fine-tuning. We then discuss its robustness to perturbations away from

the EP subspace.

In Sec. 2.2.4.1, we found that EPy forms a (complex) N? — N + 1 dimensional
subspace in the (complex) N? dimensional parameter space of arbitrary complex N x N
matrices. For this discussion, we recall the procedure that led to this result: All N
complex eigenvalues being equal imposes N — 1 complex constraints. |f we then take
the following viewpoint, where we can vary up to 2(N — 1) (real) control parameters
that solely tune these constraints (and by construction, the system stays in the EPy
subspace, albeit respecting new constraints). Then even if these specific 2(N — 1) (real)
control parameters are noisy, we obtain the same value of ¢p 4o, for the corresponding
loop in £Py, as long as the noise does not alter the homotopy class of the loop. This
illustrates the notion of accessibility, and some form of resilience to tuning parameters

that are “noisy".

This leaves us with the other class of perturbations that do cause the system to
leave the £Py subspace. One can show that if such perturbations are of order O(1/T')
and traceless, ¢p4e; remains unchanged [88, 89]. This follows simply from the fact

that such a perturbation would leave Tr(.A,(s)) unchanged up to order O(1/T") and
OB.des = — o [o Tr(As(s))ds.
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2.2.4.3 Example: N =2

In this section, we provide a concrete illustration of ¢ 4es, by working out an example of
an N = 2 mode system tuned in the £P5 subspace. We begin by describing the topology
of £P5 and the control loops therein. We then parameterize them, and subsequently
consider adiabatic transport. The result of this adiabatic transport is discussed in several

limiting and special cases.

Topology of £P5 subspace

To describe the topology of £P,, we consider H as given in Eq. (2.13). H is degenerate
when Bg, - By, = 0 where () denotes the inner product, and |Bg.| = |Bm|. For
non-zero Bre i, these degeneracies are /P, and form the £P; subspace. Now consider
a pair of unit vectors bge 1, such that bgre - by, = 0 and Brem = |Breim| Prem.
The space of all orientations of the bge1, pair form the special orthogonal group in
R3: SO(3) [162]. Furthermore, SO(3) = RP?, the real 3-dimensional projective space,
which is topologically equivalent to a 3-ball with its antipodal surface points identified
[88, 89, 162]. Its fundamental group, w1 (RP?3) = Z,: the group of integers under addition
modulo 2, and as such it is doubly connected [154]. Therefore, we have EPy = RP3 x R,
where the second factor represents Log(|Bre|), which is contractible (i.e., it has trivial
fundamental group: m = {1}). As a result the fundamental group of £P, subspace,
m1(EP2) = Zs, i.e., it is also doubly connected.

From the discussion in Sec.2.2.4.1 and above, control loops in £P5 can be associated
with a winding number WW. Their homotopy class is determined by VW mod 2, which is
either 0 (i.e., contractible to a point) or 1 (not contractible). They can be visualized in

two complementary ways as described below, and are illustrated in Fig. 2.7.

(a) As equal length and relatively perpendicular Bge 1, tracing out a closed curve in
R3. From the above discussion, this amounts to the corresponding pair bre,im to
change its orientation continuously, with the same starting and ending orientation.
We refer this as a full rotation [163]. Since SO(3) = RP?, we have 7,(SO(3)) & Zs,
and thus there are two classes of such full rotations: (i) topologically trivial, and

the corresponding control loop is contractible to a point with its winding number
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By [Hz] 10

(b) (d) Z

> N

Figure 2.7: Control loops in £P2. (a) A contractible control loop in EP2 parameterized by Hye, in
Eq. (2.51), shown using equal length and relatively perpendicular Bre 1m in R3. Circles: the starting
and the stopping point of the loop, at ¢ = 0,7, respectively; curves: Bgreim; arrows are a guide
to the eye. For this control loop, R(s)/2r = 10¢i(0-5+088in(x9)*) Hz » — 1 T(s)/27r = 0 and
0(s) = —2Sin(7s + 7/4)2 — 0.4. Note that for this loop, adiabatic evolution is not possible. (b) Same
as (a) but the control loop (black curve with black disk as the starting point) is shown in RP? space,
which in turn is represented as a 3-ball, B3 (gray-cyan sphere, see Sec. A.4). (c) Same as (a) but
showing a non-contractible loop. For this control loop, R(s)/2m = 105" Hz, p = 1, T (s)/2m = 0 and
0(s) = —2ms — 1.4. Note that for this loop, adiabatic evolution is possible. (d) Same as (c) but the
control loop (black curve with black disk as the starting point) is shown in RP? space, represented as
B3.

W mod 2 = 0, and (ii) topologically non-trivial, and the corresponding control loop

is not contractible with YV mod 2 = 1.

(b) As closed paths mapped to RP? (see Sec. A.4).
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Parameterizing the £P, subspace, and the corresponding control loops

From our discussion in Sec. 2.2.4.1, £P, is spanned by a 2(N? — N + 1) = 6 (real)
dimensional parameter space. As a result, H in Eq. (2.14) can be re-parameterized as

Hgeg to span EPs. It is given by

T 1 ei@
Hiw=—1+r| 7
2 —ep —1

(2.51)
where R € C*, T € C, and both (p,0) € R. The four real parameters: {Re(R),Im(R),p, 0}
completely span the space! of £P; corresponding to the traceless part of Hyeg. The com-
plex parameter 7 simply denotes the trace of Hg., and specifies its degenerate eigenvalue:
Adeg = T /2. As a result, {Re(R),Im(R),p,0,Re(T),Im(7)} are our six control knobs
that completely span the £P5 subspace. Finally, Egs. (2.14) and (2.51) are related by:
{A=R,B = Rp,C = —R/p} with the degeneracy condition VA2 + BC = 0.

Adiabatic transport in £P,

As a first example, we perform a “simple” loop in £P5 subspace that is amenable to
adiabatic transport. To accomplish that, we set 0(s) = (6p — 2nws) defined modulo
27 with n € N. We vary s from 0 to 1 in duration T, while {R,p, 6y} are fixed. This
corresponds to rigidly rotating the fixed equal length and relatively perpendicular Bge 1
with arbitrary overall orientation, n times around the z axis at a constant rate. The trace
T may vary. However, it will be shown below that it plays no role in the geometric phase.
Following the prescription in Sec. 2.2.4.1, we have H'(s,T) = T (s)1/2+ J, — A;(s)/T,
and explicitly

T(s)/2 1 0,0 | cR —c(1 —cR)

TO=1 0 repl " Tk a_en (252)

where we used u; = (1, —e*i(’(s)/p)T as the unique right eigenvector of Hye, and @y =

(c, (1/R— c)e‘i‘)(s)/p)T/Z as a generalized right eigenvector Hge, with ¢ € C. The

1C* is the set of all nonzero complex numbers. More precisely, R = 0 is excluded from the parameter
space, as for R = 0 the resulting Hge, is diagonal, which does not belong to £P.
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Berry connection matrix A; = iM_l%—]\f, where the columns of M are composed of ;.
Substituting 0;6 = —2nm renders A; to be a constant matrix, and thus in the language
of Sec. 2.2.4.1 and Ref. [88, 89], such “simple” loops correspond to “straight loops” in
EP,. See Sec. A.3.2 for further discussion about general control loops in £P5 that allow

adiabatic evolution.

Subsequently, the eigenvalues of H' in Eq. (2.52) are given by:

T(s) , 0 , OHURT +0.6)

N = + 2.53
1(8) = ——+ 55 T (2.53)
with the corresponding right eigenvectors
1 + 050 + 050 1 + 050
@' (s) = M~(s) 2RT RT ( 4RT) (2.54)
—e6) /p
where '+ is chosen to denote the least-dissipative eigenvector and '—' denotes the other

mode. In the limit 7' — oo, A, — Ageg and @/, — M~y = (1,0)7.

Following the prescription in Refs. [88, 89] and as described in Sec. 2.2.4.1, if we
prepare an initial state as the least-dissipative eigenvector of H’, i.e., ﬁ’+ and vary 6
adiabatically (i.e., T"is large) and strictly monotonically to ensure the uniqueness of @',
we expect the final state to be given by ¢(T') = e~*%s(T)F(0), where the complex valued

baeg(T) is exactly given by

Pacg(T) = T/O1 N (s)ds

1 1 1
= T/ (S)ds + / @ds + / VOIURT + aSe)ds (2.55)
o 2 o 2 0 2
1 T(S) . 1
= T/ Tds + nm mod 27 + z/ \V/nw(2RT — nr)ds (2.56)
0 0
1
= T/ T;S) ds + (n mod 2) w + i\/nm(2RT — nx) (2.57)
0

where the first term of Eqs. (2.55)-(2.57) is the linear dynamical phase ¢1p deg & T". The
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second term is the time-independent part ¢p 40 x T, and Eq. (2.56) follows from Eq.
(2.55) straightforwardly. It is real, and is precisely determined by the homotopy class of
the control loop i.e., n mod 2 in this case. More explicitly, for even (odd) n, the control
loop parametrized by 6(s) = (0y — 2nms) mod 27 with fixed { R, p} is contractible (non-
contractible) in the EP, subspace (see also Sec. A.4). In Sec. A.3.2, we explicitly show
that allowing { R, p} to vary in the control loop will leave this result unchanged. Finally
for the third term, we replaced 6(s) = (6 — 2nms) mod 27 in Eq. (2.55) to obtain Eq.
(2.56), and for a constant R, we have Eq. (2.57). It represents additional dynamical
phases which can be expanded in fractional powers of 7" and 1/T', as a Puiseux series

given in Eq. (2.11), and we provide more details in Sec. A.3.1.2.

In the large 7" limit, i.e., T — 00, ¢qeg(T") simplifies to

Pdeg(T) — PLD deg = N mod 27 + i/ 2nw RT + O(l/ﬁ) (2.58)

where we used 2RT" > nm. We numerically simulated an N = 2 mode system for a choice
of fixed { R, p, T}, with 8(s) = (0—2mns) mod 27 and Fig. 2.8(a) illustrates the complex
valued @geg(T") — P aeg- Specifically, it highlights that the real part of ¢aeg(1") — LD, deg
has an intercept of magnitude 7 and a /T contribution. The imaginary part has a zero
intercept with a “stretched exponential” gain given by Im(iv/27RT) for large T' (see also
Fig. 1.2 of Ref.[89]).

Special case of positive real-valued R

As shown in Eq. (2.58), for a generic complex (but fixed) R, the asymptotic form of
Gdeg(T) — PLD deg and consequently its real-part has a o< VT contribution, which diverges
as T' — oo. While it may not represent a fundamental impediment to isolate ¢p 4cs from
®deg(T") — PLD.deg, the story may be simplified if one were to ‘somehow’ eliminate the VT-
contribution. Furthermore, such a situation would be desirable for actual experiments
where it is a useful strategy to nullify dynamical phases that diverge as T' — oo, thereby
isolating the finite geometric part more ‘naturally’ from the raw data. Such instances
can be found in experiments with superconducting qubits [164-168] and NV centers in

diamond [169, 170], in the Hermitian case. The following discussion illustrates how one
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(a) Complex-valued R (b) Real-valued R>0
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Figure 2.8: Real time evolution in £P3. (a) Numerically simulated real time evolution in EP3, for
a constant complex-valued R. For this simulation, R/2m = (1 +4) Hz, p = 17,7 (s)/2r = (1 — i) Hz
and 6(s) = —2mns. Orange curve: ¢qeg(T) — ¢p; dashed red curve: m + Re(iv27wRT) for the top
panel and Im(iv27 RT') for the bottom panel. (b) Same as panel (a) but for a positive real-valued R.
For this simulation, R/2m = 1 Hz, p = 17,7 (s)/2m = (1 —4) Hz and 6(s) = —2mwns. Cyan curve:
®deg(T) — OLD,deg; dashed black curve: m for the top panel and v27RT for the bottom panel; black
vertical line: T* = nw/2R = 7 /2R for this case.

may eliminate the v/T-contribution from the real part of Pdeg(T) — PLD deg-

Case 1. Real-valued and constant R > 0, “simple” control loops

The simplest situation in which one can eliminate the v/T-contribution is to constrain
R(s) to be a positive real-valued constant. In that case, Eq. (2.56) predicts an exact
result: (a) For Ty = nm/2R, Pdeg(Ts) — ¢rpdeg = n and (b) For T > T, = nw /2R,
Re(@deg(T) — LD deg) = nr. A numerical simulation corresponding to real-valued R > 0

is illustrated in Fig.2.8(b).

Case 2. Real-valued and constant R > 0, “non-simple” control loops

“Non-simple” loops with positive real-valued constant R, are parameterized by 0(s) =
—2nmk(s) with n € N and 0 < s < 1 with real valued k(s) # s, k(0) =0, k(1) =1
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2.2. Non-Hermitian geometric phase

and 0;k(s) > 0 = 0,0 < 0, where the last condition is strictly required to guarantee
a unique least-dissipative eigenvector [38, 89] throughout the control loop. An analysis
similar to case 1 (above) shows that there indeed exists: (a) A particular solution,
i.e., for T' = T, ¢aeg(Ts) — ¢p = nm, and (b) A general solution, i.e., for T > T*,
Re(¢aeg(T = T*) = 6p) = .

To obtain 7T, we investigate the third term of Eq. (2.55), further. Consider the
integral Q = fol VOsk(4RT — 2n7d.k)ds. Using the Cauchy-Schwarz inequality [171],

we have

0<1Q] < \/ J} ARTO.k — 2nm(0.k)?| ds = \/ ’4RT — nm fol(ask)st‘ (2.59)

Consequently,

2
0<|9l < \/'4RT ~onx (fol 8Skds) ' < VART — 2nr (2.60)

where we used the Cauchy-Schwarz inequality for the second integral, and assumed
ART > 2nm. For Ty = nm/2R, |Q)| is identically zero as /4RT, — 2n7 vanishes and
thus we have ¢qes (1) — ¢p = nm. Remarkably, the value of 7T here is equal to the value

obtained in case 1, above.

We now search for a T such that Re(¢geg(1T" > 1) — ¢p) = nm. Similar to case
2 above, if we can show that Im(Q) = 0 for T" > T*, our task is complete. Observe
that Im <\/c9sk(4RT - 2n7r85k;)) =0,k ITm <\/(4RT — 2n7r(95k:)> as we constrained
dsk > 0. Subsequently, one can ensure Im (v4RT — 2nwd,k) = 0 for all s € [0, 1]

by choosing T = Z%(0sk)max, Where (Osk)max denotes the largest slope of k(s) for

nm
2R
0 < s < 1. Distinct control loops would require distinct values of T, as given by the
corresponding values of (9sk)max, and our task is complete.

Case 3. Real-valued R(s) > 0, “simple” control loops

For “simple” control loops, i.e, O(s) = —2nms with real-valued but varying R(s) > 0 for

0 <s<1land R(0) = R(1), one recomputes A, followed by H’, its eigenvalues A, and
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thus @qeg(T"). This exercise is carried out in Sec. A.3.2, and the resulting @aeg (1) — LD, deg

is adapted from Eq. (A.17) as

Pdeg(T) — LD deg = N mod 27

+1 /1 V2nmR(s)T + (0,Log(R)/2 — inn)2ds (2.61)

Now consider the second term of Eq. (2.61), which we denote as ¢ Z(7"). The task
at hand is to show that for " > T, Z(T > T*) is real-valued, and thus Re(¢qes(T" >
T*)—¢p) = nm mod 2. A general solution that guarantees this is given by its integrand
being real i.e., Im <\/2n7rR(3)T+ (OsLog(R)/2 — imr)2> = 0 for all s € [0,1], and

T > T*. Unfortunately, this cannot be ensured due to the inm term.

However, one can work in the large T limit such that

L o,L 1
Re (¢aeg(T') — ALD,deg) = nm mod 27 + 4 / ;L; og s+ 0 <7T/2) (2.62)

where we assumed 2nwR(s)T > {(9sLog(R))? n*m? nrd;Log(R)} ¥V s € [0,1]. As
a result, in the limit 77 — 00, Re(¢aeg(T) — PLDdeg) in Eq. (2.62) asymptotes to
®Bdeg = nm mod 27. While it may resemble the non-degenerate Hermitian case (or the
real part of non-degenerate non-Hermitian case), the approach to ¢p geg is distinct. In

this case, the approach is O(1/v/T), whereas for the non-degenerate counterpart, it is

O(1/T).

Case 4. Real-valued R(s) > 0, “non-simple” control loops

This represents a combination of cases 2 and 3, from above. As result, one can combine

the corresponding analysis to produce a modified version of Eq. (2.62) given by

[nr Y | Ok 1
Re (@deg(T) — d1D,deg) = N mod 27 + 8_T/0 R(S)ﬁsLog(R)ds +0 (m)

(2.63)
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where we utilized 6(s) = —2n7k(s), as in case 2, and subsequently, 2n7 R(s)T0sk >
{(0;Log(R))?, (nm0.k)?, nmdsk O,Log(R)} V s € [0,1]. As a result, in the limit T — oo,
Re (@aeg(T) — P10 .aeg) in Eq. (2.63) asymptotes to ¢pqee = nm mod 27, and the
approach is O(1/V/T).

This concludes our analysis for the special case of positive real-valued R. It will
be empirically demonstrated in Chapter 7 that such R are abundantly accessible, which
simplifies the measurement of the topological ¢p4.,. We provide further intuition on

parameterizing Hge, as in Eq. (2.51), and for R in Chapter 7.
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2.3 Cavity Optomechanical platform for non-
Hermitian physics

In this section, we describe the interactions between light that is trapped inside a high-
finesse optical cavity, and a mechanically compliant object in the cavity. The light exerts
radiation pressure force on the mechanics, thereby modifying the mechanics' motion,
which in turn modulates the light by changing its amplitude and phase (or frequency).
The remarkable ability to use radiation pressure to tune the mechanics' motion [172—
176] and simultaneously detect it interferometrically [174-177], has resulted in many
groundbreaking observations [178-187], and it forms the backbone of all experiments

reported in this thesis.

In the following, we outline a canonical model that describes the optomechanical
interaction between an optical cavity mode and a mechanical mode. We specifically
highlight the optical control and measurement of the mechanical motion. We then extend
this description for controlling and measuring two and three mechanical modes that are
“coupled” to each other via an intermediary optical cavity mode. We subsequently
connect them to a system of N = 2 or 3 coupled harmonic oscillators, respectively,
whose parameters can be tuned over a wide range, and subsequently show that they are
well poised to experimentally investigate the theoretical predictions in Secs. 2.1 and 2.2.
A detailed derivation of the optomechanical model presented here can be found in Refs.

[43, 61, 94, 95, 188].

2.3.1 Single mode optomechanics

A canonical cavity optomechanical system consists of two linear harmonic oscillators: an
optical cavity mode and a mechanical mode coupled via radiation pressure. The classical

Hamiltonian function Hpyy 1 of such a system is given by

Hung =h (Q - %) a*a+h (w(o) — %) &E+ hgo(&+ & )|al? (2.64)
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which is composed of three terms. The first term describes the optical cavity mode
with resonance frequency €2, linewidth x, and complex-valued amplitude a in units of the
square-root of the number of photons, and * denotes complex conjugation. The second
term describes the mechanical mode with bare (natural) resonance frequency w®, bare
damping rate ¥(9 and complex-valued amplitude & in units of zero-point fluctuation
of mechanics (zzpr). The third term corresponds to the radiation pressure mediated
interaction between the optical cavity mode and the mechanical mode. It is characterized
by the coupling strength g, the real valued mechanical amplitude (¢+¢*) and the optical
mode’s intensity (|a|?). Intuitively, the coupling strength is quantified as the shift in
resonance frequency of the optical cavity, {2 — Q + gg for xzpr amount of displacement
of the mechanical mode. We note that while the present description is intended to be
purely classical, the appearance of the reduced Plank’s constant A, zero-point fluctuation
xzpr and quantification of optical field as number of photons, is only to conform with

the broader literature on optomechanics.

For our experiments, the general setting involves driving the optical cavity with several
laser tones, but here we begin by considering the case of just one tone. Such a drive is

given by an complex amplitude a;,:

. P
__ —i(QA)+0) I 2.6
in = € R(Q+ A) (265)

which is parameterized by the laser tone's power P, detuning from the cavity resonance
A and phase 6. Subsequently, the dynamics of a and ¢ are governed by Hamilton's

equations of motion:

a4 = — (g —iQ +igo(¢ + 6*)> a + /KinGin

: ’Y(O) 2
c=— (iw(o) + T) ¢ —igolal® + cin (2.66)

where k;, denotes the input coupling rate for driving laser tone, and ¢;, denotes additional
mechanical drives, which includes the intrinsic Brownian noise force. The system we are

concerned with has the following hierarchy of rates: x > {go,7?}. This allows us to
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linearize the optomechanical interaction by considering the optical mode a = a + d with
d < a. By adiabatically eliminating it from the equation of motion for the mechanical

mode, we have:

) i~(0)
c= —1 (w(o) — % + a) ¢+ Cin (2.67)
where
_ P
o= —minggm\xc(A)]Q (Xc(w(o) + A) = xe(w® — A)) (2.68)

and x.(w) = (k/2 — iw)~! is the optical cavity susceptibility. We note that in order to
obtain Egs. (2.67) and (2.68), we made the following assumptions:

(a) The mechanical mode has a high quality (Q) factor i.e. w(® /v > 1, such that &

and ¢* are independent of each other.

(b) As an extension of x> {go,7'”’}, the mechanical mode experiences almost a con-

stant optical cavity susceptibility evaluated at its resonance frequency i.e. x.(w) —
XC(W(O))-

2.3.1.1 Optomechanical control

As seen in Egs. (2.67) and (2.68), the optomechanical interaction tunes the mechanical
resonance, both in its frequency and damping rate via the complex-valued o, the optome-
chanical “self-energy” [175]. The frequency tuning is known as the “optical-spring” effect
and results from the real part of o, while the damping results from the imaginary part of

o, and together they constitute the dynamical backaction effect (DBA) [172, 173, 175].

It can be shown that the range of tunability via o implicitly depends on the ratio
rx/w® with its scale set by the optomechanical coupling strength g;. The magnitude
of this control is tuned via the laser tone's power P and its detuning from the cavity
resonance A, respectively and they form the relevant control knobs. We illustrate and
quantify this control in Fig. 2.9(a). For these simulations, we modeled the optomechanical

system as the membrane-in-the-middle (MIM) platform [78, 79], in which o(P, A) can
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Figure 2.9: Optomechanical control via DBA. (a) Optical spring Re(o) and optical damping Im(o)
as a function of laser tone's power P and detuning from cavity resonance A, for several ratios of r/w(%).
In each panel, o is parametrically plotted as a function of A/w(o) € [-20,20], for 100 < P < 600, in
steps of 100. Gray to red curves indicate low to high P values. The accessible complex plane is shaded
in yellow with its bounds demarcated by +6,,;, and the x-axis. o is given in units of JP. (b) The
accessible of the complex plane of eigenvalues. It is quantified by 2(m — 0y, ) and plotted as a function
of k/w®. (c) Trade-off between accessibility of complex plane and the size of o, as a function of
#/w©. For this plot, o is parametrically plotted as a function of A/w(® € [-20,20] with P = 100.
#/w® values for each curve are labeled.

65



2.3. Cavity Optomechanical platform for Non-Hermitian physics

be re-expressed from Eqgs. (58,59) of Ref. [175] as

2alr P F*Qg(xm)? wiP r+1 r—1
Re(o) = 2.2 1(0) 2 2 2 5T 3 2
w22 mw w2+ 22 \w?/d+ (z—1)2  w?/4+4 (x—1)
2a|r P F*Qg(xm)? wiP 1 1
Im(o) = 2,:27775(0) 2 1 22 \ 2 “ 12 w2 —s ) (2:69)
w22 mw w2+ 22 \w?/4+ (x—1)2 w?/4+4 (x—1)
where we substituted: 7 = A/w@ w = k/wO Ky = a/k, g0 = W with
() = Sin(20am /) . |re| and m denote the absolute reflectance and the mass

o \/17|T‘CI2COS(QQIm/C)2
of the membrane, F denotes the optical cavity finesse, and x,,, denotes the position of

the membrane inside the optical cavity.

The factors J = W and r specify the parameters of the MIM optome-
chanical system. For these simulations, ¢ is given in units of 7P and w is varied via
x while holding w(® fixed'. They show that for x/w(® < 1 (known as the resolved-
sideband regime) one can tune the mechanical resonance over the entire complex plane
(see also [94, 189]). The range of this control is explicitly illustrated in Fig. 2.9(b).
However, for small x/w(®, there is a trade-off between accessibility of the complex plane
and the magnitude of o for a fixed input power. This is illustrated in Fig. 2.9(c). With

these features in mind, one may design a system with appropriate x/w® and input power

handling capabilities.

2.3.1.2 Optomechanical readout

We now turn our attention to the optical mode a = a + d. Its first part a represents the
optical cavity's coherent response to being driven by laser tones (one tone in this case)
and is given by

_ P

a = —+/KinXc(A) m (2.70)
and the second part d encodes the optical mode’s fluctuations resulting from the me-

chanical motion.

d = —igoax.(w ) (¢ + &) (2.71)

A quick note on units: J has units of (energy)~!, P has units of (energy/time) and as expected o
has units of (Hz).
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where we used assumption (b) from Sec. 2.3.1. We see that the optical mode's fluc-
tuations are proportional to the mechanical motion, scaled by optomechanical coupling
strength ¢y, the amount of light circulating in the cavity a, and filtered by the cavity
susceptibility x.(w). This illustrates the optomechanical readout: by appropriately mon-
itoring the amplitude/phase fluctuations of the light leaving the cavity, one has a direct
record of the mechanical motion. While we are concerned with a single mechanical mode
in this section, the above readout scheme can be adapted to simultaneously measure
the motion of multiple mechanical modes coupled to an optical mode, by monitoring d

resulting from each mechanical mode.

2.3.2 Two-mode optomechanics

In this section, we extend our model to include two mechanical modes which are non-
degenerate to begin with, and are coupled to a common optical mode. The main aim here
is to derive an optomechanical system that can experimentally explore the non-Hermitian
geometric phase for arbitrarily tunable N = 2 coupled harmonic oscillators, as described
in Sec.2.2.

For such a system, the classical Hamiltonian function is given by

. 2 . (0) 2
K\ Y5 o S
Hiqo =h <Q — 5) a*a + Zh <w§0) _ 5 ) ;¢ + Zhgj(cj + Cj)‘a|2 (2.72)
j=1

J=1

where we simply added one more mechanical mode to Eq. (2.64), and the single-photon
optomechanical coupling strengths are denoted by g¢; for j € {1,2}. As before, the

optical mode is driven by laser tones - two in this case.

2
. P, .
it o tm—i(Amt+Om) 2
Ain = € mgl A m)e (2.73)

parameterized by two powers P,,, with respective detunings from the optical cavity res-

onance A,, and respective phases 6,, for m € {1,2}. The dynamics of a, ¢; are given
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by Hamilton's equation of motion:

2

0 ’Y(O)
c1 = — ZC:J% ) + 17 51 — z'gl|a|2 + Cin,1
] ) 7(0)
éy = — | iwy) + % Gy — igalal® + cing (2.74)

Continuing with the same hierarchy of rates i.e. k> {gj,'y](-o)}, we linearize the op-

tomechanical interaction as before with the optical mode a = a + d, with d < a and

adiabatically eliminate it from the equation of motion for the mechanical modes. Further-

more, we constrain the intracavity beat-note between the two driving laser tones to have

frequency |App] = |A] — Ag| = |w§0) — wéo)\, and make the following approximations:

(a)

(b)

(c)

The mechanical modes have high Q (i.e., Q > 1), such that ¢ is independent of

6*

%, as for the single mechanical mode case (Sec.2.3.1).

Since the mechanical modes have high Q > 1, they are only susceptible to forces with

frequency components near their resonance frequencies w](o), with the susceptibility

bandwidth set by their damping rates 7](-0).

As aresult of k > {g;, ’yj(-o)}, the mechanical modes experience almost a constant op-

tical cavity susceptibility evaluated at its resonance frequency i.e. x.(w) — Xc(w](- )),

same as the single mechanical mode case (Sec.2.3.1).

Subsequently, the equations of motion for the mechanical modes are:

Clab = —1HyabClap (2.75)

just as Eq. (1.1), in the lab frame, where ., = (¢1, )T with
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. (0) 2
wgo) Y + Trmm.1 0126i(A12t+912)
2 ’
Hlab = m=1 i’y(o) 2 (2.76)
—i 0
o916 (Aq2t+6012) wé ) TQ + Z Ormm.2

where

— 2 2 (0) (0)
Tmm,j = —mingjm|xc( m)] (Xc(wj +An) = Xelw;” — Am))

012 = —1King192

QAT Ay
_XC( - A2))
VP

Xe(B2)xe(B1) (Xeluh” + Do)

021 = —1King192
A/ (Q+ Ap)(Q + Ay)
_Xc )
Al? - Al - AQ, 912 — 91 - 92 (277)

Qualitatively, this arrangement allows each laser tone to vary each mechanical modes’
stiffness and damping via the DBA as in the single mechanical mode case (Sec. 2.3.1.1),
while the intracavity beat-note provides tunable coupling between the mechanical modes.
This beat-note is similar to periodically driven Floquet systems [190], and here the anal-
ogous Floquet-drive is 1/A;, periodic . Henceforth, we refer to such system as Floquet-
driven systems, and the coupling it generates is referred as Floquet coupling. We illustrate

this coupling in Fig. 2.10 and briefly sketch the idea below (see also [94, 95, 188]):

1. Consider the two driving laser tones to be detuned by A; ~ —wlo and Ay ~ —wéo),

respectively, from the optical cavity resonance.

2. Each of these laser tones has sidebands resulting from the mechanical modes’ motion
[175]. For this present arrangement, some of the anti-stokes motional sidebands are
~resonant with the optical cavity resonance, and hence get amplified via the cavity

susceptibility. These sidebands overlap with each other given by our construction i.e.,
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A

Figure 2.10: Floquet coupling schematic. Optical spectrum. Orange: cavity mode; green vertical

arrow: control tone 1 with power P; and detuning from cavity resonance A; = —w§0), blue vertical

arrow: control tone 2 with power P, and detuning from cavity resonance Ay =~ —wéo). Motional

sidebands of each tone are shown as skinny Lorentzians. Green Lorentzian: motional sideband of control
tone 1 due to mechanical mode (1), ~ resonant with cavity mode; blue Lorentzian: motional sideband of
control tone 2 due to mechanical mode (2), ~ resonant with cavity mode; faded green Lorentzian: off-
resonant motional sidebands of control tone 1; faded blue Lorentzian: off-resonant motional sidebands

of control tone 2. Each motional sideband is labeled with @ corresponding to the mechanical with
(0)

)

resonance frequency w

Ay — Ay = wg)) - wéo).

3. Now we consider the beat-notes between a driving laser tone and a resonant anti-
stokes motional sideband. In particular, consider the following two beat-note pairs: (a)
between laser tone 1 and anti-stokes motional sideband 2 and (b) between laser tone 2
and anti-stokes motional sideband 1. Their intensity beat-notes and the corresponding
radiation pressure forces have frequencies (2 + A;) — (Q + Ay + wgo)) . wgo) and

(Q+A5)—(Q+4 —|—w§0)) ~ wéo), respectively. We thus see that motion of mechanical

mode 1(2), creates a force nearly on resonance with mechanical mode 2(1), hence

the coupling.

4. While we restricted our sketch to red-detuned laser tones, one can derive a similar
story for two blue-detuned laser tones or a red-blue detuned pair of tones. For the
blue-detuned tones, it is the stokes sideband that would get amplified by the optical
cavity susceptibility.

We also observe that Hy,, is explicitly time-dependent even if all of its parameters are

held fixed, owing to the intracavity beat-note that appears in the off-diagonal, e*®12¢,

The analysis is simplified if we remove this particular time dependence (but not the

time dependence resulting from variations of control parameters P; 5, A1 9,0;5). This is
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accomplished by a unitary transformation Sg:

ei(—A12+w§0)+w§°))t/Q

Sr = 0 2.78
R 0 ei(A12+w§°)+w§°))t/2 (2.78)
or equivalently,
[ (0), 7
ez(w§ )+§)t 0
Sr = . €i<w§°)fg)t (2.79)

where n = wéo) _wgo) — A1s. In this frame R, the equations of motion for the mechanical

modes are given by

= —iHée (2.80)
where ¢ = (c1, o)t = Srélap and H = SRHlabS;zl + iSRS;zl.

Under this simplification, the time-dependence of H is solely contained in the time-

dependence of its control parameters P 5, A; o, 619!

—n — ’i’y(o) 2 .
Tl + mzl Tmm,1 o12¢"2
H= NPV (2.81)
—if 2
og1e” 12 5 + 221 Omm,2
and it is convenient to re-define A;5 as Ay = —wﬁ‘” + 0 and Ay = —wéo) +0+n,

with {0,7n} now being the two detuning control knobs. Upon diagonalization of H, we
obtain its eigenvalues A= (A4, A_)T in the frame R. These are analogous to one of the
‘quasi-frequencies’ for Floquet-driven systems, which are defined modulo the Floquet-
drive frequency, A5. We note that they are independent of 6;5. While a constant
015 can always be set to zero by a time-independent change of coordinates, that is not
possible for a time varying 612. We also note that, in the absence of control tones (i.e.

P, = P, = 0), the magnitude of (the real part of) the eigenvalue non-degeneracy is |7|.

In the lab frame, the mechanical motion (as inferred via d in Eq. (2.71)) will contain
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components near both w%o) and w§°) [94, 188]. In this anticipation, we define:

— T .
A= (A, M)t = <w§0) + g AW+ Ty /\_> =4 24K

2

N3

— T —
Ko = (Aoy, Ao )T = <w§0> . g w0 — g v A,) — W g +A (2.82)

which are useful when considering the mechanical response in the lab frame, and are
two more examples of the infinite number of ‘quasi-frequencies’ of such Floquet-driven

systems.
2.3.2.1 Experimentally realizing the non-Hermitian geometric phase for an
N = 2 system

H in Eq. (2.81) can be easily compared to the general H for a system of N = 2 coupled

harmonic oscillators, as defined in Eq. (2.14). Their respective elements are related by:

n P — N N (Ot — O
A=_1_ mm, mm,
2 ! 1 2 ( 2 )

m=1

B = 012, C= 021, 0= 9127

”Y(O) +7(0) 2
T = —1 % Z (Umm,l + Gmm,?) (283)

1

Thus, along with the resolved-sideband condition, the above relations would allow us
explore the non-Hermitian geometric phase for the N = 2 case, specifically as illustrated
in Secs. 2.2.3 and 2.2.4. However, for completeness we note that the two laser tone
scheme described above does not represent the most general parameterization of a 2 x 2
matrix, even if we satisfy the resolved-sideband condition. It can be shown that oy99;
appear almost symmetrically about x.(d), which effectively fixes the relative contribution
of the oy, components [191]. While a time varying 6,2 parametrically tunes the oy
components in real time, a four laser tone system as described in Ref. [192] provides full
control over all 2 X 2 matrices - both statically and in real time, provided we satisfy the

resolved-sideband condition.
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2.3.3 Three-mode optomechanics

In this section, we extend the optomechanical Floquet-coupling for a system of three non-
degenerate mechanical modes, coupled to a common optical mode. The primary goal
here is to derive an optomechanical system that can experimentally explore the spectral
flow for N = 3 coupled harmonic oscillators. This treatment is exactly the same as the
two mechanical mode case (Sec. 2.3.2) and we briefly outline the procedure to obtain the
relevant equations of motions for the three mechanical modes, analogous to Egs. (2.80)

and (2.81).

The starting point is yet again to define the classical Hamiltonian function

(0)
Hpns =N (Q - —) a’a+ ZFL ( ) C:Cj + Zhg] &+ a)lal> (2.84)
j=1
where a third mechanical mode was added to Eq. (2.72). We then proceed to drive the
cavity with three laser tones parameterized three powers P,,, detunings from the optical

cavity resonance A,, and respective phases 6,, for m € {1,2,3}.

— ik ~i(Amt+6m) 2
Z Q+ R (2.85)

We subsequently obtain the Hamilton's equation of motion for a, ¢; for j € {1,2,3},
continue with the same hierarchy of rates and linearized optomechanical iteration, con-
strain the relative detuning between the three drive laser tones as |A;;;| = |A; — Aj| =
|wi(0) — w(0)| for {i,j} € {1,2,3} to provide tunable optical-spring, optical-damping and
Floquet-coupling, and apply the same approximations as in Sec. 2.3.2. As a result, the

equations of motion for the mechanical modes are:
Clab = —iHanClab (2.86)

just as Eq. (1.1), in the lab frame where G, = (1, G, &3) " with
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B . (0) 3
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m=1
—i(A12t+012) 0 i(Anst+023)
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(2.87)
where
P,

mm‘:_‘inz— cAm2<c (0) Am— c (0)—Am>
g 5] K gjh(Q—FAm)‘X( )| X(UJ] + ) X(CU] )

VPnn
h(Q+ D) (Q+ A,)

_XC<W1(7(L)) - An))

Omn#£m — —ilﬂlingmgn Xc(Am)*Xc(An) (Xc(wg) + Am)

As before, the explicit time dependence of Hi,;, given by the e**mnt terms in its off-
diagonal and can be removed to simplify analysis. It is accomplished by applying a unitary

transformation U

ei (wg(])—i—n)t—iel 0 0
U= 0 it =it 0 (2.89)
0 0 el

where Ay = w?” +0,Ay = wéo) +0+1n,As;= wéo) + 0. Under this transformation, the

equations of motion for the mechanical modes are:
¢=—iH¢ (2.90)

where @= (¢1, ¢2, ¢3)" = UG, and H = UHp, U~ 4 3UU ", which is explicitly given
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by
[ ir}” : ]
—n——+ Omm,1 012 013
m=1
Z‘7(0) 3
H= 0921 —% + Z Omm,2 0923 (291)
m=1
i'yé()) 3

031 032 —n— =+ > Omm,3

L m=1 .

where the control knobs are now the three powers P; 5 3 and a common detuning . The
differential detuning 7 is fixed to a constant value. We justify this choice further in Sec.
2.3.3.1. For studying spectral flow, we are solely concerned with the eigenvalues of H in

Eq. (2.91), which are obtained simply by diagonalizing it.

2.3.3.1 Experimentally simulating N = 3-mode spectral flow

In this section, we evaluate the suitability of the optomechanical system we described
above to explore the N = 3 -mode spectral flow. The key features that would make it
possible are: (@) the ability to tune H and bring it to an E P; degeneracy, (b) the ability
to tune H in the neighborhood of the E'P; and span the entire space of eigenvalues.
This will allow us to explore the space of two-fold degeneracies, which are predicted to
form a trefoil knot, and the non-Abelian braids of the non-degenerate eigenvalue spectra.

We now elaborate on each of these features below.

(a) Tuning to an EP;

H in Eq. (2.91) is a complicated function of the experimental control knobs {P; 53,6},
fixed control parameter 1 and fixed system parameters {Q,wf%’g,vfg)’?),ﬁ:, Kin, §1,2,3 },
and we did not find an analytic means for determining values of the control knobs that
correspond to a three-fold degeneracy. Instead, we searched numerically over a wide range
of these control knobs. This search revealed several three-fold degeneracies. The one
used in the actual experimental implementation, as described in Chapter 3 was chosen

for its readily accessible { P, 53,d}pp, values.
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(b) Spanning the neighborhood of EP;

In order to check whether the four experimental control knobs {P; 25,0} span the space
of all eigenvalues around an E'P; degeneracy, we use the inverse function theorem to
argue about the existence of a map between these four parameters and the two complex
coefficients (x,y) of the characteristic polynomial of Hy in the vicinity of {Py23,0}gp,
(see also [89]). For simplicity, here we use Hy, the traceless version of H defined as:
Hy = H — Tr(H)I/3, where I is the identity matrix. In this case, x = Det(H,) =
[T, Aoy and y = Tr(H2)/2 = 30 A2,/2, where {)\g;} are the eigenvalues of H, for
ie{1,2,3}.

In particular, we consider the Jacobian J of this map, where

[ORe(z) ORe(r) ORe(z) ORe(z) |
6Pl 8P2 BP:J, 52}
Olm(z) OIm(z) Olm(z) Ilm(z)
J _ oP; oPr; OP3 52} (292)
ORe(y) ORe(y) ORe(y) ORe(y)
oP; oP, oP; 1)
Olm(y) 0Olm(y) Olm(y) Olm(y)
L OP or; 0P 1)

and the derivatives are evaluated at {Py23,0}gp,. J is continuously differentiable in
{Pi 23,6} because (x,y) are smooth functions in the elements of Hy, which in turn are
continuously differentiable in {P; 53, d}, over the range of their values used in the actual
experimental implementation. Therefore, if Det(.J) # 0, the experimental control knobs
span the same space as (z,y), in the neighborhood of the £ P5. As shown in the N =3
example in Sec. 2.1.2, (x,y) parametrize the entire space of eigenvalues around the EP;
located at x = 0 = y. In Chapter 3, we explicitly verify Det(J) # 0 for the experimental

system used therein.

The connection between the experimental control parameters and the coefficients of
the characteristic polynomial in the neighborhood of EP;, can also be understood by
noting that any traceless matrix in the neighborhood of an E'P; can be brought to the

canonical form via similarity transformation. The canonical form is also known as the
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Arnol'd-Jordan normal form [96, 115] and is given by

010
Ho=10 0 1 (2.93)
z y 0

where (x,y) are the same two complex coefficients of the characteristic polynomial as
described previously. Hy may also be regarded as the companion matrix of the character-
istic polynomial. This form highlights the fact that the non-vanishing of Det(.J) ensures
the existence of a linear relationship between the experimental control parameters and

the matrix elements of Hj.
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Chapter 3

Knotted non-Hermitian degeneracies
and non-commuting braids

In this chapter, we provide an experimental demonstration of spectral flow for an N = 3-
mode non-Hermitian system, in a cavity optomechanical platform. We begin with a
brief description of the experimental apparatus, its control parameters that tune the
dynamical matrix H of the three-mode system, and its readout (Sec. 3.1). The control
parameters span the full control space L3, provide access to a threefold degeneracy F P;
and all eigenspectra in its neighborhood [96]. We measure eigenspectra on a hypersurface
enclosing the E'P;, and find that the twofold degeneracies E P, form a trefoil knot K
(Sec. 3.2). We show that varying the control parameters in a closed loop, i.e., a control
loop C in the non-degenerate subspace, produces an eigenvalue braid determined by how
C encircles IC (Sec. 3.3). These braids are shown to form the braid group Bs and we
demonstrate its non-Abelian nature. The above content is adapted from Ref. [43, 91]

and also detailed in Ref. [95].

We follow up these demonstrations with an examination of eigenvalue braiding and
the permutations they produce when the control loops are constrained to a 2D “slice”
B in L3 (Sec. 3.3.1.1). We show that such a simplification may not capture the key
topological features of the full space, and appear to produce surprising and anomalous
results. We resolve these anomalies by examining them within £3. We also include a

discussion of when the basepoint (i.e., the starting and the ending point) of control loops

78



is allowed to vary, and the resulting eigenvalue braids and permutations. These contents
are adapted from Ref. [91]. Additional technical details for the experimental apparatus,

the measurements and their analyses are given in Appendix B.
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3.1. Experimental apparatus, control and readout

3.1 Experimental apparatus, control and readout

This section describes the experimental apparatus, its control and primary measurements
that enable all subsequent experimental demonstrations of spectral flow for an N = 3-

mode non-Hermitian system.

3.1.1 Experimental setup

The experimental setup is shown schematically in Fig. 3.1(a). It comprises a high finesse
Fabry-Perot optical cavity with a silicon-nitride (Si3sN4) membrane placed in the middle,
and is housed inside a cryostat. The experiment focuses on three vibrational “drumhead”
modes of the membrane (pink box in Fig. 3.1(a)) whose dimensions are specified to be:
1 mm (length)x1 mm (width) x50 nm (thickness). The modes’ bare eigenvalues (i.e., in
the absence of optomechanical effects) are A® = {1 A0 3 — o7« {352243-2.2,
557217—1.9i, 704837—1.8i} Hz, where the real (imaginary) parts give each mode's
oscillation frequency (amplitude damping rate). We note that frequencies related to the
mechanical modes are denoted with a tilde when given in the lab frame, and without
a tilde in the frame R as described in Sec. 2.3.3 and below. The full set of system
parameters is listed in Table B.1. A detailed description of the experimental setup can

be found in Refs.[43, 93-95, 188].

3.1.2 Control parameters

The dynamical matrix H governing the system of the three mechanical modes is controlled
using the dynamical back-action (DBA) effect of cavity optomechanics [172-175]. This is
accomplished by driving the optical cavity using three laser tones produced from a single
laser ('control’ laser Fig. 3.1(a)), via an acousto-optic modulator (cAOM). The DBA
from each tone induces a complex-valued shift in each mechanical mode’s eigenvalue.
In addition, each pair of tones gives rise to an intracavity intensity beat-note, which
induces a complex-valued coupling between pairs of modes whose frequency difference
is comparable to the beat-note frequency. In the resolved sideband regime (k < @%02)3

where ch(O) = Re(j\go)), these shifts and couplings can be tuned over the complex plane by
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Figure 3.1: Experimental setup, control and readout. (a) A Si3sN,; membrane (red) is placed in
the middle of a Fabry-Perot optical cavity (white) in a cryostat (blue). Three of the membrane’s modes
(pink box) are tuned using three tones generated from the “control” laser via an AOM (cAOM). The
membrane is driven by modulating the “probe” laser's intensity via amplitude modulating the RF drive
to a second AOM (pAOM). The probe laser also provides a local oscillator (LO) which generates a signal
V that is proportional to the membrane’s displacement and is monitored via a lock-in amplifier (LIA).
(b) The detunings A of the three control tones with respect to the cavity resonance. Dark blue: the
magnitude of the cavity's optical susceptibility. The parameter n = —27 x 100 Hz is chosen to provide
an optimal frame R. (c) A measurement of the membrane’s mechanical susceptibility for representative
value of control parameters W. For each frequency range, the left panel: \V(LDAM)| and the right panel:
parametric plot of V. Each data point is colored by the value of @an. Black lines: global fit to all
the data shown here. The fit returns the system's eigenvalues A in the frame R and relative complex
amplitude of each mode s;;. The magnitude of each mode’s contribution (as determined from the fit)
is shown as the orange, green, and light blue curves in the left-hand column.

varying the tones’ power P, and detunings A relative to the optical cavity resonance with
k € {1,2,3}. These effects are formally discussed in Sec. 2.3. For these experiments,
we vary the control tones’ common detuning ¢ and their powers P, 53. The relative
detunings of the control tones are fixed via = —27x 100 Hz and d)§02)3 and they define
a frame R in which the three mechanical modes are almost degenerate for P53 = 0
(the real-part of the non-degeneracy in R is set by 7). The arrangement of the laser
tones in relation to the cavity resonance is shown schematically in Fig. 3.1(b). Within

R, the mechanical modes can be described by the equation of motion

x(t) = —iH(0)x(t) + £(¢) (3.1)
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where x(t) = (x1(t), 22(t), z3(t))" and £(t) = (f1(t), f2(t), f3(t))T are the modes’
complex-valued amplitudes and the external forces driving, respectively. The control
parameters are specified as W = {J, P, P», P3}. While the above equation is the generic
equation of motion for any linear system, we emphasize the form of H (V) realized here:
specifically, the parameters W provide sufficient control to tune the system to an EP;
in R, and they completely and smoothly parametrize all of the complex eigenvalues in a

neighborhood of the EP; point. An explicit expression for H(W) is given in Eq. (2.91).

3.1.3 Measurement of eigenspectra

The eigenspectrum is determined by measuring the membrane's mechanical susceptibility.
This is accomplished using a separate laser ('probe’ laser Fig. 3.1(a)) to exert an oscillatory
force on the membrane at frequency Way by modulating its intensity via another acousto-
optic modulator (pAOM), and to record a heterodyne signal V proportional to the mem-
brane's response. Fig.3.1(c) shows a representative measurement of the membrane’s sus-
ceptibility recorded for values of @ay in a 800 Hz window centered at @, for k € {1, 2, 3}.
This data is fit to a sum of three complex Lorentzians with A and s;; for {4, j} € {1,2,3}
as fit parameters. The real (imaginary) parts of A capture the center frequency (width)
of each Lorentzian, while s;; encode the relative complex amplitude of mode j probed
near &Y, and as shown in Sec.2.1.3.2, it encodes the information about the eigenvectors.
For the measurement in Fig. 3.1(c), ¥ = {27 x46 kHz, 109.4 uW, 376.8 uW, 77 uW}
and the fit provided A = 27 x {49.67—84.98i, 57.64—29.83, 112.22—26.32i} Hz in R
and {s11, S12, S21, S22} = {0.059 + 0.467, 0.22 — 0.114, 1.01 — 0.524, -0.057 + 0.50:}.
The remaining s;; are calculated via constrains Zj sij=1= Z]. s;i fori,j € {1,2,3}
(see Sec. B.1). In the remainder of this, {A,s;;} are determined by data and fits as

described here.
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3.2 Locating EP degeneracies

In this section, we describe experiments that locate the triple degeneracy (EP3), the
double degeneracies (EP»s) on a hypersurface surrounding the EP; point, which are

then subsequently shown to trace the knot of EPss.

3.2.1 Locating the EP; degeneracy

This section describes the protocol for experimentally identifying the E'P;. Alternative
approaches to identifying F'Pss are given in Refs.[39, 82-84, 127, 131, 193-198]. In
particular, Ref. [95] carries out an analysis using the mathematical construction of Hopf

Invariant to quantify the topological proximity to an E Pj.

We identify the value of control parameters Vgp, = {dgp,, P1Ep,, Po.er,: P3 5Py}
that corresponds to F P3 through the quantity d = | A1 — Ao| +| Ao — A3|+]As— 1. It may
be visualized as the perimeter of the triangle formed by the system's three eigenvalues A

in the complex plane. At Wpp, the three eigenvalues are equal, and so d = 0.

The first step was to estimate W g p, via a numerical search with the system parameters
obtained via single-tone DBA characterization (see Secs. B.8 and 4.4.3). The system
parameters are given in Table B.1. This search revealed several £'P3s and we proceeded
with the Wpp, given below, as it corresponded to the most readily accessible value of

control parameters.

W) = {27 x 49.7 kHz, 115 uW, 387 W, 285 uW} (3.2)

In the next step, we fixed three of the control parameters to these values, and scanned
the fourth (say ¥;). At each value of ¥ in the one-dimensional scan, A is measured
and converted to d(W). This measurement is affectionately named: “Whirlpool scan”
[95]. The experimental estimate \IJS;? is then updated with the value of ¥; that min-
imizes d over that scan. This process is then iterated for different choices of ¥;. The

estimate resulting from these one-dimensional scans is given below and a set of these
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Figure 3.2: Preliminary search for EP;. The quantity d(¥) (which ideally vanishes at ¥gp,),
measured by scanning each of the four control parameters (one in each panel of the figure, while holding

the other three fixed) through the theoretically estimated location of the EP; point \I/g?%') Each panel

constitutes a “Whirlpool scan”. Gray diamonds: measured d(¥). The minima in d(¥;) in the i‘"-panel

provides an improved estimate for the location of the EP5 point as \ng’ﬁ?’) which is subsequently used

in refined scans in its neighborhood. The red curve is theoretically calculated d(¥) from H using the
best-fit optomechanical parameters obtained by fitting the knot of EP,s (see Sec. B.7.1). The best-fit
optomechanical parameters are given in Table B.1.

one-dimensional scans is illustrated in Fig. 3.2.
Wi — {27 x 49.7 kHz, 125 W, 435 pW, 300 pW} (3.3)

To further refine the estimate of Wgp,, we measure d(W) on 2D sheets that pass
through wﬁ;jﬁj For each 2D sheet, two control parameters are scanned while the other
two are fixed, resulting in a total of six sheets. They are shown in Figs. 3.3, 3.4 and 3.5
for data, filtered data and theory prediction, respectively. For each of these illustrations,
three sheets with a common fixed value of WU; are arranged in a 3D view. Near Ugp,,
d(0) is expected to scale as d ~ |¥ — Wyp,|'/3 [21, 26]. However in practice, the sharp
cusp in d(¥gp,) is broadened by fluctuations in W and system parameters. A numerical
simulation corroborating this feature can be found in Ref. [95]. Nevertheless, d(¥) is
shown to be minimized in the neighborhood of \IJS;? in the raw data. The filtered data
is utilized to obtain a quantitative estimate of Wpp, by identifying the minima in d(¥)
in each 2D sheet (Sec. B.5.3). The result of this analysis is tabulated in Table 3.1. The

mean location of these minima is taken as the experimentally identified E'P; with the
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error set by the standard deviation from the mean.

W) — (21 x 54(7) kHz, 128(8) uW, 428(3) uW, 304(15) wW} (3.4)

Parameter 1

Sheet 0/2m (kHz) P; (LW) P, (LW) P; (LW)
Parameter 1 X § - 134 431 293
Parameter 1 X P; 47.8 - 429 321
Parameter 1 X P, 525 122 - 299
Parameter 1 X P3 61.9 124 425 -
Mean 54.1 128 428 304
Std. Dev. 7.2 8 3 15

Table 3.1: Locating FE Ps via minima of d measured in 2D sheets. For each 2D sheet, two control
parameters are held fixed to the expected ‘IIS}? (Eq. (3.3)), and the other two parameters are rastered.

Measurements of A provide d and their minima are identified algorithmically. The identified minima are
reported for all six 2D sheets along with their mean location and its standard deviation. The mean and
the standard deviation determine \Ilgsg) (Eq. (3.4)).

The theory prediction of d(¥) as calculated from H using the best-fit optomechanical
parameters obtained by fitting the knot of EPss (see Sec. B.7.1), and these parameters

given in Table B.1. It compares favorably with the measurements above, and with the
t)

calculated value of \I/%;;) given by:
Wi — {97 x 60.2 kHz, 116 uW, 477 pW, 329 uW} (3.5)

Having located the F P3, we have an important question to answer:
Q: Can we span the full control space surrounding this E P and access all eigenspectra?

A: We provide two answers to this question, below:

(i) We verify that Det(J) # 0 when evaluated at EPs;, where J is the Jacobian of
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d/2m [Hz]

C
100 200 300

8/2m =49.7 kHz

Figure 3.3: Locating EP; - part . The quantity d(¥) (which ideally vanishes at ¥ p,), measured
on six 2D sheets passing through \IIS;Z) the location of the E'P; estimated from “Whirlpool scans” as
shown in Fig. 3.2. Panels (a-d) show raw data for d(¥) in a 3D view, to illustrate that it is minimized
in the neighborhood of estimated location of EP3, while one of the control parameters are held fixed
estimated Ugp, ; = {dgp,, P3,Ep,, P2,EP,, P1,EP, }, respectively. For each panel, we also show the full

view of the corresponding 2D sheets identified by gray arrows.
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Figure 3.4: Locating EPs - part Il. The quantity d(¥) (which ideally vanishes at ¥ p,), measured
on six 2D sheets passing through \Ilgf;ts) the location of the £ Ps estimated from “Whirlpool scans” as
shown in Fig. 3.2. Panels (a-d) show filtered data for d(¥) in a 3D view, for a quantitative estimate the
location of EPs by identifying the minima in d(¥), while one of the control parameters are held fixed
estimated Ygp, ; = {0rp,, Ps,5ps, Po,EPs, P1. EP, }, respectively. The identified minima in d(¥) in each
2D sheet is indicated by a black disk. For each panel, we also show the full view of the corresponding
2D sheets identified by gray arrows.
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Figure 3.5: Locating EP; - part Ill. The quantity d(¥) (which ideally vanishes at ¥ gp,), calculated
for six 2D sheets passing through \Ilgf;? the location of the E'P; estimated from “Whirlpool scans”
as shown in Fig. 3.2. Panels (a-d) show numerical calculations for d(¥) in a 3D view, while one of
the control parameters are held fixed estimated Ygp, ;, = {dgp,, Ps Ep,, P2.5Ps, P1,EP, }, respectively.
d(P) is calculated from H with the best-fit optomechanical parameters obtained by fitting the knot of
EPys (see Sec. B.7.1). The best-fit optomechanical parameters are given in Table B.1. For each panel,

we also show the full view of the corresponding 2D sheets identified by gray arrows.
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the map between the coefficients of the characteristic polynomial of H, and V¥
(see Sec. 2.3.3.1). Numerical calculation of Det(J) at EP; results in Det(J) ~
10%° (27Hz)? /W3, This value is non-zero. More precisely, it is of the order of
magnitude expected from the form of J (see Eq. (2.92) and Sec. 2.3.3.1) and is
roughly equal to })\(typ)‘lo/(AP)?’(Aé) where |A¥P)| /27 ~ 50 Hz is the typical
magnitude of the eigenvalue in the neighborhood ¥pp,, and AP ~ 5 pW and

A /21 =~ 10 kHz are the typical scales of the control parameters over which A vary.

(ii) We empirically demonstrate the spectral flow on a hypersurface enclosing the EP;
point and verify its salient characteristics, i.e. that the E'P,s form a trefoil knotted
structure, and control loops in the non-degenerate subspace result in non-commuting
eigenvalue braids that belong to the braid group B3. They are presented in the

upcoming sections.

3.2.2 Locating the EP, degeneracies

In this section, we describe measurements of eigenspectra on a hypersurface surrounding

the E'P; point and locate the double degeneracies, the E Pss.

To study the spectrum on a hypersurface surrounding Ugp,, we measured A on
the boundary of a four-dimensional (4D) hyperrectangle S centered close to Wpp,.
Specifically, S bounds the region: —10 kHz < ¢§/2m < 105.6 kHz, 22 uyW < P; <
240 uW, 289 uW < P, < 675 uW, 78 uW < P; < 702 uW. It consists of eight poly-
hedrons (referred to as “faces”), each with one element of W fixed to its minimum or
maximum value, while the remaining three elements of ¥ range from their minimum
value to their maximum value. An animated visualization of S is shown in Ref. [199]. ¥
was densely rastered over sixty-one distinct two-dimensional (2D) 'sheets’ within S and
they are shown in Fig. 3.6. For each datapoint in each sheet, we measure A and s;; as
described in Sec. 3.1.3 and construct the discriminant D and the eigenvector indicator
(see Sec.2.1.3.2).

D = (A1 — 222Ny — A3)2(As — \p)? (3.6)

E = Det(S)? (3.7)
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Figure 3.6: The locations of the sixty-one 2D sheets within the hypersurface S. The sheets
are color-coded by the 3D face in which they lie. (@) The sheets are shown within each of the eight
3D faces of S. (b) The same sheets as in (a), shown using the “rectilinear stereographic” projection.
The thin black lines show the boundary of each sheet. Note that in this projection, all of the sheets
are contained within the plot's bounding box. (c) The same sheets as in (a), shown using the standard
stereographic projection. The thin black lines show the boundary of each sheet. Thin gray lines show
where a sheet exits the plot's bounding box.
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Figure 3.7: Locating EP, points on the hypersurface S. The complex-valued quantities D and
E measured on a typical 2D sheet in the hypersurface S. The units of D are 10 x (27 Hz)S. For
this sheet, the nominally fixed control parameters are: P3 = 78 uW and 6/27 = 60 kHz. Left column,
raw data. Middle column, data after outlier rejection and smoothing. Cyan circles show algorithmically
identified ¥gp,. Right column, D and E calculated from optomechanics theory. Cyan squares, Vgp,
determined from this calculation.
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where S is the matrix formed by s;;. Data from a typical sheet is shown in Fig. 3.7(first

column), and data from all sixty-one data-sheets are shown in Ref. [200].

Both D and E are complex-valued, and vanish at an E P, point. More specifically at
an EP; point, |D| = |E| =0 and ZD, ZF have a 27 winding. However, we emphasize
that they provide complementary information: D = 0 reflects the eigenvalue degeneracy
while E = 0 reflects the eigenvector degeneracy (see Sec.2.1.3.2). Furthermore, D and
E are derived from different aspects of the fits to V(@AM) (see Sec.3.1.3 and B.1), and
thus reflect partially independent features of the data.

We constructed appropriate algorithms to identify minima! in |D|,|E| (Sec. B.5.3)
and phase winding in ZD, ZFE (Sec. B.5.4) in our data. The values of U tagged as a
minima or a vortex constitute the list of measured E P, points: Vpp,s. Fig. 3.7 (second
column) illustrate the identified Wgp, as cyan disks and agree well with the theoretical
calculations (Sec. B.7.2) shown in Fig. 3.7 (third column) and the corresponding Vgp,

from theory are shown as cyan squares.

3.2.3 Tracing the knotted E P, degeneracies

In this section, we illustrate the list of measured of E P, points that were obtained in the

previous section: Sec. 3.2.2.

Figs. 3.8 shows measured ¥ pp, using the four indicators: minima in |D|, |E| and
phase-vortices in /D, /FE, separately. They are depicted using two projections of the
hypersurface S. The first projection is the standard stereographic projection (top row,
see also Sec. B.2.1), while the later uses a projection that is more steeped in the actual
experiment and easily connected to the control parameters (bottom row), and we refer to
it as “rectilinear-stereographic” projection (Sec. B.2.2). We note that both projections are
isomorphic to each other and generically preserve the topology of S and knot equivalence

classes. In both projections, the measured W pp, are seen to trace out a curve that forms

1As in the case of locating EPs, locating EP, suffers from a similar problem i.e., the sharp cusp in

|ID| ~ |¥ — Ugp,|'/2 and |E| ~ |[¥ — Ugp,|'/? are broadened by fluctuations in ¥ and system
parameters. However, E P, identification is more robust than EP3;. This is because we use filtered
complex valued quantities D, E for E Pss, rather than a real valued quantity d for EPs. Filtering is
more effective in averaging the random fluctuations in measured D and E than d, arising from random
fluctuations in ¥ and system parameters.
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3.2. Locating EP degeneracies

a trefoil knot C. For ease of identification, especially when distinct portions of K happen
to pass close to each other in a given projection, each Wgp, is colored according to the

value of ¥ as defined below:

¥ = Arg | ==2 (3.8)

where \; = \; — >27  \;/3 for i € {1,2,3}. ¥ runs from 0 to 27 around K. It is simply
the complex argument of the non-degenerate member of A, and so is readily determined
from the data. Fig. 3.9 shows all measured W gp, plotted together, highlighting the good
agreement between the four independent indicators. Figs. 3.8 and 3.9 also shows the
theoretically predicted K obtained by fitting measured ¥ p, and they match well to the
measurements. Details regarding the fit to Ugp,s and generating the theory curves are

discussed in Sec. B.7.

To further illustrate the measurements of E P,s and simplify visualization, we algo-
rithmically join the measured W p, that are “next to” each other (as defined below) and
explicitly show the trefoil knot KC, independently from the measurements. We start by

coordinatizing each Wgp, as {2 given by

where {X, Y, Z} represent Wgp, in the standard stereographic projection. For each (2,
we find the nearest and the next nearest neighbor based on their Euclidean distance (the
L? distance). Using this information, we sort the list of degeneracies so that the nearest
neighbors are the adjacent elements of Wyp,. We then interpolate the sorted list with
a cubic spline. This exercise is illustrated in Fig. 3.10 where W gp,s obtained by each of
the four indicators were independently sorted and interpolated as described above, and
are shown in both projections of S. For simplicity, going forward we will use K obtained

from interpolating W gp,s that were identified by phase-vortices in ZD.

Animated illustrations of the trefoil knot K are shown in Ref. [201] for the “rectilinear

stereographic” projection of S and in Ref. [202] for both projections of S.
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Figure 3.8: The measured knot of EP; via four different indicators - part I. (a) All of the EP, locations U gp, shown in standard stereographic
projection of hypersurface S (top panel), and “rectilinear stereographic” projection (bottom panel). Disks: measured W gp, via minima identification in
magnitude of D and solid curve: best fit to all the measured ¥ gp,. Both measurement and fit are colored according to the measured and the fitted value
of ¥ coordinate along the trefoil knot of EPs, respectively. (b) Same as (a) but measured U gp, are identified via phase-vortex of D. (c) Same as (a) but
measured W p, are identified via minima in magnitude of E. (d) Same as (a) but measured Ugp, are identified via phase-vortex of E. Measurements
of ¥gp, from all four indicators independently trace out a trefoil knot of EP;.
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Figure 3.9: The measured knot of EP, via four different indicators - part Il. All of the EP;
locations ¥ i p, shown in standard stereographic projection of hypersurface S (top panel), and “rectilinear
stereographic” projection (bottom panel). Disks: measured ¥pp, via all four indicators i.e., minima
identification in magnitude of D, E and phase-vortex identification of D, F, all placed together. Solid
Both measurement and fit are colored according to the
measured and the fitted value of ¥ coordinate along the trefoil knot of EP,, respectively. Measurements
of Wgp, from all four indicators that independently trace out a trefoil knot of EP», are in mutual

curve: best fit to all the measured ¥gp,.

agreement.
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Figure 3.10: The measured knot of E P, via four different indicators - part lll. (a) All of the EP, locations ¥ g p, shown in standard stereographic
projection of hypersurface S (top panel), and “rectilinear stereographic” projection (bottom panel). Disks: measured ¥ gp, via minima identification in
magnitude of D. Solid curve: cubic spline that algorithmically joins the identified Vp,. Both measurement and spline are colored according to the
measured value of ¥ coordinate along the trefoil knot of EP,. (b) Same as (a) but measured ¥ p, are identified via phase-vortex of D and then joined
algorithmically with a cubic spline. (c) Same as (a) but measured U p, are identified via minima in magnitude of E and then joined algorithmically with
a cubic spline. (d) Same as (a) but measured ¥ p, are identified via phase-vortex of E and then joined algorithmically with a cubic spline. Measurements
of ¥gp, from all four indicators are explicitly and unambiguously shown to independently trace out a trefoil knot of EP5.
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3.3. Eigenvalue braids

3.3 Eigenvalue braids

Having identified the degeneracies, we now turn to the non-degenerate spectra. In this
section, we describe measurements that illustrate braiding of non-degenerate A when ¥
is varied around a control loop C in the non-degenerate subspace. The eigenvalue braids
are then shown to form the braid group Bj via its generators, several exemplary group

elements and its non-Abelian character.

3.3.1 Characterizing the braid group Bj3

When W is varied along a control loop C from a given homotopy class ¢, A(¥) is expected
to form a braid, whose equivalence class b is determined by ¢ (Sec.2.1.1). To demonstrate
this, we select pixels from the dataset described above (the sixty-one sheets) that trace
out three distinct Cs with a common basepoint. In particular, each C belongs to a different
(. This is shown in Fig. 3.11(a-c). The corresponding A(V) for each C is illustrated in
Fig. 3.11(d-f) and resulting eigenvalue braids form b = I, 01, 0901, respectively. Here,
I is the identity and o;(co; ") indicates that the braid strand i has crossed over (under)
the braid strand ¢ + 1. The braid strands are counted from left in the view used for the
figures and the operations are written from right to left, as the braid word is read from
bottom to top [104]. The braids o; and o407 are the generators the braid group Bs and
their corresponding Cs (Fig. 3.11(b,c)) can be concatenated to produce any eigenvalue
braid. The topological correspondence between the control loop’s ¢ and the b it produces
is a robust feature of the data and it is further illustrated in Figs.3.12-3.16, which show

eigenvalues braids produced by several other control loops.

The non-Abelian character of Bj is demonstrated in Fig. 3.13. Fig. 3.13(a) shows
Cs (red, blue) that belong to different ¢. Fig. 3.13(b) shows A(V) as ¥ is stepped first
around the blue loop and then around the red loop, whereas Fig. 3.13(c) shows A(¥) as

U is stepped first around the red loop and then around the blue loop. The former gives

1 1 1

b =0y 0, while the latter gives b = o, '0; . The inequivalence of these braids can
be seen directly from the fact that they result in different permutations of A. This also

demonstrates that encircling a degeneracy is not characterized by a number (as in the
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Figure 3.11: Measurements of eigenvalue braids - part I. (a-c) Three control loops (green (a), red
(b), blue (c)) in S, each from a different homotopy equivalence class and share a common basepoint
(black sphere). The measured knot K is shown as the orange curve in the standard stereographic
projection. (d—f) The eigenvalue spectrum A(¥) as U is varied around the corresponding loop shown
in (a—c), respectively. £ indexes the values of ¥ along each control loop. The black crosses show A at
the basepoint. The dashed lines are guides to the eye. The measured X traces out the braids: T (d), o
(e) and o307 (f). These braids characterize the braid group Bs, as they represent the identity element
and the two generators of the group, respectively. (g-i) The eigenvalue spectrum as calculated using
the optomechanical parameters determined from fitting the knot of E Pss.
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(b)

150

Figure 3.12: Measurements of eigenvalue braids - part Il. (a-c) Three control loops (green (a),
red (b), blue (c)) in S, each from a different homotopy equivalence class, share a common basepoint
(black sphere) and, are non-self intersecting. The measured knot K is shown as the orange curve in
the standard stereographic projection. (d—f) The eigenvalue spectrum X(¥) as ¥ is varied around the
corresponding loop shown in (a—c), respectively. £ indexes the values of ¥ along each control loop. The
black crosses show A at the basepoint. The dashed lines are guides to the eye. The measured A traces
out the braids: o2 (d), o3 (e) and o207 (f). These braids represent additional elements of the braid
group Bs, obtained by concatenating control loops that produce the group generators o1 and os.

N = 2 case), but by a braid equivalence class.

3.3.1.1 Consequences of accessing a restricted control space: Part Il

So far, we have experimentally demonstrated various features of spectral flow in the full
space of control parameters. However, we recall our discussion in Sec. 2.1.3.4 and observe
that the dimensionality of the control space grows linearly in the number of modes (i.e.
N) considered. Thus, despite their straightforward mathematical description (as in Sec.
2.1.1), their high dimensionality makes visualization of the relevant subspaces hard, and
in many cases it may not be practical to span the full space of control parameters i.e.,
2(N — 1) (real) parameters for N modes. As a result, it may sometimes be a helpful

simplification to consider a low-dimensional “slice” in the full control space. Below, we
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Figure 3.13: Measurements of eigenvalue braids - part Ill. (a) Two control loops (blue, red) that
belong to different homotopy equivalence classes. They are non-intersecting, except that they have a
common basepoint (black sphere). The measured knot is shown as the orange curve in the standard
stereographic projection. (b) The spectrum A(¥) as ¥ is varied around the control loop formed by
concatenating the two loops in (a). Specifically, the blue loop is traversed first (1 < & < 57), and
then the red loop (58 < & < 116). The black crosses show A at the basepoint. The dashed lines are
guides to the eye. (c) The spectrum A(¥) as U is varied first around the red loop (1 < ¢ < 59), and
then the blue loop (60 < £ < 116). In both cases, the loops are traversed in the sense indicated by
the arrows in (a). The braids in (b) and (c) are inequivalent, highlighting the non-Abelian nature of the
braid group Bs, and the non-commutation of the two control loops in (a).

study two such cases using our data and illustrate that such a simplification does not
capture the key topological features of the full space, and the results may look surprising
at first. See for e.g. Fig. 2.5. Finally, we also illustrate the role of the basepoint of

control loops.

Case |: Equivalent eigenvalue braids from “different” loops

To examine the effect of control loops viewed in either the full control space or in a
2D subspace, we take the region B™) shown in Fig. 3.14(a) as our first example of a
2D control space, and consider the two loops shown as green and blue in Fig. 3.14(a).
These loops share a common basepoint, and are clearly not homotopic in 1_3’(1) (defined
as B without the two E P, points). However, Figs. 3.14(b,c) show that these loops are
homotopic in Gz (defined as full control space £3 minus the degeneracies Vs, formally
Gs = L3\ V3), and that each loop is contractible to a point. Measurements of A at
several positions along each loop are shown in Figs. 3.14(d,e), and they demonstrate that
these loops produce isotopic braids (in this case, the identity braid), as expected from
Fig. 3.14(b,c). This illustrates one of the striking features similar to Fig. 2.5: the braid

traced out by A is determined by the loop’s homotopy class in full control space, and not
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Figure 3.14: Equivalent eigenvalue braids from “different” loops. (a) The 2D control space B(1).
Color scale: ZD. Yellow circles: phase-vortices ZD, which corresponds to EP»s. Green and blue
curves: control loops. Black disk: the loops’ common basepoint. A view of B™) in full control space
L3 is shown in Fig. B.1. (b) Standard stereographic projection of hypersurface S. The axes XY, Z
are defined in Sec. B.2.1. Orange curve: the measured E P»s. The black disk, green curve, and yellow
circles are as in (a). The control loops consist of straight segments in (a) but appear curved in (b)
owing to the stereographic projection. Inset: a simplified cartoon of the relationship between the E Pss
and the control loop. (€) As in (b), but for the blue control loop. (d) The eigenvalue spectrum A as a
function of position along the green control loop. & indexes the measurements of A along the control

loop. (e) As in (d), but for the blue control loop. Although the loops are not homotopic in E(l), they
are homotopic in G3, and so produce isotopic braids.
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by its homotopy class in any particular 2D subspace.

Case ll: Encircling the same E P, degeneracies

Another important feature of 2D control spaces is that control loops may encircle the
same EP, points and yet give rise to distinct eigenvalue braids [131]. This scenario is
demonstrated in Fig. 3.15(a), which shows our second example of a 2D control space
B®@. Here, the two loops (red and blue) share a common basepoint and encircle the
same E P, points. Nevertheless, they are not homotopic in either B or G5 as shown in
Figs. 3.15(b,c). Consequently, the braids they produce are not isotopic, as illustrated in
Fig. 3.15(d,e).

Case Ill: Role of the basepoint

In this section, we investigate the role of the control loops’ basepoints in determining
their homotopy equivalence. To do so, we use the data shown in Fig. 3.16(a), which
depicts a third 2D control space B®), along with two loops. These loops are homotopic
if their basepoint is the white circle; however, they are non-homotopic if their basepoint
is the black circle. This also holds if the loops are viewed in L3, as shown in Figs.
3.16(b,c). As a result, the loops generate isotopic braids when based at the white point
(Fig. 3.16(d,e)) and non-isotopic braids when based at the black point (Fig. 3.16(f,g)).

Discussion

Through the examples above, we have considered two complementary ways of describing
the topological features that arise when the spectrum of a non-Hermitian system is tuned.
The first describes tuning all of the system’s control parameters [43], while the second
considers with two control parameters [131]. The former offers ease of visualization and
corresponds to many actal experiments, but may mask the features that determine which
control loops are topologically distinct from each other. The latter provides a clear picture

of topological equivalence but can be more challenging to visualize.
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Figure 3.15: Different braids by encircling the “same” EP, points. (a) The 2D control space
B®) . Color scale: ZD. Yellow circles: phase-vortices /D, which corresponds to EP,s. Blue and red
curves: control loops. Black disk: the loops' common basepoint. A view of B in full control space

L3 is shown in Fig. B.1. (b) Standard stereographic projection of hypersurface S. Orange curve: the
measured EPys. The black disk, blue curve, and yellow circles are as in (a). Inset: a simplified cartoon

of the relationship between the E'Pss and the control loop. (c) As in (b), but for the red control loop.
(d) The eigenvalue spectrum X as a function of position along the blue control loop. & indexes the
measurements of A along the control loop. (e) As in (d), but for the red control loop. The braids

produced by the two loops are not isotopic and do not produce the same permutation, even though they
encircle the same EPys in B(?).
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Figure 3.16: Measuring the basepoint dependence of homotopy equivalence. (a) The 2D control
space B®). Color scale: ZD. Orange circles: phase-vortices /D, which corresponds to EPss. Blue and
red curves: control loops. Black and white disk: two choices for the loops’ basepoint. A view of B()
in full control space L3 is shown in Fig. B.1. (b) Standard stereographic projection of hypersurface S.
Yellow curve: the measured E Pys. The black disk, white disk, red curve, and yellow circles are as in
(a). Inset: a simplified cartoon of the relationship between the EPss and the control loop. (c) As in
(b), but for the blue control loop. (d) The eigenvalue spectrum A as a function of position along the
red control loop, using the white basepoint. & indexes the measurements of A along the control loop.
(e) As in (d), but for the blue control loop. (f) As in (d), but for the black basepoint. (g) As in (e),
but for the black basepoint. When the two control loops shown in (a) are based at the white point,
they are homotopic and so produce isotopic braids; however, the same loops based at the black point
are not homotopic and produce non-isotopic braids.
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Chapter 4

A new membrane-in-the-middle plat-
form

In this chapter, we describe the experimental apparatus, that enables majority of the work
reported in this thesis. We begin by highlighting the key features of the Membrane-in-
the-middle (MIM) platform in Sec. 4.1, which readily casts it into an arbitrarily tunable
non-Hermitian system. We then describe the design and construction of a new MIM
system, specifically designed to study non-Hermitian physics. In Secs. 4.2 and 4.3, we
individually characterize its two main ingredients: the Fabry-Perot optical cavity and
the membrane, respectively. In Sec. 4.4, we integrate the membrane inside the optical
cavity and characterize the resulting MIM system. We then benchmark it as a tunable
and robust non-Hermitian system in Sec. 4.5. In Sec. 4.6 we describe the optical and
electrical setups that are used to probe, control and stabilize the experimental apparatus.

Additional technical details regarding this chapter can be found in Appendix C.
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4.1 MIM design and construction

As motivated in Chapters 1 and 2, the MIM platform is an attractive candidate for
studying arbitrarily tunable non-Hermitian systems with several naturally occurring de-
generacies. In particular, the cryogenic MIM system in the Harris lab [93, 94] was a robust
and prolific non-Hermitian experimental system with full static and real time control over
system's dynamical matrix (H), eigenvalues () and eigenvectors (u) [32, 43, 61, 91,
94, 95, 188, 192], via the dynamical back-action (DBA) effect of cavity optomechanics
[175]. These achievements become even more admirable by noting the fact that they
were all done in a single cool-down of the cryostat whose duration was 8 years (2014-
2021). However, even with such a palmarés?, it may come as a surprise that the cryogenic
system was never designed for non-Hermitian physics but rather for studying quantum
behavior of massive objects [81] (a detailed historical account is in Refs. [94, 95]). In
addition, the results described in Refs. [43, 91, 95] (and adapted in Chapter 3) came at
a certain cost, notably they required ~100 days of non-stop data acquisition. While that
is a testament to the system'’s robustness and long-term stability, it is natural to expect

a faster turnaround.

In the following sections, we describe the design and construction of a new room-
temperature MIM system that seeks to preserve the tunability, robustness and long-term
stability of the previous system while incorporating the necessary and some desirable

upgrades. (see also Sec. 8.2 of Ref. [95])

4.1.1 Design considerations

Below is a list of features we envisioned to incorporate in the new system.

Room-temperature operation

Non-Hermitian physics explored in the previous system is purely classical physics of few
coupled Harmonic oscillators in a cryogenic environment (Sec. 3.1.1). This task maybe

accomplished with a simpler and cost-effective room-temperature operation [203]. Any

!Palmarés (pronounced: pahl-mah-rays) is a French word meaning a compiled list of accolades.
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room-temperature experiment will suffer from amplified thermal effects compared to its
cryogenic counterpart. However, with appropriate monitoring and stabilization, one may

expect similar performance from a MIM system operated at room-temperature.

Telecom wavelength and full fiber-optic based operation

Technological advances have put fiber-optic operations at telecom wavelength at the
forefront. Incorporating all-fiber based 1550 nm light would represent a significant up-
grade. These include more efficient, significantly cheaper and readily available fiber-optic
components. Compared to their free-space counterparts, they have a much smaller foot-
print on an optical table which simplifies their control, improves robustness and require

almost no optical alignment.

A “faster” MIM system

We would like a 100x speed-up of our system which would enable us to reproduce our
previous work [43, 91] in a ~1 day. To better understand the situation, we may note that
for the previous system each datapoint corresponding to a measurement of the set of
eigenvalues (Sec. 3.1.3), required ~2 minutes of experimentation: half of it was spent for
setting desired control parameters and the other half for mechanical modes’ spectroscopy.
While, using telecom wavelength optics would remedy the first part, and could already
result in >10x speed-up, the second part requires a closer examination of the mechanical
spectroscopy. The time-scale of such a measurement scales inversely with the normal
modes’ damping rate. If one were to simply increase the overall damping rate by a factor
of 10, the susceptibility measurements would be 10x faster, thereby resulting in the
desired speed-up. This can be achieved by increasing the DBA effect to produce larger
optical damping. Detailed simulations were performed to obtain new system designs that
would enable this speed-up (see Table 4.1). However, loosely speaking this translated
to scaling down the system size, especially the optical cavity by a factor of ~10. This
scaling increased the single-photon coupling rate (go), which sets the overall magnitude

of DBA, by a significant amount.
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A “simpler” MIM system

A key feature of the previous system was the use of two independent optical modes of the
Fabry-Perot optical cavity (both TEM, but differ in their longitudinal index). One of
them was used solely for the control of membrane motion, while the other for actuating
and probing the membrane motion. This was accomplished using two independent laser
systems whose frequencies were tethered with a Phase-Locked loop (PLL) and required
precise control (~10 nm) of the membrane's position inside the cavity. This scheme
was ingenious but a formidable task in practice [93-95, 188]. A simpler scheme with a
single laser system is more desirable, with access to arbitrary optical modes (TEM,, ,,)
using polarization control and frequency modulation techniques. We also evaluated the
feasibility of working with nearly degenerate membrane modes (as opposed to ones that
required a Floquet theory description) and considered alternatives to a single square

membrane system.

Preserve arbitrary tunability of the previous generation

The key feature enabling arbitrary tunability of the previous system was the ability to span
a large portion of the complex plane of eigenvalues (\) using DBA, which was tuned via its
control parameters. This was made possible partly because the system was comfortably
in the resolved sideband regime of cavity optomechanics [175] i.e., kK/w,, < 1 where Kk
is the optical cavity linewidth and w,, is membrane mode’s frequency. This feature is
illustrated in Sec. 2.3.1.1 and in Refs. [94, 189]. The other part came from the fact the
system was well-behaved and stable to a wide-range of laser power and (red) detuning

from cavity resonance. We would simply like to adapt this feature to the new system.

With the above considerations in mind, we performed simulations and obtained sev-
eral candidates that incorporated the desired features and would crucially provide ~10x
speed-up in spectroscopy [189, 204]. The speed-up in spectroscopy is estimated as the
ratio of the membrane modes’ damping rate at £ P; for the simulated system to that of
the previous generation. The key specifications of a choice candidate are given in Table
4.1, and they are compared to those of the previous system (utilized in [43, 91, 95] and

in Chapter 3). We note that the values for the previous generation system are either
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measured experimentally or known a priori. We also provide the expected specifications
for the actual system that was constructed and utilized for the majority of the work done

in this thesis (Chapters 5, 6 and 7).

MIM System
Parameter Previous generation Simulated Actual
A (nm) 1064 1550 1550
L. (mm) 37 3 7
F 23000 40000 12320
k/2m (MHz) 0.18 1.25 1.74
Ay, (Mm) 1 0.5 0.5
tm (nm) 50 136.9 150
ws,5/2m (MHz) - 4.08 4.08
K/wss - 0.31 0.43
90,55/ 27 (Hz) - 28.6 12.3
YeEP, /2™ (Hz) 102 1734 765
spectroscopy speed-up* - 17x 7.5x
*estimated

Table 4.1: Comparing simulated MIM systems with the previous generation. \: operating
wavelength of lasers, L.: optical cavity length, F: optical cavity finesse, x: optical cavity linewidth,
am: square membrane side length, ¢,,: membrane thickness, ws 5: frequency of the triply degenerate
membrane mode, g (55: maximum single photon coupling rate of the triply degenerate membrane
mode (assuming unity spatial overlap of the membrane mode to the optical mode), ygp, /27 membrane
modes' damping rate at EP3. We note that all systems here feature a free-space MIM cavity, and both
the simulated and the actual system are intended for a room-temperature operation.
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4.1.2 A new room-temperature MIM system

In this section, we describe the design and construction of the new MIM system that
operates at room-temperature and high vacuum conditions. Here we specifically focus

on the mechanical construction, vibration isolation and establishing vacuum.

4.1.2.1 Mechanical design and vibration isolation

The mechanical design of the system is illustrated in Fig. 4.1(a). The MIM cavity is fixed
to the top copper plate! while sandwiching a thermo-electric cooler (TEC). This assembly
is kinematically mounted [205] and thermally anchored to the middle copper plate?.
Kinematic mounting is accomplished by housing three Viton balls® between sockets and
vee-grooves in the middle and the top plate, respectively (see Fig.4.1(b, c)). The middle
copper plate is also connected to a heat-sink for heat dissipation. This assembly is again
kinematically mounted on a stainless-steel puck* which in turn is kinematically mounted
on a modified stainless-steel ConFlat (CF) vacuum flange®. The entire assembly is then
enclosed in a vacuum chamber (Sec. 4.1.2.2) and sits on top of a custom aluminum
mount® fixed to an optical breadboard”. The optical breadboard rests on a uniformly
spaced 7x5 grid of 1" thick sorbothane pieces® with lateral dimensions: 2"x1.5", placed
on an optical table-top?. The sorbothane dimensions result in a shape-factor of 0.43
(recommended: 0.3 - 1) and the estimated load per piece is ~7 Ib*® (recommended:
3.7-8.6 Ib) . The table-top rests on pneumatically floated supports. For acoustic noise
isolation, a layer of sound-absorbing foam was glued to the underside of the optical
breadboard. The entire assembly and all free-space optics were also enclosed in a box!!

with similar acoustic noise isolation.

1Oxygen-free high conductivity (OFHC) copper, thickness: 0.5", diameter: 4"

2OFHC copper, thickness: 1", diameter: 4"

3separated by 120°, diameter: 0.38"

455316, thickness: 2.6", diameter: 4"

5LDS 800-000

Sthickness: 1", diameter: 5"

"THORLABS MB2448

8Durometer 0300

9TMC/ Ametek, 4 ft x 6 ft

10Shape factor: Ratio of loaded area (top surface: 3 sq. in.) to the exposed area (four vertical surfaces:
7 sq. in.). The total weight of the assembly is ~250 Ib.

HUTHORLABS XE25C series
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4.1. MIM design and construction

(b) 4,top

socket

W,

Y

120°

(C) 4, bottom

vee-groove’Q

MIM cavity

TEC

Top copper plate
Middle copper plate
Stainless steel puck
Viton ball

Bottom CF flange
Aluminum mount

o ~N O b wNBRE

Figure 4.1: Mechanical design of the room-temperature MIM system. (a) Rendering of the MIM
system design (to scale) with its components identified in the legend (bottom-right). Not shown: thermal
anchoring between top and middle copper plate, the vacuum chamber and the optical breadboard.
(b,c) Kinematic mount socket and vee-grooves for the top and bottom plane of middle copper plate,
respectively. All kinematic mounts shown here have the same design.
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4.1. MIM design and construction

The above design combined with the fact that our new lab was constructed atop
bedrock, provided sufficient isolation from seismic noise and vibrations. Extra attention
was given to cable management and instruments with fans to minimize vibration trans-
duction and periodically topping-up the nitrogen gas supply, to float the optical table

continually.

4.1.2.2 Vacuum system

A simplified schematic of the vacuum system is shown in Fig. 4.2, as seen from the
top. The entire assembly shown in Fig. 4.1 is housed inside a stainless steel cube!.
Its side faces A and C have an anti-reflection (AR) coated window? for optical access.
Face C also has a custom CF flange with 9 pin sub-D feed-through® that allows for
temperature control. Face B allows for connecting pumps. The initial pump down from
atmosphere was carried with a Turbo molecular pump (TMP) backed with a roughing
pump. Extra care was taken while opening the valve for this pump down as a sudden
drop in chamber pressure could be fatal for the membrane inside the MIM cavity. Once
the pressure read by the TMP gauge went below 5 x 107> mBar, we opened the gate
valve to the lon pump*. At this pressure, the lon pump drew a significant amount of
current (~15 mA). Within 5 minutes, the current started reducing, and correspondingly
the pressure read by the lon pump gauge. At this point, the TMP was no longer pumping
our system, so we closed the TMP valve and crucially disconnected it from the system,
to cut-off its vibration. We then performed a standard leak-check of our vacuum system
and it was deemed successful. We achieved a pressure below 8 x 107® mBar within a
week and < 6 x 1078 mBar after a month of pumping, as read by the pressure gauge®
connected on face D, while the lon pump gauge read < 2.5 x 10~8 mBar, while drawing
10 pA current. We note that these pressures are well below the viscous damping limit of
Silicon Nitride membranes (see Fig.2.6 of Ref. [206]), which represents the most stringent

vacuum requirement for our system. Finally, on face D we have two more custom CF

IKurt J. Lesker CU6-0800

2THORLABS V(C234C

3Accu-Glass Products, Inc. 9D-275

“DUNIWAY 30 L/S diode lon pump, DSD-030-5125-M
5Inficon, VGC501-MPG400-CF275
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4.1. MIM design and construction

lon pump

TMP

laserin
—

Pressure gauge

Heat sink

laser out
—

<+ Irgc
— Rk

1 MIM cavity

2 TEC

3 Top copper plate

4 Middle copper plate
5 Vacuum chamber

¢ Thermal straps
H Custom CF flange
D Window

> Valve

DKl Gate valve

X3 Thermistor

Figure 4.2: Vacuum chamber. The schematic of the vacuum chamber (not to scale) as seen from
the top, with its key components labeled or identified in the legend (bottom-right). TMP: Turbo
molecular pump, CF: ConFlat, TEC: Thermo-electric cooler, hgc: feedback current sent to TEC,
Rrhiok: thermistor resistance to infer MIM cavity temperature, V;2: Voltages sent to cavity mirror
piezos. For clarity, the top copper plate’s size is artificially reduced compared to the middle copper
plate. This arrangement provides a vacuum with pressure < 6 x 10 mBar at room-temperature.

flanges: BNC connectors! for controlling piezos on MIM cavity mirrors and heat sink

feed-through? for heat dissipation. The top and bottom of the cube are blanked off by

CF flanges®, with the bottom one being modified as for kinematic mounting (described

in Sec.4.1.2.1).

1 Accu-Glass Products, Inc. BNC-GS3-275
2Kurt J. Lesker EFT0313373
3LDS 800-000
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4.2. Fabry-Perot cavity

4.2 Fabry-Perot cavity

In this section, we describe the design and construction of the Fabry-Perot (FP) optical
cavity used in the MIM system. We then discuss mode-matching of the input light to

the optical cavity and characterize its properties.

4.2.1 Design and construction

In this section, we discuss the design and the mechanical construction of the the optical
cavity. Our design combines tried and tested ideas in the long history of MIM cavities in
the Harris lab [78, 80, 207-212] with some key modifications inspired by Refs. [184, 213-
216].

The key parameters of the optical cavity are listed in Table 4.1 (third column: Actual)
and its design is illustrated in Fig. 4.3(a,b). Below we describe its key mechanical design

and construction features:

1. The cavity mirrors (CM) were procured from FiveNine optics. They are super polished
fused silica substrates and have a diameter: 7.75 mm, thickness: 4 mm, and a curved
face with a radius of curvature (ROC) 50 mm. This ROC with cavity length (L.) of

7 mm, places us comfortably within the stability limits of a Fabry-Perot cavity.

L L
<(1- 11— ~0.74 < 1. .
0_(1 ROC) (1 ROC) 0.74 < 1 (4.1)

where the optical cavity is formed by nominally identical CMs. The CM flat face is AR

coated for <0.1% power reflection in the 1540-1560 nm wavelength range while the
curved side is coated for 99.96% - 99.98% power reflection at 1550 nm with <5 ppm
(parts per million) of combined absorption and scattering losses. Fig. 4.3(c) shows an
attempt at measuring these mirror coating properties!. The CM is glued to its mount

(in the appropriately sized recess, see part (2) in Fig. 4.3(a)), using epoxy?.

2. The CM mounts, adapters, and spacers are all machined out of invar, for its excep-

However, this specific mirror wasn't used for the actual cavity.
2Stycast 2850 FT with Catalyst 9
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4.2. Fabry-Perot cavity
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Figure 4.3: Cavity design. (a) Rendering of the optical cavity design (to scale) with its components
highlighted in the exploded version. The components are identified in the legend (bottom-right). The
alignment degrees of freedom are indicated with black arrows. Not shown: connecting screws, epoxy
joints and Belleville washers. (b) A cut-out schematic (not to scale) showing the side-view of the optical
cavity, which illustrates its parts including the alignment degrees of freedom, screw connections, epoxy
joints and the Belleville washers. (c) Top panel: Schematic of the setup used for characterizing mirror
coating properties. 1SO: isolator, PM: power monitor. Middle panel: Transmitted power (P;) versus
input laser power (P,,) normally incident on a CM. Data (black squares) is fit to straight line (red)
passing through the origin. Bottom-panel: fit residuals corresponding to the measurement and fit in the
middle panel. We note that this cavity mirror is not used in the experiments described in this thesis
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4.2. Fabry-Perot cavity

tionally low thermal expansion. Since we intend to operate at room-temperature, the
design wasn't constrained to be strictly monolithic. These parts were machined at
the Yale machine shop with a specified machining tolerance of 0.0254 mm (0.001").

Vented stainless-steel screws were used to connect these parts.

3. As illustrated in Fig. 4.3(a), the CM holders and adapters allow for rotational (up to
30°) and horizontal /vertical (up to 2.54 mm or 0.1") degrees of freedom, respectively.
We also note the use of Belleville washers (Fig. 4.3 (b)) that allow for tip and tilt
degrees of freedom. These allow for flexibility in the initial alignment of the bare

optical cavity (see Sec. 4.2.2).

4. We intended the optical cavity to have both CMs movable (and the membrane fixed,
see Sec. 4.4). This is a departure from the historical free-space MIM cavity designs in
the Harris lab. The CM positions are tuned by nominally identical piezos! sandwiched
between two layers of Kapton, for electrical insulation, and subsequently clamped
between the CM mount and its adapter. The piezos have an unloaded travel range of
2 um and are tuned using dedicated piezo drivers?. The driver can produce DC voltage
in situ, accepts external voltage modulation and houses a 10x voltage amplifier. Care
was taken to provide clean power supply to the piezo driver and extra precautions

were taken to never send negative voltage to the piezos and their drivers.

4.2.2 Mode-matching and optical alighment

We follow a standard recipe of mode-matching propagating Gaussian beams to our op-
tical cavity [217], as illustrated in Fig. 4.4(a). The incoming light from a polarization
maintaining fiber (PMF)3 exits a collimator (col)* (independently characterized for its
waist (wp) or Rayleigh range (zr), and focusing distance (4, using a beam profiler®), Fig.

4.4(b)), bounces off of two plane mirrors (M1 and M2)° on tip and tilt adjustable mounts

1Physik Instrumente PD160.3x
2Physik Instrumente E-836.1G
3THORLABS PM1550-XP
4*THORLABS CFC2-C
5DataRay WinCamD-LCM
STHORLABS P01
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4.2. Fabry-Perot cavity
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Figure 4.4: Mode-matching. (a) Schematic of the mode-matching experimental setup and Gaus-
sian beam propagation are shown (not to scale). The reflected beam’s diameter is artificially reduced
for clarity. Gray box: NKT laser, ISO: optical isolator, SMF: single-mode fiber, EOM: electro-optic
modulator, PC: polarization control, C1: fiber-optic circulator, PMF: polarization maintaining fiber,
col: collimator, C2: free-space optical circulator, PD: photo-detector, [: plano-convex lens, M: plane
mirror on tip-tilt mount, CM: cavity mirror, BS: beam-splitter, tcy\: cavity mirror thickness, L.: cavity
length. Key distances between optical elements are indicated. Optical elements on translation stages
are flanked by arrows indicating the direction of motion. (b) Beam diameter (2w) versus distance (z)
from the collimator measured using a beam profiler, with data (black squares) and fit (red curve). Inset:
schematic of the measurement setup and image of the beam profile for a data point. Key parameters:
beam-waist (wy), Rayleigh range (zg) and focussing distance (z4) are indicated.

and thereafter gets focused by a plano-convex lens(/1)! into the cavity. Optimal mode-
matching is achieved when the incoming beam’s waist size and location are matched to
that of the normal mode of the cavity (henceforth referred to as “cavity-mode”). This
constraints the incoming beam to have a specific diameter and a phase-front curvature
equal to the radius of curvature (ROC) of the input cavity mirror (here CM1), at CML.
The setup here satisfies these requirements by specifying distances (x; + y; + x2) and
x3 for a given focal length of the convex lens and collimator characteristics: {xg,zq4}. A

numerical routine for solving these distances is provided in Sec. C.1.

ITHORLABS N-BK7 C-coated
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4.2. Fabry-Perot cavity

In practice, mode-matching, input beam alignment, and alignment of detectors are
simultaneously at play when setting up a high-finesse optical cavity, and it is a useful
strategy to isolate them, as much as possible. While there are various recipes for aligning
a high-finesse optical cavity, a step-by-step description of our recipe is given below. The

author also found the discussion in Refs. [217, 218] useful.

1. We start by positioning the collimator and /1 on x-translation stages as suggested by
the numerical routine. Other optical elements are on fixed posts or are fiber-coupled.
We then mode-match and align to maximize the retroreflection from the curved surface
of the input mirror (CM1). This is accomplished by iteratively tweaking the tip and tilt
alignment of M1 and M2, and x-positions of the collimator and /1, while simultaneously
monitoring the retroreflected light at a fiber-coupled photo-detector (PD1). This is
a useful proxy that tunes the input beam'’s profile to be appropriate for the optical
cavity (as discussed above) and its alignment, such that it retraces itself back into
the collimator. The retroreflection can be maximized to unity w.r.t. the input light
(modulo the losses in optical components). Note that circulator 2 (C2) is absent for

this step.

2. The next step is to scan the cavity length by modulating the piezo on CM1 by >2
expected free-spectral range (FSR) of the optical cavity and monitor the reflected
signal on PD1. In the ray optics picture, a cavity mode is normally incident on both
cavity mirrors and forms a cavity axis. As our cavity geometry isn't very stringent (for
e.g. in contrast to a spherical cavity), with reasonable machining tolerance the input
beam can be expected to be collinear with a finite range of cavity axes. Regardless,
if there is no coupling as indicated by no dips in reflection, we tweak the tip and tilt
of CM2 by adjusting the screws on Belleville washers (see Sec. 4.2.1), in an attempt
to have some cavity axis be collinear with the input beam. Once we have some
periodically spaced reflection dips, we align a free-space photo-detector (PD3) to
optimally measure the corresponding transmitted signal and image the cavity modes

with a camera. Note that C2 is absent for this step.

3. We now optimize the coupling of the input beam to the TEM, cavity mode. This
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4.2. Fabry-Perot cavity

is accomplished by walking the input beam using M1 and M2 in tandem while si-
multaneously monitoring the reflected signal on free-space photo-detector PD2 (via
C2') and the transmitted signal. The shift from PD1 to PD2 is made to simplify
alignment constraints and subsequent analysis for mode-matching [218]. Ideally, the
equal reflectivity of CM1 and CM2 specify a complete extinction (transmission) of
reflected (transmitted) light when a perfectly aligned and mode-matched input laser
is tuned onto the cavity resonance. However in practice, finite losses in the cavity
mirrors prevent such a case. Our proxy for optimal alignment involved maximizing the
transmission peak at resonance while simultaneously minimizing those for other cavity
modes (TEM,,-0.nz0). This exercise resulted in reducing transmission peak value for
all detected TEM,,,.0.n-0 modes to <0.5% of the TEM;, mode. We subsequently
aligned PD2 to optimally detect the reflected signal. This completes the full-exercise

of mode-matching and aligning the laser to the cavity and the corresponding detectors.

In addition to these steps, it was found that tweaking the y-z position? of [1 provided a
simple and reliable knob to supplement beam alignment procedure. We note that tip and
tilt of M1 and M2 along with a well-defined cavity-axis, provide all degrees of freedom
required for beam alignment. The y-z tweaking of /1 doesn't add anything new but
is preferred for its convenience in our setup. We also found that the x-position of the
collimator and /1 had ~1 cm range, which provided >85% mode-matching efficiency.

The mode-matching efficiency is quantified in Sec. 4.2.3.3.

4.2.3 Bare cavity characterization

In this section, we characterize the bare optical cavity (i.e., without the membrane inside
it). In particular, we characterize for the following parameters: cavity linewidth (k),
cavity length (L.), mode-matching efficiency for a given input (¢) and coupling rate of the
input mirror (ki,). We note that the bare-cavity characterization was done by maximally
coupling to the TEM,, modes of the cavity, and in ambient conditions, without any
thermal stabilization or vibration isolation, unlike what we described previously in Sec.

4.1.2.

1 Ascentta,Inc. FSC-3-PD-S-N-15-20-01
2THORLABS LM1XY
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4.2. Fabry-Perot cavity

4.2.3.1 Cavity linewidth

There are several methods to measure a cavity linewidth (x), and we tried three of them.
They are described below, illustrated in Fig. 4.5(a-€) and their results are reported in
Table 4.2.

1. Fixed frequency modulation sidebands

In this method, we frequency modulate the input laser using an EOM! (RF drive:
2.5V, at feom = 25 MHz) and monitor the transmitted signal of the cavity while
“slowly”? scanning its length (via CM1) across a TEM resonance. Such frequency
modulation generates two sidebands symmetrically around the carrier (the main peak)
at from which calibrates the time axis to frequency units. The transmission signal is
processed by subtracting a constant detection background (independently measured)
and then fitting to a sum of three (real) Lorentzians with independent amplitudes,
independent «s (in time units) and unconstrained peak locations (in time units) as fit
parameters. We then extract nine estimates for x (in frequency units) per measure-
ment®. An exemplary measurement and corresponding fit are shown in Fig. 4.5(a).
Three separate measurements were made and the final result is reported as the mean

and standard deviation of the 27 extracted values of .

2. Swept frequency modulation sideband

For this method, the laser beam is modulated via the EOM driven at 2.5 V,,, while
modulating the drive frequency linearly over a range f4., = 70 MHz, at a rate f, =
12 kHz, which results in sweeping* both of the frequency modulation sidebands over a
frequency range fqev, and at a rate f,. For a nominally fixed cavity length, we ensured
only one of the sidebands is resonant with the cavity and recorded the corresponding
transmitted signal of the cavity. The transmission signal is processed by subtracting a
constant detection background (independently measured), as in Method 1. and then
fitting to a (real) Lorentzian with amplitude and x as fit parameters. An exemplary

measurement and corresponding fit are shown in Fig. 4.5(b). The final result is

ITHORLABS LN65S-FC

2Time taken to scan over  (Ts): ~10 ps, expected cavity ringdown time (1/x): ~90 ns, T >> 1/k.
3Ratio of three x-s (in time units) and three sideband calibrations have nine possibilities.

*This is also a “slow” sweep as T} given by (k/fdey) X fs ~ 2 us >> 1/k.
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Figure 4.5: Bare cavity characterization - part I. (a) Transmitted signal (V1) versus time (t) for
cavity linewidth (k) measurement using Method 1. with data (dark blue points) and fit (light blue
curve). (b) Vr versus sideband detuning (Af) for £ measurement using Method 2. with data (dark
blue points) and fit (light blue curve). (c) Histogram of fitted x from 100 individual measurements as
(b), with 50 kHz bin-size. (d) Vr(t) for kK measurement using Method 3. with data (dark blue curve:
points joined by straight lines) and fit (light blue curve). (e) Histogram of fitted x from 100 individual
measurements as (d), with 50 kHz bin-size (same as (c)). (f) Vr(Af) for free-spectral range (FSR)
measurement using two adjacent TEMg o modes of the optical cavity. Data : dark blue points, fit: light
blue curve. The separation between the two resonances provides the FSR and subsequently the cavity
length (L.).
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4.2. Fabry-Perot cavity

estimated as the mean and the standard deviation of fit values of x obtained from

100 independent sweep measurements and also shown in Fig. 4.5(c), as a histogram.

3. Ringdown

For this method, we modulate the input laser at a fixed frequency using the EOM
(same RF drive as in Method 1.) and Pound-Drevor-Hall (PDH) [219] lock the laser to
the TEM,  resonance corresponding to one of the frequency modulation sidebands?.
Subsequently, we toggled the RF drive on and off using a switch? gated with a TTL
signal, and monitored the transmitted signal of the cavity. The ringdown part of
the transmitted signal that is <95% of the maximum?, is fit to a sum of a decaying
exponential (Ae ", with A and x as fit parameters) and a constant offset (due to
detection background). An exemplary measurement and corresponding fit are shown
in Fig. 4.5(d). The final result is estimated as the mean and the standard deviation of
fit values of x obtained from 100 independent ringdown measurements and are shown

in Fig. 4.5(e), as a histogram.

Method | Estimated x/27 (MHz) | Sample size

1. 243 £0.32 27
2. 2.43 £ 0.35 100
3. 2.36 £+ 0.033 100

Table 4.2: Summary of k measurements. Method 1.: Fixed frequency modulation sidebands,
Method 2.: Swept frequency modulation sideband, Method 3.: Ringdown. Estimated value is reported
as mean =+ one standard deviation. Sample size is given by 9xnumber of measurements for Method 1
and number of measurements for Methods 2 and 3.

As shown in Table 4.2, the ringdown measurements estimate x ~10x more precisely
than their sweep counterparts. We ascribe the inflated imprecision of sweeps to the fact
that they are literally slow measurements made using a free-running laser, and thus suffer
more from the lack of thermal stabilization and vibration isolation of the system. In

comparison, ringdowns are faster and measured with a frequency locked laser.

!PDH locking was done seamlessly using the “Laser lock Box" module of Moku:Lab [220].

2Minicircuits ZASWA-2-50DRA+

3The slowest element of this experimental setup (excluding the optical cavity) was the RF switch with
a 5 ns delay time. The 95% level provided enough time for all unintended transients to settle.
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4.2. Fabry-Perot cavity

4.2.3.2 Cavity length

The cavity length (L.) is estimated by measuring the free-spectral range (FSR) of the
optical cavity and using the relation FSR = ¢/2L., where ¢ is the speed of light in

vacuum.

For this measurement, we tuned the laser wavelength approximately on resonance
with a TEMy, mode (at 1550.142 nm)!. We then scanned the laser frequency us-
ing the EOM (as in Method 2. of k measurements) for its precise location and also
recorded the transmitted signal of the cavity. We then decreased the laser wavelength
(in 0.001 nm steps®) by 0.172 nm, the expected the FSR for L. = 7 mm, in order to
approximately locate the next TEM,, mode. We repeated the same exercise as above
for precisely locating the mode and recorded the corresponding transmitted signal. The
resonance frequencies of both modes were estimated by combing their approximate res-
onance wavelengths and fitting the transmitted signal for the remainder. The difference
in their resonance frequencies (FSR) is measured to be 21.461 GHz. The biggest source
of uncertainty was the least count for wavelength tuning. This resulted in an uncertainty
in FSR of 0.250 GHz. Consequently L. is estimated to be 6.999 mm with 1.17% un-
certainty. The two TEM,( resonances measured for estimating FSR are shown in Fig.

4.5(f) with corresponding fits.

4.2.3.3 Mode-matching efficiency and input coupling rate

In this section, we describe measurements that quantify mode-matching efficiency (¢)
and the input coupling rate (ki,). These measurements follow the prescription in Refs.
[221] and [216], which involves probing the cavity from both directions independently,
and monitoring the corresponding reflected and transmitted signals of the cavity near
a resonance. The four signals (two reflections and two transmissions, one for each
direction) and the knowledge of cavity finesse (F) are enough to solve for: two mode-
matching efficiencies, two input coupling rate (one for each direction) and the combined
losses of the cavity mirrors (for e.g. due to scattering or absorption of light). ki,

can also be characterized using a heterodyne measurement of the reflected signal as in

1As read by the laser controller - Graphik software from NKT lasers.
2This is the least count for wavelength tuning via the laser controller.
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4.2. Fabry-Perot cavity

[222, 223]. However, it was not clear to the author how to distinguish x;, from € in these

measurements and hence was not pursued any further.

To implement this measurement, we first probed the cavity with a fixed wavelength
laser input via CM1, “slowly” scanned its length (via CM2) across a TEMj resonance
and recorded the corresponding reflected and transmitted signals of the cavity as shown
in Fig. 4.6(a,b), respectively. Both the reflected (R;) and the transmitted (T;) signals
are normalized to the input power that is measured independently, beforehand. While
holding everything else nominally fixed, we flipped the cavity, probed it via CM2, “slowly”
scanned its length (via CM1) across the same TEM)j  resonance as above, and recorded
the corresponding reflected and transmitted signals as shown in Fig. 4.6(c,d). As in
the previous case, the reflected (Rz) and transmitted (T5) signals are normalized to the
independently measured input power. The cavity finesse (F) is estimated using F =
FSR/(k/2m). We use the value of FSR from Sec.4.2.3.2 and ~ from Method 3. of Sec.
4.2.3.1, and obtain F = 9093.64.

The relation between measured parameters (reflections, transmission and cavity fi-
nesse) and unknown variables (mode matching efficiencies, input coupling rates and total

loss) is given by the following set of equations:

F= % (4.2)

B s (*2)
= 9
PR (2)
N tx =y 9

where €, 5 denote mode-matching efficiencies when probing via CM1 and CM2, respec-
tively. 772 denote the transmittance of CM1 and CM2, respectively and L represents
the combined losses of CM1 and CM2. The values of {Ry, Ry, Ty, Ty, F} are known
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Figure 4.6: Bare cavity characterization - part Il. (a) Experimental schematic for probing the optical
cavity via CM1 and scanning its length (via CM2) across a TEMj o resonance. (b) Reflected (top panel)
and transmitted (bottom panel) signals normalized to input power corresponding to (a). (c) Same as
(a) except we probe the cavity via CM2 and scan its length using CM1, across the (same) TEMj g
resonance. (d) Reflected (top panel) and transmitted (bottom panel) signals normalized to input power
corresponding to (c). For this measurement, the laser wavelength A is fixed.

from measurements as described above. Each of these equations has a simple physical
description: Eq. (4.2) relates the cavity finesse and the CM transmittance and losses, in
the high-finesse limit. Eq. (4.3) and (4.5) relate the transmitted power normalized to the
mode-matched input power and CM transmittance and losses, when probing via CM1
and CM2, respectively. Eqs. (4.4) and (4.6) relate the difference of the mode-matched
reflected and unmatched input power, normalized to the mode-matched input power and

CM transmittance and losses, when probing via CM1 and CM2, respectively.

Egs. (4.2) to (4.6) represent five equations for five variables {¢;, €5, 71, T2, L}, and
are straightforward to solve. We note that taking the ratio of Eqgs. {(4.3), (4.4)} and
{(4.5), (4.6)} may reduce it to a simpler problem of three equations and three variables
{71,732, L}. We would like to point out that Ref. [216] (its Eq. (3.5)) and references
therein missed the ()2 factor in the denominator of Egs. (4.3) and (4.5). Finally, the
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4.2. Fabry-Perot cavity

input coupling rates ki, 11,91 are related to 71 and L as kin (1,2y/6 = Ti2/(Ti + T2+ L).

Solving these equations for our measurement results in: ¢, = 0.86, e = 0.80, 7; =
318.28 ppm, 75 = 295.68 ppm and L = 76.98 ppm. The corresponding input coupling
rates are: Kin1/k = 0.46 and ki, o/k = 0.43. We note that the mirror coating company
specifies 7 = 250 ppm and L < 10 ppm (or < 5 ppm per cavity mirror). Independent
measurement of 7 for an independent mirror from the same coating batch corroborates
at least one specification (see Fig. 4.3(c)). The inflated value of measured L is simply
attributed to the unfortunate fact that we did not clean the mirrors, and |no| extra care

was taken during bare cavity characterization, to ensure their cleanliness.

Moving forward, we flipped the cavity back to CM1 being the input mirror, for the

rest of this thesis.
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4.3. Membrane

4.3 Membrane

In this section, we describe the membrane, its mounting and characterize its mechanical

modes, that are used in this thesis

We use a high-tensile stressed (~1 TPa) stoichiometric silicon-nitride (Si3N,) mem-
brane with specified dimensions: 0.5 mm (length)x0.5 mm (width)x150 nm (thickness)
and supported by a silicon frame?. It was manufactured by NORCADA? in a custom fab-
rication run, back in 2011 and the fabrication technique is elucidated in Refs. [222, 224].

Fig. 4.7(b) shows a picture of a membrane from the same batch and part number.

Without any modifications, these membrane have remarkable mechanical and optical
properties [225]. The mechanical modes of interest resemble the vibrations of a tightly
stretched drum head. Their mechanical quality factors (Q) at room-temperature (T;00m)
have been demonstrated to exceed 10° and Q X f > kTioom/h, a pre-requisite for
observing quantum effects at room-temperature, where f is the resonance frequency of
the mechanical mode of interest and h is the Planck’'s constant. They have low optical
absorption (<100 ppm) at infrared and telecom wavelengths, which makes them suitable
for integration with high-finesse optical cavities resonant at these wavelengths. Many
of these properties were first demonstrated in the Harris lab and have been compiled in

previous Harris lab theses such as Ref. [222] and elsewhere [206, 224].

With the final aim of integrating a membrane with our optical cavity, the membrane
frame is epoxied® to a holder made out of Invar as illustrated in Fig.4.7(a). While there
exists a large body of work devoted to efficient mounting and clamping of membranes
to achieve record Q-factors [226—232], for our purposes, we followed a simple recipe of
using the least amount of epoxy that would provide a reliable mechanical connection
while keeping the mechanical Q-factors nominally high. Hence, despite conventional
wisdom, only one corner of the membrane frame was epoxied to the holder and one such
epoxy joint is pictured in Fig. 4.7(c,d). We ascribe our choice to the expected absence

of thermal cycling in a room-temperature system. In practice, we found our procedure

15 mm (length) x 5 mm (width) x 200 pum (thickness)
2Part number: NX5050CDS
3Stycast 2850 FT with Catalyst 23LV
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Figure 4.7: The membrane, its mounting and its modes. (a) A silicon-nitride membrane (small
white square) in the middle of a silicon frame (black square), epoxied on a invar membrane mount
(gray-silver).(b) A zoom-in to the membrane (gray square) in the middle of the frame (black square).
(c-d) A top (side) view zoom-in to the epoxy joint connecting the frame to the holder. We note that
this membrane is not used in the experiments described in this thesis. (e) Spectra of Brownian motion
measured near expected drumhead mode resonances. Data (black dots) are flanked by gray vertical line
representing the expected location of the mode. The modes (1,1), (2,1);(1,2), (2,2) and (8,3):(8,3) are
identified with their corresponding spatial profile. Sec. C.2 shows a detailed illustration and identification
of these modes.

to be repeatable with mechanical Q>10° for the triply degenerate drumhead modes:

(7,1);(5,5);(1,7) for the epoxied membrane.

4.3.1 Membrane characterization

In this section, we characterize the drumhead mechanical modes of the square membrane
for their resonance frequencies and damping rates. We note that the very first characteri-
zation of these modes were done inside the optical cavity, which was probed with resonant

1550 nm light. Thus, from the outset, we are not probing the bare membrane modes
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4.3. Membrane

(i.e., in absence of DBA due to radiation pressure and photothermal effect), despite our

best intentions.

The drumhead modes of a square membrane have a particularly simple form. Their
motion x; ;(y, z,t) can be described by [222, 224]:
s T2

z; (Y, 2,t) = x40 sin (_y) sin <‘7—> cos (27 fi;t + ¢ijo) (4.7)

m am

where (y, z) are the two coordinates along the length and the width of the membrane,
with one of its corners as the origin, ¢ denotes time and {x;; 0, ¢;;0} are initial amplitude
and initial phase, respectively. The square membrane has a side length a,, with drumhead

modes indexed by (7, 7) and resonance frequency f;; given by:

o=\ Sy (45)
where (o, p) specify the uniform tensile stress and density of the membrane. For this
membrane, we expect ¢ ~ 0.9 TPa and p ~ 2700 kg/m* [211]. This sets the fun-
damental mode's (i = 1, j = 1) resonance at f;; ~ 0.816 MHz. Furthermore from
Eq. (4.8), it is immediately seen that f;; = f;;. Thus, for i # j we expect naturally
occurring double degeneracies (doublets) for a square membrane, reflecting its geomet-
ric symmetry [233]. We also note that any degeneracy of order >2 is classified as
“accidental”. They do not arise due to geometric symmetry and merely reflect some
number theory coincidences. For completeness, we note the first two triple degenera-
cies (triplets): (7,1);(5,5);(1,7) and (14,2);(10,10);(2,14) and the first two quadruple
degeneracies (quadruplets): (8,1);(7,4);(4,7);(1,8) and (9,2);(7,6);(6,7);(2,9). A curious
reader may refer to Ref. [233] for an extended discussion of geometric and accidental

degeneracies?.

The Brownian motion of the first 52 drumhead modes are illustrated in Fig. 4.7(e).
The measurement was done with a probe beam, locked to the TEM ( cavity mode, with

power Pyobe = 7 W and a small detuning from cavity resonance Ay/2m = -23 kHz

1 Topped off with an example of a 48-fold degeneracy.
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Figure 4.8: Characterization of membrane modes. (a) Mode frequency (f;;) versus /i + j2.
Top panel: data (squares), fit (dashed black line); middle (bottom) panel: fit residuals (res.) versus
V@2 + j2 in frequency (relative) units. We note that modes: (1,5), (5,1) (red squares) and (1,7),
(7,1), (5.5) (dark blue squares) are excluded from the fit but included in the residual plots to highlight
their compromised nature. (b) Top panel: Mode damping rate (7y;;) vs 1/i2 + j2 with data as squares.
Bottom panel: quality factor (Q;;) extracted from the ratio of mode frequency and damping. Horizontal
line demarcates Q = 50,000. All modes with Q < 50,000 have at least one of their indices as 1, barring
two exceptions highlighted with dashed black rectangle. In panels (a: middle and bottom) and (b,c),
nominally degenerate modes are connected by vertical lines from the x-axis.

~ —k/100.1 A detailed illustration and identification of these modes are shown in Sec.
C.2. These Brownian spectra are subsequently fit to the squared modulus of the sum
of N Lorentzians and a constant offset representing the detection background, following
Ref. [192]. Here N denotes the order of degeneracy. While the choice of the fit function
assumes some interesting properties of the modes' interaction with the thermal bath
[234, 235], its justification is beyond the scope of this thesis. The fit returns the peak
positions and the widths of the Lorentzians which correspond to the modes’ resonance
frequencies (fi;) and energy damping rates (+;;), respectively. The mechanical Q-factor
is evaluated as Q;; = 27 f;;/7ij. These parameters are illustrated in Fig. 4.8 as a function
of a single parameter \/m While this method is helpful in some ways, it cannot
distinguish between (i, 7) and (j, ) modes. This happens to coincide with the fact that

In this configuration, we expect an nominal optical spring shift of ~20 Hz, almost entirely due to
photothermal effect. See Sec. 4.4.3.1 for more details.

130



4.3. Membrane

at present, our measurement apparatus is not set up to distinguish between (i, j) and

(4,7) modes, either.

The resonance frequencies in Fig. 4.8(a) are fit to f—(;\/m with fy as a fit
parameter. The fit provides f, = 808130 + 23 Hz, which is an estimate of the factor
\/W. The error in fy is the fit error given by the square-root of the diagonal ele-
ment in the covariance matrix [236]. The fit residuals maybe interpreted as the membrane
being a square or its stress being uniform (or a combination of both) to ~1 part in 1000.
However, we note that the probe beam’s radiation pressure backaction and photothermal
effect (see Sec. 4.4.3) will complicate any efforts to isolate bare frequencies!. We also
note a few outliers in this dataset that were not included in the previous fit. The first
one is the (5,1);(1,5) doublet, as the spectra near its expected location has three peaks
unlike other measured doublets. The second outlier is the triplet (7,1);(5,5);(1,7), as it
was not measured in the same data run as all other modes®. The inclusion of said outliers

in the plot of fit residuals is solely to highlight their compromised nature.

The damping rates and especially the Q-factors provide some interesting observations.
As discussed above the probe beam'’s radiation pressure backaction may complicate efforts
to isolate bare parameter values. However, we rely on the fact that the probe beam'’s
detuning from the cavity resonance is small, which reduces radiation pressure backaction,
and as will be shown in Sec. 4.4.3.1, the photothermal effect does not induce any
damping/amplification. Hence, these observations (along with similar data over time,
not shown here) hold some weight. We observe that almost all modes with Q<50,000,
have at least one of their indices as 1 and are identified in 4.8(c). However, there are
two exceptions to this empirical observation®: one of (7,2); (2,7) has its Q<50,000, and
the first quadruplet which involves (1,8);(8,1) have all of their Q>50,000. This happens
to be our first observation of consistently low mechanical-Qs for a set of modes including
the triplet, which is rather untimely and contributed to our decision to in not proceed

with the initially planned experiments involving the triplet (7,1);(5,5);(1,7).

1Even though one may claim that the radiation pressure backaction can be made 0 by setting Ao = 0,
the photothermal effect on frequency is maximum at Ay = 0, thus perturbing the bare-frequencies.
2The measurement of (7,1);(5,5);(1,7) modes precedes others by ~14 months.

3Q = 50,000 is not a special value., but rather selected to highlight an empirical observation.
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4.3. Membrane

4.3.1.1 Characterizing the nominally degenerate membrane modes

It can be a fun exercise (with possible utility) to systematically quantify the non-square-
ness or the fractional anisotropic stress in the membrane, using the present data, and
crucially ignoring the probe beam'’s photothermal effect. This can be done by considering

a rectangular membrane with anisotropic stresses along axes parallel to its sides. It

/
ij

1 o, . o, .
o=y (2 + ) ()

where {a,, 0, }({bm,0.}) denote the side length and tensile stress, respectively along

is straightforward to obtain an equivalent expression for its resonance frequencies
[222, 224]:

y(z) direction. Eq. (4.9) can be re-written in a more suggestive form with the following

substitutions: ¢, = 0,0, = s0,b,, = aa,, and {s,a} > 0, and we have

P2+ 552
VIt 2z
li
7 with 1
4pa,,? VIt

In Eq. (4.10), the anisotropy in stress and the non-square-ness appear in a linearly

fi/j = f{l (4-10)

where we replaced

dependent fashion (s/a?) and without further specifications (our case), they cannot be
isolated. Nevertheless, we can perturbatively estimate their combined effect s/a? = r, for
an almost uniformly stressed square membrane. In this limit, we Taylor expand r — 14-0r

with 07| << 1 and up to O(dr) we have:

P TR VB e 2 1
=y (V) (e ) e

We now recall our inability to distinguish between (i, j) and (4, 7) modes and in order
to make further progress, we convert f; . into a quantity agnostic to the mode indices.

This is done by evaluating |f; ; — fi;| = Af;,, which is given by:

/ fllléT ‘32 _7;2|
Afl = 4.12
Ti="7 3 2 + 52 (#12)
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Figure 4.9: Characterizing the degeneracy breaking of doublets. (a) Mode frequency f;; versus
V1% + j2 for singletsi.e., i = j. Top panel: data (cyan squares), fit (dashed black line), middle (bottom)
panel: fit residuals (res.) versus y/i2 + j2 in frequency (relative) units. (b) Absolute non-degeneracy of
doublets A f/; vs /i + j2. Top panel: data (teal squares), fit (black circles connected by straight lines),

middle panel: fit residuals (res.) versus /42 + j2 in frequency units. Small residuals are highlighted
with a teal band and zoomed into in the bottom panel.

Notice that f{, and dr appear in a linearly dependent fashion in Eq. (4.12). However,
we can isolate them this time around. The resonance frequency of singlets i.e., i = j,
are independent of o7 (eqn. (4.11)), and thus can be fit to provide fi,;. We then fit the
absolute non-degeneracy of doublets to Eq. (4.12) with dr as a fit parameter and a fixed
value of f{; as obtained by analyzing the singlets. This analysis is illustrated in Fig. 4.9.
The fit to singlets provided f{, = 808172 + 82 Hz. The analysis of non-degeneracy of
the doublets used the above value of f{; and resulted in 67 = 0.00075 £ 0.00009. The

error in these parameters are the fit errors [236].
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4.4 Membrane in the middle of a Fabry-Perot cavity

In this section, we integrate the membrane with the optical cavity. We describe the
system design with the necessary alignment procedure, and then characterize the com-
bined system on two main fronts: the backaction of the membrane on the cavity and the

backaction of the cavity on the membrane.

4.4.1 Integrating the membrane with the Fabry-Perot cavity

In this section, we describe the integration of the membrane with the optical cavity. The
starting point of this exercise is a mode-matched bare optical cavity (>85% efficiency
for TEMg, mode), with appropriately aligned optics. The task at hand is to align the
membrane in the middle of the optical cavity, such that we have similarly a mode-matched

and well-aligned TEM, o cavity mode for the resulting system.

To accomplish this task, we once again fall back on the rich history of MIM systems
in the Harris lab. The author found Refs. [80, 207, 208] particularly useful as well as
those from Cindy Regal's group [216]. As discussed in Sec. 4.2.2, for a bare optical cavity
with our specifications, generically there exist a range accessible cavity axes. Aligning
the input laser beam to any one of these cavity axes would do the job. However, the
introduction of a third element (here, the membrane) places stringent requirements on
alignment. In particular, the membrane has to be interferometrically aligned to retrieve
the cavity modes [207, 216] and the cavity modes’ are interferometrically sensitive to the
membrane’s position along the cavity axis, and its tip and tilt angles [80, 208]. The steps
taken to introduce and align the membrane to the cavity and subsequently retrieve the
cavity modes are described below. Its mechanical design and the experimental setup are

illustrated in Fig. 4.10(a) and (b), respectively.

1. The membrane holder adapter (part () is connected to the cavity spacer (part (8)
via vented screws. Its recessed face on the front side is designed to be positioned in
the middle of the cavity (which is also the expected position of the cavity waist), up

to machining tolerance. The membrane (part (8)) epoxied to membrane holder (part
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Figure 4.10: MIM cavity design and membrane alignment. (a) Rendering of the MIM cavity design
(to scale) with its components highlighted in the exploded version. Many of the components are same
from Fig. 4.3(a). They are all identified in the legend (bottom-right), with the new additions highlighted
in bold. The connections between cavity spacer (5) and membrane holder adapter (6) are indicated with
dashed black arrows. Not shown: connecting screws and epoxy joints. (b) Schematic of the membrane
alignment setup, as an extension of the mode-matching setup (Fig. 4.4(a)). The membrane via the
membrane mount is attached to a kinematic mirror mount that allows for fine translation in x-direction,
tip and tilt degrees of freedom. All other optical elements and alignments are held fixed. Not shown:
translation stages used for coarse motion in x, y and z-direction.
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(@) is attached to a set of three translation stages' for coarse linear motion, and a
kinematic mount? with three manual actuators® for fine translation along x-direction,
and tip and tilt degrees of freedom. The kinematic mount actuators are specified with
a travel sensitivity of 0.56 um for a 1° turn. At the very end, the membrane holder

would be epoxied to the adapter.

2. The membrane is brought vertically above the bare optical cavity and approximately
at the x-position where we expect the waist of the cavity (midway between the two
CMs). The bare optical cavity supported on four optical posts is then temporarily
removed from the optical path, while the posts retain its position*. Subsequently, we

lower the membrane down to the optical axis (z-translation).

3. At this point, it is helpful to have an additional visible laser beam for alignment. We
used a He-Ne laser that was made collinear to the 1550 nm beam (up to a propagation
distance of ~10 m)®, and coarsely located the center® of the membrane (along y and
z) using a camera. We then tweaked the x-position, and tip and tilt angles via the
kinematic mount to retroreflect the 1550 nm light, such that the signal on PD2 was
maximized. This step is meant to improve the membrane’'s x-position to be closer
to the cavity waist and coarsely align the tip and tilt angles to be interferometrically
aligned to the cavity axis. Subsequently, we verified the centering of the membrane
by monitoring the transmitted 1550 nm light as detected on PD3. The transmitted
light is expected to be constant when the light is incident on the membrane and to
fall sharply at the edges. We approximated the center of the membrane being midway
between two edges, which matched with the result from the He-Ne beam alignment
exercise. The final positions of all translations, tip and tilt actuators were noted. The
x-position was then offset (towards CM1) by a known amount using the kinematic

mount. This is to ensure that the membrane holder does not run into anything when

ITHORLABS PT1

2Newport ULTIMA U100-AC3K

3Newport AJS127-0.5K

*An improvement for a future design may involve just the requisite number (three) of posts/points of
contact, with kinematic mounting to simplify optics alignment.

5This is roughly two-thirds the size of our lab, in the longer direction.

5The cavity mode centered on the membrane is a favorable location as deemed by simulations (Sec.
4.1.1).
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being lowered inside the optical cavity, in the following steps.

4. The membrane is then moved vertically up and away from the optical axis. The bare
optical cavity is brought back and its position manually adjusted to retrieve the cavity

mode!, with the same specifications as before.

5. The membrane is lowered again, this time inside the optical cavity, up to the vertical
position marked in step 3. Note that the x-position is currently offset from the cavity
waist. We finely tune the x-position of the holder (part @) towards the adapter (part
@) with extra care so as to not bump into any parts of the optical cavity. Once a
contact is made, we stop and back-off by ~1/8 of a turn to have some room for the

final alignment of the membrane.

6. Due to the stringent constraints of alignment as discussed above, it can be expected
to have no transmitted light from the MIM cavity without further fine-tuning. Regard-
less, we fine-tune the tip and tilt angle to obtain some transmission signal from the
TEMy, resonance (while scanning the cavity length via CM2). We verify its quality
by simultaneously monitoring the transmission signal on PD3 and the camera, while
tuning the x-position over a few microns. The optical properties of the MIM cavity
are expected to have a periodicity of half the laser wavelength (A = 1550 nm) and
here we use it as a diagnostic (a detailed study is carried out in Sec. 4.4.2). If the
membrane is tilted, TEM;, mode would hybridize with other modes in the direction
of tilt [208, 216] and is indicated by abrupt changes in the transmitted signal and its
image?. With subsequent tip and tilt fine-tuning it is possible to obtain a transmitted
beam whose profile is indistinguishable (by eye) from an un-hybridized TEM,, mode
for a range of x-tuning comparable to A. This step completes the final membrane

alignment.

7. The final task is to get the membrane holder back in contact with the adapter and
epoxy them together. As before, we tune the x-position with extreme care to get
some contact between the two parts. For possibly the only time, the backlash of

the actuators is helpful as it provides some small but helpful recess from the contact

1The exercise of flipping the cavity and retrieving cavity modes (Sec. 4.2.3.3) involved the same process.
2A curious reader is referred to Refs. [80, 208] for a detailed and exhaustive study of membrane’s
backaction on the cavity for the MIM system.
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point. We subsequently apply epoxy, in and around the recess from the contact point

and wait for a day for the epoxy to cure.

4.4.2 MIM characterization: Part |

In this section, we characterize the MIM system by measuring the membrane’s backaction

on the optical cavity.

The usual recipe to characterize the membrane’s backaction is by performing spec-
troscopy of cavity modes as a function of input laser detuning (Jf1,) and the membrane
displacement (dz,,) along the cavity (x) axis, while the cavity length (L.) stays fixed.
However for our system, the membrane's position is fixed, while the cavity mirrors’ (CM)
positions can be tuned using piezo. Since it is the relative displacement of the membrane
w.r.t. the cavity that detunes the cavity modes, an equivalent control knob to dx,, would

be to displace both cavity mirrors by equally while the membrane stays fixed.

Furthermore our laser's! fine frequency tuning range is restricted to ~3 GHz < 1 free-
spectral range (FSR ~21.5 GHz, Sec. 4.2.3.2). This necessitated other ways of tuning the
laser or using CM-s, in order to scan at least over two FSRs. With these considerations,

we settled on the scheme described below and is illustrated in Fig. 4.11(a).

1. Statically step the position of CM2 by applying discrete DC voltages to the corre-

sponding piezo.

2. Tune CM1 to scan L. over >2 FSRs and measure corresponding reflected and/or
transmitted signal. The tuning was done by sending a triangular voltage ramp (0-10-

0 V at 7 Hz) to the corresponding piezo.
3. Fixed parameters: laser wavelength (\) and membrane position (z,,)

4. A spectroscopy measurement comprised of setting a particular CM2 position, scanning

the cavity via CM1, and recording corresponding reflected and transmitted signals.

Fig. 4.11(b) shows the result of cavity spectroscopy as a function of CM1 and CM2

positions as a colormap. The entire measurement consisted of setting 151 distinct CM2

INKT Koheras Adjustik K82-152-23, with coarse frequency tuning range of ~50 GHz.
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Figure 4.11: Spectroscopy of MIM cavity. (a) Schematic of experimental setup. (b) Reflected signal
of the MIM cavity versus CM1 (via V) and CM2 (via V, pc) positions, plotted as a colormap. The cavity
modes are labeled and their images (inset) are shown. (c-f) Resonance location, linewidth (x), resonant
reflection (R) and resonant transmission (T) of cavity modes versus CM1 and CM2 positions, obtained
via fitting reflected signal (b), except for (f). To obtain (f), a separate dataset of transmitted signal
versus CM1 and CM2 positions was acquired. Red circles: TEMg o mode, blue circles: TEM,-0 n0
modes. Inset: images of cavity modes. Some notable locations are identified. Gray: TEMj, mode
undergoing avoided crossing with a higher order transverse cavity mode; teal: negligible linear coupling
between TEM o mode and the membrane, with minimum (maximum) R(T); orange: maximum linear
coupling between TEMj o mode and the membrane with small x and yellow: maximum linear coupling
between TEM, o mode and the membrane with large £ and maximum (minimum) R(T). For all these
measurements the laser wavelength A and membrane position (z,,) are nominally fixed.
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positions. We note that the measurement was carried out by maximally coupling into
the TEMy, mode. Further analysis of this data involved its fitting, to identify and
characterize various cavity resonances. They are illustrated in Figs. 4.11(c-f) which show
the resonance location, linewidth, normalized reflection and transmission as function of
CM1 and CM2 positions, respectively. The measurements highlight several well-known
optical properties of MIM systems [78-80, 208], most notably the periodic behavior of
various quantities. We also highlight some notable features of the spectroscopy such as
positions where the linear coupling coefficient is maximal or minimal, and of avoided-
crossings. While these features are already well-studied, Figs. 4.11(c-f) represents a
road-map for where the final mirror positions (or the static wavelength) should be set.

This road map is of utility for system debugging and nominal operation.

A key feature of our measurement scheme is the fact that two CM displacements
(0xomi, 0xcmz) are linear combinations of (41, 0x,,). This is seen by noting that a
relative change in CM positions is equivalent to tuning A, while the common translation
is equivalent to dx,, (as discussed before). This is highlighted in the fact that the cavity
resonances are sloping downwards in Fig. 4.11(b,c), with longitudinal cavity modes spaced
by an FSR in the perpendicular direction. To make this relation clear (to first order),
we isolate the longest contiguous TEMj  resonance locations and fit them to a straight
line, as in Fig. 4.12(a). The slope of the line identifies the angle between (zcy, Tome)
and (f1, x.,) planes. If the two piezos on CM-s produced the same displacement per unit
voltage, the angle is simply 45°. For our setup, the dissimilar piezo strokes result in an
angle of 42.6°, as given by the fit. Fig. 4.12(b) illustrates the same spectroscopy data
by rotating it counter-clockwise by the slope of the fitted line (i.e., by 42.6°). We then
use the fact that the optical properties of a MIM system are \/2 periodic and obtain an
estimated dx,,, while the bare cavity FSR provides an estimate of § fi,. This information
is sufficient to transform Fig. 4.12(b) to (c-top panel), which is a more traditional looking

cavity spectroscopy for a MIM system. We subsequently take the numerical derivative of
We

0T,

The estimated G is shown in the bottom panel of Fig. 4.12(c), and its maximum absolute

this data w.r.t. dz,, to obtain G = , where w, is the cavity resonance frequency.

value matches the theoretical expectation. We also note in passing that our MIM system

with a fixed membrane position and both movable mirrors isn't unique and similar systems
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Figure 4.12: Alternate views and analysis of MIM cavity spectroscopy. (a) Cavity resonances
versus CM1 and CM2 positions, same as 4.12(c). The longest contiguous TEM, ¢ resonance locations
are identified (bright-red circles) and fit to a straight line (dashed-black). The fit identifies the angle
between (Vi1, Vs pc) plane and (fL/Lc, %) plane. (b) Same as (a) but rotated counter-clockwise by
the slope of the fitted line in (a). (c) Top panel: Cavity resonance versus estimated fi, and estimated
Zy,. Bottom panel: estimated G for longest contiguous TEMj o resonance as in (a) versus estimated
Z. Note that the estimated G shows a pronounced linear trend, which may be resolved by updating
our analysis technique i.e., replace the linear fit in panel (a) with a quadratic fit. However, we do not
attempt such an analysis mainly because there are more precise ways to measure G via gg, as shown in
Sec. 4.4.3. For panels (a, b, c-top panel), bright red circles: longest contiguous TEMj ¢ resonances,
smaller red circles: other TEM o modes and blue circles: TEM,, 40 n0 modes.
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are used elsewhere [237-239)].

This concludes our characterization of the membrane’s backaction on the optical
cavity. As the work in this thesis is primarily focused on tuning membrane modes using
the TEMy, mode's backaction, we tune the CM positions and A to achieve the largest
value of G and small k (orange region of 4.11(c)). In particular, to reduce noise sources,
we disconnect the CM2 piezo (V2 pc = 0), and obtained large G and small xk at A =
1549.948 nm and CML1 position corresponding to Vi pc = 28.5 V, set directly on the
piezo driver and subsequently low pass filtered with 0.7 Hz bandwidth. For the rest of

this thesis, TEM;, mode is the cavity resonance of interest, unless specified otherwise.

4.4.3 MIM characterization: Part Il

In this section, we characterize the MIM system by measuring the optical cavity's dy-
namical backaction (DBA) on individual membrane modes, due to radiation pressure
[173, 175]. The radiation pressure backaction forms the basis of all the work described

in this thesis and its theoretical underpinnings appear in Sec. 2.3.

For this characterization, we parametrically tune the laser drive addressing the optical
cavity (thereby tuning DBA) and perform spectroscopy of the membrane modes. The
DBA is predicted to tune the mechanical mode's resonance frequency (optical-spring) and
damping rate (optical-damping). The laser drive is parametrized by two control knobs:
its power (P) and its detuning (A) from the cavity resonance. The contribution of each

control knob is described in Sec.2.3.

Here we characterize DBA for three distinct mechanical modes: (3,3), (5,2)! and
(5,3)1. For this measurement, the optical cavity is driven with the first control laser tone
(Sec. 4.6.1.2) with power P, = 17 uW while varying its detuning from cavity resonance,
Aq over a ~4x range. At each value of Ay, we perform a mechanical susceptibility mea-
surement for each mechanical mode, and fit it to a complex-Lorentzian to obtain the shift?
in resonance frequency (dw;) and the energy damping rate (v;). This characterization is

illustrated in Fig. 4.13.

1\We independently verified (Sec. C.3) that their nominally degenerate partners aren't readily tunable by
DBA with current system configuration.
2Shift measured from bare resonance frequency w;(?), i.e. in absence of DBA.
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Figure 4.13: DBA characterization. (a) Optical spectrum. Orange: cavity mode; red arrow: control
tone, its power Py and detuning A; from cavity resonance. The detuning (A) axis is to scale.
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Figure 4.13: DBA characterization. continued from previous page

(b) DBA characterization (3,3) mode. Left top (bottom) panel: modes’ damping (shift in frequency)
versus A1, and right panel: parametric plot of damping versus shift in frequency, black arrows indicate
the direction of increasing A;. For all panels, data: blue squares, fit to DBA: black curve. DBA
includes only radiation pressure for damping, while it includes both radiation pressure (dashed-orange)
and photothermal effect (dashed-blue) for shift in frequency. (c) Same as (b) but for (5,2) mode. (d)
Same as (b) but for (5,3) mode. For all measurements P; = 17 uW.

The values of (dw;, ;) can be conveniently fit to the expected radiation pressure DBA
with several system parameters as fit parameters. However, we observed an additional
source of spring shift that is linearly proportional to the number of intracavity photons
(ncay). We label this effect as photothermal and characterize it further in Sec. 4.4.3.1.
For the present characterization, the ~;(P;, A1) were fit to expected radiation pressure
DBA (further justification in Sec. 4.4.3.1) while the dw;(P;, A;) were fit to a sum of
radiation pressure and photothermal effect, which captures the data well. These fits used
(k, g1, Ai, A,) as fit parameters, where g; (A;) are the single-photon optomechanical
(photothermal) coupling rate for each mechanical mode and A, represents a detuning
offset of the control laser tone from the cavity resonance. We provide further details about
A, in Sec. 4.6.2.2, and for all subsequent discussions, A implicitly includes this offset as
Asctual = Dget +A. The values of all fit parameters are given in Table 4.3. Other system
parameters required for this analysis were known a-priori or independently characterized,
and are given as fixed parameters in Table 4.4. In Sec. 4.6.3, we demonstrate the

robustness and long-term stability of these fit and fixed parameters.

Similar measurements of DBA were performed for other membrane modes. In partic-
ular, we found that the triplet (7,1);(5,5);(1,7) had negligible optomechanical coupling.
We thus postponed replicating and expanding on Chapter 3 with this triplet. Instead,
we reverted back to experiments that involve two membrane modes, which are nominally
non-degenerate and in particular, we use the pairs consisting of (3,3), (5,2) and (3,3),

(5,3) modes for the work described in Chapters 5, 6 and 7.
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Parameter Best fit value Fit error
k/2m (MHz) 2.250 0.003
g1/2m (Hz) 4.416 0.003
g2/2m (Hz) 3.942 0.005
g3/2m (Hz) 2.676 0.008
Ay /27 (uHz) -3.176 0.009
Ay /21 (uHz) -3.955 0.010
As /27 (uHz) -3.732 0.010
A, /2m (kHz) -44 1

Table 4.3: Fit parameters of DBA characterization. For optomechanical (g) and photothermal (A)
coupling rates, the subscript denotes the mechanical mode: 1—(3,3), 2—(5,2), 3—(5,3). The fit errors

are reported as one standard deviation.

Parameter Value Source

A (nm) 1549.948 Laser controller

€ 0.85 Cavity spectroscopy

Kin/K 0.41 Cavity spectroscopy
w /2 (MHz) 2.423859 Bare Brownian
wo¥ /27 (MHz) 3.076347 Bare Brownian
w3 /27 (MHz) 3.331049 Bare Brownian
7@ /27 (Hz) 4.4 Bare Brownian
12 /27 (Hz) 17.3 Bare Brownian
73 /27 (Hz) 3.4 Bare Brownian

Table 4.4: Fixed parameters of DBA characterization. For bare resonance frequencies (w(®) and
energy damping rates (7(?)), the subscript denotes the mechanical mode: 1—(3,3), 2—(5,2), 3—(5,3).
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4.4.3.1 Characterization of photothermal effect

The additional spring shift observed in the previous section can be ascribed to heating
of the membrane by laser tones, and the corresponding change in its mechanical prop-
erties. In this section, we describe measurements that provide further insights into the

photothermal effect, verify its static features, and characterize its dynamical features.

We perform ringdown spectroscopy of the mechanical modes (3,3), (5,2) and (5,3) as
a function of n,,. For these measurements, n.,, is tuned by P; with fixed A; ~ 0. This
isolates the photothermal effect from radiation pressure, as the latter is expected to vanish
at A = 0. The timing sequence of the experiment is illustrated in Fig. 4.14(a). For time
t < 0, the mechanical drive and the control tone are on. This prepares the membrane's
modes in a coherent state with its frequency w; and damping rate ~; predicted by the
sum of radiation pressure and photothermal effect. At ¢ = 0, the mechanical drive and
the control tone are turned off, and ringdown begins. For ¢ > 0, the magnitude (|V])
and the frequency (dw)! of the corresponding heterodyne signal are shown in Fig. 4.14(b,
d, f) for modes (3,3), (5,2) and (5,3), respectively. If the photothermal effect were to be
zero, the magnitude and the frequency would be an exponentially decaying and constant
function of time, respectively. The exponentially decaying magnitude is characterized by
bare-damping rate, while the constant frequency is given by the difference between the
demodulation frequency compared to the bare resonance frequency. The measurements

highlight several intriguing features, and are described below.

Photothermal effect induced damping

|V'| appears to decay exponentially with no dependence on n.,, at ¢t = 0, as shown in the

top panel of Fig. 4.14(b,d,f). To further verify these observations, we fit these datasets

to \/(ae—%W)2 + b2, with (a,7;,b) as fit parameters, where a is the initial amplitude,
~; is the energy damping rate and b is a constant offset representing background due to
detection and thermal motion of the modes. The fits capture the data well, highlighting

a lack of additional transient behavior.

For a systematic comparison, we also measured bare ringdowns i.e., for P, = 0 in-

1Obtained by taking the time derivative of the phase of the heterodyne signal.
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Figure 4.14: Photothermal effect characterization. (a) The timing sequence of the experiment.
Top panel: the initial drive to the mechanical modes, Bottom panel: power (P;) of the control tone.
Ringdown begins when the mechanical drive is turned off at ¢ = 0. (b) Ringdown signal (V') versus
time (t) for (3,3) mode. Top panel: [V (t)|, bottom panel: dw(t) = 0;£V (t). Data: Thick gray to cyan
curves. They correspond to P; = {10, 13.5, 17, 20.5, 24} uW, respectively. Fit: Thin black curves. For
this measurement, A; /27 = -0.076 MHz. (c) Fit parameters versus P; for (3,3) mode. (Top panel)
squares: 0y = ¥ — Ybare and gray region: scatter in Ypare. (Middle panel) squares: dw,, black curve:
predicted dw, (not a fit) using system parameters in Table 4.3 and 4.4, dashed blue curve: photothermal
contribution to dw, and dashed orange curve: radiation pressure contribution to dw,. (Bottom panel)
squares: Tpi. (d, €) Same as (b, c), respectively but for (5,2) mode. (f, g) Same as (b, c), repectively
but (5,3) mode and A; /27 = -0.331 MHz.
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terleaved with P, # 0 measurements. The difference between fitted +; and bare ~; are
shown in the top panel of Fig. 4.14(c, e, g) for modes (3,3), (5,2) and (5,3), respectively,
and they lie within the bounds of scatter in bare 7; measurements. Here, the scatter is
quantified by one standard deviation of all bare 4; measurements. These results support
the conclusion that photothermal effect does not impact the damping at the current level

of measurements and data analysis.

Photothermal effect induced spring shift

The measurements of dw as shown in the bottom panel Fig. 4.14(b,d,f), suggests a
transient behavior of the photothermal effect on a few milliseconds time-scale!, with
a dependence on ng,, at t = 0. At large times, dw settles to a non-zero ~constant
value, which reflects the fact that we used predicted values of w; /27 as the demodulation
frequency for these ringdown measurements, while the mechanical mode’s frequency

settles to its bare value (i.e., in the absence of control tones), over time.

We fit these datasets to a phenomenological model given by dw,(1 — e_t/TPt) where
Ow, is the expected spring shift predicted by the sum of radiation pressure and photother-
mal effect and 7, is the photothermal time-scale. The fit captures the data reasonably
well. Fitted dw, is shown in the middle panel of Fig. 4.14(c, e, g) for modes (3,3), (5,2)
and (5,3), respectively, which shows a linear dependence on ng,y. Also shown are the
predicted values of dw; as the sum of radiation pressure and photothermal effect using
system parameters given in Tables 4.3 and 4.4 (i.e., not a fit). The fitted 7, are shown
in the bottom panel of Fig. 4.14(c, e, g) for modes (3,3), (5,2) and (5,3), respectively.
This time-scale is neither small (<0.1 ms) nor large (>1s), but the rather just the right
amount to unnecessarily interfere with our experiments involving the real time dynamics

(10-100 ms) of coupled mechanical modes.

While our phenomenological model captures the photothermal effect reasonably, we
are unable to pinpoint its origin. There are similar room-temperature MIM systems, for

example Ref. [240] (its Fig. 2), which shows purely radiation pressure effects. This leads to

1Added for clarity: Radiation pressure backaction also has a transient behavior, with a time-scale ~
1/k ~ 100 ns. However, it is much faster than the data sampling rate (here 3 kHz), and hence we are
insensitive to its transient.
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the hypothesis that ours is a special case. Going forward, the static photothermal spring
shift is incorporated in the full-system model used for theoretical predictions. However,

its dynamical aspect is a bane and appropriate steps are taken to circumvent it.
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4.5 Benchmarking a tunable non-Hermitian system

In this section, we describe several measurements that benchmark our system as a tunable
and robust platform to study non-Hermitian physics. We specifically focus on measure-
ments that set the stage for the work described in Chapters 5, 6 and 7. These mea-
surements include spectroscopy and real time dynamics of Floquet-coupled membrane
modes. We subsequently introduce one of the new control knobs that tunes the overall
dissipation of the membrane modes, and which single-handedly made the work in Chap-
ters 6 and 7 possible. Finally, we evaluate the robustness and long-term stability of our

system via spectroscopy near an EP;.

4.5.1 Characterizing Floquet-coupled membrane modes: Part |

In this section, we characterize Floquet-coupled membrane modes by performing spec-
troscopy as a function of statically tuned control parameters. As described in Chap-

ter 2 and elsewhere [61, 94], two nominally non-degenerate membrane modes (i.e.,

Vi2 4 j2 # vVm2 + n2 where (i, 7); (m,n) index the membrane modes) can be coupled
by driving the optical cavity with two laser tones whose relative detuning is compara-
ble to the modes’ frequency non-degeneracy. The laser tones' powers, relative detuning
and their common detuning from the cavity provide four independent control knobs to
tune DBA, thereby tuning the dynamical matrix (H) that governs the membrane modes'’

motion, its eigenvalues () and eigenvectors (u).

Here, we characterize the static properties of H via measurements of (A, u) for two
pairs of non-degenerate membrane modes: (1): (3,3) and (5,2) and (2): (3,3) and
(5,3), Floquet-coupled via two laser tone drives to the optical cavity. For each pair,
the corresponding laser tones are parameterized by their powers (P, P») and detunings
(A1, As) from the cavity resonance. The detunings are constrained by Egs. (4.13) and
(4.14) for pairs (1) and (2), respectively.

A =—wO 485 A=—w, @ +65+n (4.13)
Al = —wl(o) + 6, AQ = —wg(o) + 5 + 77 (414)
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Figure 4.15: Spectroscopy of Floquet-coupled (3,3) and (5.2) modes. (a) Optical spectrum.
Orange: cavity mode; vertical arrows: control tones. Each control tones' power and detuning are
indicated. The detuning (A) axis is to scale. (b) D(d,P) and E(J,P). For these measurements
P, = P, = P and /21 = -50 Hz. Left column: data, dashed rectangle and black square: control space
for Geometric phase measurements in Chapter 5; middle column: filtered data, black star: experimentally
predicted E P, location; right column: fit, black cross: theoretically predicted E P, location. First row:
|D| (units: (27 x Hz)?), second row: /D (units: radians), third row: |E| and fourth row: ZE (units:
radians).
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(b) Filtered data
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Figure 4.16: Spectroscopy of Floquet-coupled (3,3) and (5.3) modes. (a) Optical spectrum.
Orange: cavity mode; vertical arrows: control tones. Each control tones' power and detuning are
indicated. The detuning (A) axis is to scale. (b) D(d, P) and E(d, P). For these measurements P; =
P, = P and n/2m = -27.5 Hz. Left column: data, dashed rectangle and black symbols: control space for
Geometric phase measurements in Chapter 5; middle column: filtered data, black star: experimentally
predicted E P, location; right column: fit, black cross: theoretically predicted E P, location. First row:
|D| (units: (27 x Hz)?), second row: /D (units: radians), third row: |E| and fourth row: ZE (units:
radians).
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where w; @ w,(® and w3 denote the bare resonance frequency of (3,3), (5,2) and
(5,3) modes, respectively. 4 and 7 denote the common and relative detuning parameters.
As discussed in Chapter 2, qualitatively this arrangements provides a frame of reference
R where a pair of membrane modes originally separated by |w;® — w;(®)] in absence of
control tones and j € {2, 3}, are now effectively separated by ~ 7, and tuning the control

parameters provides tunable optical spring, optical damping and Floquet-coupling.

For these measurements, we statically tune control parameters (6, P, = P, = P)
on a 2D-sheet in a discretized manner, while holding 7 fixed. Fixing n fixes R, which
simplifies the interpretation of these measurements. For each point of such a 2D-sheet,

() and other at w;®

we measure two copies of the mechanical susceptibility: one at w;
for j € {2,3} and fit them to a sum of two complex Lorentzians plus a constant offset
(to account for background due to the mechanical drive). Constraints on this fit are
provided by the unordered complex eigenvalues (A, A_) and the complex eigenvector
parameter s15, where \; = w; —i7;/2; w;(7;) is the peak position (width) of the Lorentzian
corresponding to mode i € {+, —} and s;5 represents the constrained complex heights of
the four Lorentzians (two for each measurement). These parameters are converted into
order-agnostic quantities such as discriminant D = (A; — A\, —)?, trace T = Ay + A_
and the eigenvector indicator F = (2515 — 1)72. Figs. 4.15 and 4.16 (b - first column)
illustrate these measurements for mode pairs 1 and 2, respectively. These measurements
are subsequently analyzed to algorithmically identify the point at which the 2D-plane of
control parameters intersects the £P5 subspace i.e., the eigenvalues and the eigenvectors
become degenerate, and correspondingly, D and E vanish. We refer to this point of
intersection as E P,, which is located as a minima in |D| and |E| and a 27 winding in

/D and ZE. This analysis is illustrated in Figs. 4.15 and 4.16 (b - second column).

To put these measurements on a firm theoretical footing, we fit and compare them to
the optomechanical model in Chapter 2 with several system parameters as fit parameters.

This is done by observing that D and 7 are simple functions of H given by:
D =T?—4Det(H),T = Tr(H) (4.15)
where Det and Tr denote the determinant and trace of a matrix, and D is the discriminant
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of a matrix’s characteristic polynomial. Using the above relations, we fit the measured
D(P,¢) and T(P,¢) for mode pair 1 to obtain (k, g1, g2, A1, A2, Ag) and mode pair 2
modes to obtain (k, g1, g3, A1, A3, A¢). The fit parameters are listed in Table 4.5 and
the fits are illustrated in Figs. 4.15 and 4.16 (b - third column) for mode pairs 1 and 2,

respectively. A detailed examination of these fits is in Sec. C.4.

These and similar measurements over time highlight some key aspects: (1) We are
able to tune our system to and around E P, a precursor to the goal of tuning the system
in the Py subspace (Chapter 7). (2) The agreement with the optomechanical model
will allow us to predict the system'’s behavior when undergoing real time dynamics. In
particular, we emphasize that fits to such spectroscopy measurements provide the relevant
system parameters, which produce all theory curves and estimates shown in Chapters 5-7
(i.e., they are not fits). (3) While these spectroscopy measurements are not specifically
geared towards our original goal of replicating the results of Chapter 3 in a short amount
of time, we note that the measurements shown in Figs. 4.15 and 4.16 each took ~8
hours to acquire. A similarly sized dataset in the old system would have taken ~2.5 days

(at ~600 spectroscopy measurements/day).

4.5.2 Characterizing Floquet-coupled membrane modes: Part Il

In this section, we measure the real time dynamics of the Floquet-coupled membrane
modes. These measurements also test our strategy of simulating the system's real time
dynamical behavior a priori using the optomechanical model with the parameter values
given by fits to spectroscopy (see Sec. 4.5.1), and subsequently comparing them with
actual measurements. For these measurements, we used Floquet-coupled (3,3) and (5,2)
membrane modes, tuned by varying control parameters (6, P, = P, = P) in real time
around control loop C'L that encircles an E'P,, with a fixed starting point (s =0 = 1).
As in Sec. 4.5.1, we hold n fixed, which fixes R. We note that we chose the same
2D-plane of control parameters as in Fig. 4.15. The 2D control plane with the control

loop C'L, its starting point and the E'P, are illustrated in Fig. 4.17(a)

As a rule of thumb, prior to measuring any real time dynamics, we confirm the static

properties of C'L, such as the eigenvalues (A1, \2) along it. We perform spectroscopy as
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Figure 4.17: Static eigenvalue braiding of Floquet-coupled (3,3) and (5,2) modes. (a) The 2D
control space 0 X P. Cross: theoretically estimated E P, location, curve: the control loop that encircles
the E Py, square: starting and ending point of the loop indexed by s = 0 = 1, the arrow denotes the
direction of loop used for measuring the eigenvalue braid in (b). (b) Eigenvalue braid corresponding
to the control loop in (a). Data: orange (dark cyan) points for braid strand corresponding to A1 (A2),
theory prediction: black curve. s indexes the measurement of A along the control loop. As the control
loop encircles the EP,, the eigenvalue braid strands swap. For this measurement: P, = P, = P, /27
= -50 Hz and we used Floquet-coupled (3,3) and (5,2) modes.

in Sec. 4.5.1 by tuning (0, P, = P, = P) at 100 points along C'L in counter-clockwise
sense, and verify that the eigenvalue braid strands indeed swap, as expected for a control

loop encircling an EP,. This eigenvalue braid is illustrated in Fig. 4.17(b).

We now measure the effect of traversing C'L in real time, as a function of traversal
duration (or loop-time, T'), for various choices of initial state and direction of traversal
(or loop-direction). For these measurements, we apply a mechanical drive to initialize
in either ~ (1,0)" or ~ (0,1)T, corresponding to mode (D or (2) in R, respectively.
At time ¢t = 0, we stop the drive and vary the control parameters around CL in a
duration T, as illustrated in Fig. 4.5.2(a). The heterodyne signals for ¢ > T are fit
and analyzed by following the procedure outlined in Refs. [32, 61, 94, 188], a "Transfer
efficiency” is obtained as a function of T'. Transfer efficiency quantifies the fraction
of the energy transferred from mode (i) to @ at the end of C'L of duration 1. The
Transfer efficiency corresponding to two distinct initialization and two loop-directions as
function of T are illustrated in Fig. 4.18. Also illustrated are the no-free-parameter theory

prediction corresponding to these measurements. Their agreement validates our strategy.

We note in passing that the specific choice of C'L was chosen to simplify these
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Figure 4.18: Real time dynamics of Floquet-coupled (3,3) and (5,2) modes. (a) The timing
sequence of the experiment. Top panel: mechanical drive that prepares the initial state to either @
or (2), middle (bottom) panel: P(t) (6(t)). Arrow markers indicate loop direction. The loop duration
(0 <t <T)is yellow. (b) Transfer efficiency versus T' for counter-clockwise control loop direction.
Top (bottom) panel: Initial state is (1) ((2)), data: blue (red) squares, theory: blue (red) curve without
any fit parameters. Exemplary data points at nominally large T are highlighted, as (d) and (e). (c)
Same as (b) but with clockwise control loop direction. (d) Energy versus ¢: for counter-clockwise loop
direction, loop duration 7' = 22.4 ms and mode (1) as initial state. Data (theory prediction): blue (dark
blue) curve for mode (1), red (dark red) curve mode (2). The loop duration (0 < t < T) is yellow and
the LIA 95% settling time is gray. (e) Same as (d) but for mode (2) as initial state. (f) Same as (d)
but for clockwise control loop direction. (g) Same as (f) but for mode (2) as initial state. For this
measurement: P, = P, = P, nn/2m = -50 Hz and we used Floquet-coupled (3,3) and (5,2) modes.
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measurements. lts starting point being close to P ~ 0 enabled us to prepare the initial
state close to (1,0)" or (0,1)", simply with a sinusoidal mechanical drive at frequencies
w1 @ 4+ Re(Mi(s = 0)) and wy@ + Re(Ao(s = 0)), respectively!. Here w; o(¥) denote the
bare frequencies of (3,3) and (5,2), respectively. As we will see in Chapter 7, preparing

a desired initial state isn't as straightforward.

4.5.3 Introducing the blue-detuned control tone

All DBA measurements described until now have used only red-detuned control laser
tones, which result in DBA induced damping rate of 2> 27 x10 Hz, for all three mechan-
ical modes: (3,3), (5,2) and (5,3), for typical control parameters. This puts a practical
upper limit on the duration of control loops at ~50 ms (as in 4.5.2), before the me-
chanical modes’ coherent amplitude decays below the level of thermal fluctuations. With
appropriate analysis, we can still isolate coherent signals at the level of thermal fluctua-
tions, and are able to squeeze out extra ~10 ms of loop duration. However, given our
system parameters, several aspects of our work would be simplified if control loops could
access loop durations >100 ms (such as in Chapter 7). This necessitated reducing the

mechanical modes’ overall damping rate, more specifically for the least-damped mode.

A blue-detuned control tone results in DBA induced anti-damping [175], and if used
together with the red-detuned control tones, can provide the desired overall damping
rates. In order to characterize our system in presence of the blue-detuned control tone, we
performed spectroscopy of mechanical modes via ringdown measurements, as a function
of blue-detuned control tone's power (P;) and its detuning from cavity resonance (Ay),
while shining enough red-detuned laser tones to ensure that the system is damped overall.
We note some changes in spectroscopy compared to Sec. 4.5.1. Firstly, the switch from
driven susceptibility measurements to ringdowns was out of precaution, as we did not
want the mechanical drive tone and the blue-detuned tone to simultaneously co-exist
inside the cavity. Secondly, the photothermal transient (Sec. 4.4.3.1) is an unwanted
effect in ringdown measurements. It can be avoided by keeping the number of intracavity

photons constant - over a measurement sequence. This is achieved using another control

Indeed any such loop whose starting point has small DBA (i.e., small power or large detuning from the
cavity resonance) would provide such a simplification.
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Figure 4.19: Characterizing the blue-detuned control tone. (a) Optical spectrum. Orange: cavity
mode; vertical arrows: all control tones. Each control tones’ power and detuning are indicated. The
detuning (A) axis is to scale. (b) The timing sequence of spectroscopy measurements via ringdowns. Top
panel: the initial drive to the mechanical modes, Bottom panel: power of all control tones. Ringdown
begins when the mechanical drive is turned off at t = 0. (c) DBA verification for the blue detuned
control tone for (3,3) and (5,3) modes. Left (middle) panel: modes’ damping (shift in frequency)
versus Ay, and right panel: parametric plot of damping versus shift in frequency, black arrow indicates
the direction of increasing A4. For all panels, data: blue squares, fit to DBA: black curve. DBA
includes only radiation pressure for damping, while it includes both radiation pressure (dashed-orange)
and photothermal effect (dashed-blue) for shift in frequency. (d) D(d, P2). Left column: data; middle
column: filtered data, black star: experimentally predicted E P, location; right column: fit, black cross:
theoretically predicted EP, location. Top row: |D| (units: (27 x Hz)?), bottom row: /D (units:
radians).
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tone at a fixed red-detuning A, from the cavity resonance and tuning its power P

based on other control tones.

The control tones used for this characterization are shown in Fig. 4.19(a). Fig.
4.19(b) illustrates the timing sequence of a ringdown measurement. For time ¢ <0, the
mechanical drive is on along with the photothermal control tone (A, Pyt). At t =0,
the mechanical drive and the photothermal tone are turned off, simultaneously two red
(tone 1,2: (A2, P12)) and a blue (A4, P;) control tone are turned on and ringdown
begins. Here, A, are tethered together as in Sec. 4.5.1 via (WLQ(O),& n) to produce

Floquet coupling. For this arrangement, the value of P, is found by solving for:

ncav(Apt7 Ppt) - ncav(Ah Pl) + ncav(A27 P2) + ncav(A47 P4) (416)

where n,,, represents the intracavity photon number.

For these measurements, we used the (3,3) and (5,3) mechanical modes. Heterodyne
signals for ¢ > 0 are fit to the expected form (i.e. sum of two decaying sinusoids) to
extract the eigenvalues (\y) . Fitted AL are shown in Fig. 4.19(c) for control parameters:
P, =20 uW, P, =0, P, = 10 uW, A;/27 = -3.174 MHz and A4/27 is varied from
+3 to +5 MHz, in 50 steps. Fitting AL to the optomechanical model provides consistent
system parameters as in Sec. 4.4.3 and verifies the expected DBA of the blue-detuned
control tone (see Table 4.5). Subsequently, we performed spectroscopy over a 2D plane
of control parameters as shown in Fig. 4.19 similar to 4.5.1. While we are yet to furnish
a foolproof FE for ringdowns, we find Ay and corresponding D are more precise compared
to susceptibility measurements. For this sheet, P, = 30 uW, n/27 = -45 Hz, P, =
33.5 uW, Ay/27 = +3.5 MHz and (0, P,) were tuned on a 50x50 rectangular grid
with corners (-0.987 MHz, 7 uW) and (-0.1 MHz, 40 uW). The parameters obtained by
fitting this sheet are consistent with previous measurements, and are listed in Table 4.5.

A detailed view of the corresponding fit is provided in Sec. C.4.

This happens to be the very first instance of successfully tuning a MIM system with
a blue-detuned tone, in the Harris lab. While reduction of damping rates was the sole

focus, the blue-detuned tone opened unexplored avenues in the parameter space which

159



4.5. Benchmarking a tunable non-Hermitian system

Measurement as shown in:

Fit Parameter | Fig. 4.15 Fig.4.16 | Fig.4.19(c) | Fig.4.19(d)
k/2m (MHz) 238 £0.02 | 233 £0.02 | 2.19 £ 0.02 | 2.301 £ 0.002
g1/27 (Hz) 439 +£0.01 | 443 £0.01 | 419 £0.02 | 4519 £+ 0.003
g2/2m (Hz) 3.88 £+ 0.01 - - -
g3/2m (Hz) - 2.65 £0.01 | 235 £ 0.01 | 2.619 £+ 0.001
Ay /27 (uHz) | -2.57 £ 0.07 | -3.01 £ 0.06 | -5.75 + 0.16 | -3.55 £+ 0.01
Ay /21 (uHz) | -4.07 £+ 0.07 - - -

As /271 (uHz) - -3.63 £0.06 | 5.37 £0.10 | -4.35 £ 0.01
A, /27 (kHz) 37+ 3 -54 £ 2 -61 £ 7 -7 £05
Specifications
Floquet-coupled Yes Yes No Yes
Blue tone off off on on
Method S S R R
DAq speed-up 7.5x 7.5x 5x 5x

Table 4.5: Summary of spectroscopy measurements. For optomechanical (¢) and photothermal (A)
coupling rates, the subscript denotes the mechanical mode: 1—(3,3), 2—(5,2), 3—(5,3). The values of
the fit parameters are reported as fit value £ fit error reported as one standard deviation. For method,
'S denotes mechanical susceptibility measurements and 'R’ denotes ringdowns. Data acquisition (DAq)
speed-up is estimated by comparing total time elapsed for these measurements and estimated time for
the old system for the same dataset @ ~600 spectroscopy measurements/day.
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allowed us to uncover a qualitatively new phenomena as described in Chapter 6.

4.5.4 Evaluating system stability near an EP;

Robustness and long-term stability of our system and control parameters are key features
that enable the measurements in this thesis. Here we demonstrate a facet of these
features by performing spectroscopy on a 2D plane that intersects the degenerate (EP5)
subspace at a point (EP,), and tracking this E'P,, over a period time.

Spectroscopy was done via ringdown measurements of mechanical modes: (3,3) and
(5,3), over a sheet of 6 and P, = P, = P with fixed values of n/2m = —50 Hz and
blue-detuned tone's parameters: P, = 35 uW and A,/27 = +3.5 MHz. As in Sec.
4.5.3, ringdown measurements were fit to determine A, and subsequently converted to
D. The EP;, was located via ZD. Fig. 4.20 illustrates the result of several such sheets
that feature this E P, (inferred via filtered £ D), measured intermittently over a period
of 20 days!. Typically, two types of § x P sheets were measured: large range and large
step-size of (9, P) as in Fig. 4.20(a), for approximately locating the £ P, and small range
and small step-size of (J, P) as in Fig. 4.20(b, c), for precisely locating the EP,.

E P, locations for all sheets measured over 20 days are collated in Fig. 4.20(d). Its
(0, P) coordinate is consistently located within a step-size of (J, P) for the large (0, P)
range sheet. The error bars on E'P»(d, P) coordinates are given by the step-size of the
d X P sheet. Also shown are measured P, and P, (top panel) as black and dark-red
disks, respectively, which are virtually indistinguishable from each other, and from their

target values.

This result was a key step towards performing real time dynamics in £P5, as described
in Chapter 7. In particular, they indicated that our control parameters and system
parameters are robust and stable enough to reliably tune to a selected E'P,, over a
long period of time. In a later section (Sec. 7.3.1), we will revisit this subject again, while

performing measurements of real time dynamics in £P5, for over a long period of time.

March 11, 2024 - March 31, 2024
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Figure 4.20: Spectroscopy near EP, over time. (a) Filtered ZD(4, P) for the first large range
and step-size sheet. Dashed box: (§, P) range for small range and step-size sheet in (b). (b) Filtered
ZD(6, P) for the first small range and step-size sheet. (c) Filtered ZD(4, P) for the last small range
and step-size sheet. For each sheet shown in (a-c), the black star denotes the predicted EP; location.
(d) Predicted E P, location versus time. Top panel - Light Red square: set P, black disk: measured P,
dark-red disk: measured P,. Bottom panel - Orange squares . Light-yellow bars highlight the sheet
measurements in (a-c).
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4.6 System control and stabilization

In this section, we describe the optical and the electrical setups that are used to probe,
control and stabilize the experimental apparatus and its parameters. We then provide a
compilation of measurements that illustrate the robustness and long-term stability of the

system and the control parameters.

4.6.1 Optical and electrical setups

This section details the optical and electrical setups used for interrogating and controlling

the system.

4.6.1.1 Actuation and detection

The system is addressed using a single NKT laser operating at ~1550 nm. A portion
of the light from the laser is routed to the probe and the local-oscillator (LO) paths.
Here we describe how we generate and the tune the laser tones that drive and detect
the membrane motion, and lock it to the MIM cavity resonance. The schematic of the

optical and electrical setups are illustrated in Fig. 4.21.

Probe

The light in the probe path is frequency shifted by +83 MHz, using a polarization-
maintaining (PM) fiber acousto-optic modulator (AOM)!, driven by function generator
FG12. This tone (probe tone) is locked to the cavity resonance using the standard Pound-
Drevor-Hall (PDH) technique with frequency modulation (FM) sidebands at +£32.5 MHz.
The FM sidebands are created by driving an electro-optic modulator (EOM)? with the RF
output of a laser lock box*. Sec.4.6.2.2 provides additional details about PDH locking.

The probe tone is also intensity modulated at the membrane modes’ resonance fre-

quency (f.,). This is accomplished by amplitude-modulating (AM) the RF tone of FGI.

1Gooch and Housego FiberQ
°RIGOL DG4162
3THORLABS LN65S-FC
4Liquid Instruments Moku:Lab
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Figure 4.21: Optical and electrical setup l. (@) Setup to generate probe, lock, drive and LO tones.
ISO: isolator, VOA: variable optical attenuator, PD: photo-detector, Pl: proportional-integral, BS: beam
splitter, PBS: polarizing beam splitter, AOM: acousto-optic modulator, EOM: electro-optic modulator,
POL: polarizer, fPOL: free-space polarizer, FPS: fiber polarization controller, PM: power monitor, FG:
function generator, AM: amplitude modulation, BD: beam dump, CM: cavity mirror. Black lines:
electrical paths, colored lines: optical paths. Inset: Frequency space diagram showing optical tones
(vertical arrows) and MIM cavity resonance (filled mauve curve). Dark red: LO, orange: probe tone
and its AM sidebands (used to drive the membrane modes), red: probe tone's FM sidebands, used for
the PDH lock. (b) RF detection setup. AWG: arbitrary waveform generator, ADC: analog-to-digital
converter, PLL: phase locked loop. Black lines: electrical paths. Demodulated signals used in thesis:
Vi = Xoy + Y5, for Brownian measurements, Vi and Vo = X514 + ¢Y54 and ringdown measurements
and V; = X5 4 Y5 for driven susceptibility measurements.
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The modulation is sourced externally, from the output of a lock-in amplifier (LIA)! and
the modulation depth is set by the output amplitude of the LIA. It is this intensity mod-
ulation that modulates the radiation pressure inside the MIM cavity, which drives the

membranes modes and thus enabling susceptibility and ringdown measurements.

Low-frequency power fluctuations of all the tones in the probe path are stabilized by
monitoring their combined power and sending it to the input of a PID controller?, which

tunes an optical attenuator (VOA)? with a bandwidth (BW) <1 kHz.

Local oscillator (LO)

The light in this path is un-shifted from the laser frequency and serves as the local-
oscillator (LO) for the heterodyne measurement of the membrane's motion. Its low-
frequency power fluctuations are stabilized in the same way as the laser tones in the

probe path?.

The probe tone, along with its AM and FM sidebands, are combined with the LO
tone by matching and optimizing their polarization via fiber paddle tensioners®. The
combined beams are passed through an in-line polarizer(ILP)® to the slow-axis input of
the polarizing fiber beam splitter (PBS)’. The output of the PBS is sent through a
collimator®, which is mode-matched to the MIM cavity (Sec. 4.2.2).

Heterodyne detection

The reflected light from the cavity is routed to a free-space fast photo-detector (PD2)°
via a beam-splitter'® and a polarizer'!, which isolates the probe, its sidebands and LO

from other (control) laser tones. The electrical signal from PD2 is split, filtered, and sent

1Zurich Instruments HF2LI dev132

°New Focus LB10005

3STHORLABS V1550A

*However, for the LO, we tune a PM VOA (THORLABS V1550PA).
5THORLABS FPC032

STHORLABS ILP1550PM-APC

"THORLABS PFC1550A

8THORLABS CFC2A-C

9THORLABS PDA10CF, 150 MHz bandwidth
10THORLABS BS015

11) PNIR050-MP2
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into various detectors. Here we focus only on detecting the membrane motion.

Membrane motion at a frequency f,, imparts phase modulation sidebands on the
probe tone, at the same frequency f,,. The intensity beat-notes between the probe,
its motional phase modulation sidebands and the LO tone are detected by PD2, which
converts them to electrical signals at 83 MHz and 83 MHz % f,,!. These signals are
mixed down to 16.354 MHz and 16.354 MHz + f,, by mixing an RF tone at 99.354 MHz
produced by FG22. These signals are band-pass filtered and sent to the LIA input, where

two important tasks are undertaken.

1. One of the oscillators of the LIA is dedicated for a phase-locked-loop (PLL) procedure
which tracks the frequency fluctuations of the signal at 16.354 MHz. It is this step
that subsequently allows for phase sensitive detection of membrane motion. The PLL
has bandwidth of 0.5-1 kHz, and is accomplished seamlessly using the PLL tool of
the LIA. By construction, the PLL also tracks the 16.354 MHz part of 16.354 MHz
=+ f,n signals.

2. The signal corresponding to the membrane motion is isolated from the PLL-ed signals
at 16.354 MHz + f,,. This is accomplished by using the AM modulation option of the
LIA, which simultaneously and phase-coherently demodulates two signals oscillating
at fearrier = fumod, by setting feamrier = 16.354 MHz, and f..0qa = f. Here, we use
two additional oscillators of the LIA, that are phase-coherently tethered to the PLL

oscillator, above.

In this manner, we end up with two redundant in-phase and quadrature signals at
16.354 MHz +£f,, for membrane modes’ motion at f,,. For the work described in this
thesis, we use the signal at 16.354 MHz + f,,, (upper sideband: USB) for Brownian and
ringdown measurements, and the signal at 16.354 MHz — f,,, (lower sideband: LSB) for
susceptibility measurements. A thorough characterization of this detection scheme is

provided in Ref. [222], with additional details in the LIA user manual [241].

1Other beat-notes at f,, are filtered by a 40 MHz high-pass filter.
2Vaunix LMS-451D-13
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4.6.1.2 Tuning control parameters

In this section, we describe the generation and control of the laser tones that tune the
DBA parameters statically and in real time. The remaining portion of the laser light is
routed to the control path and subsequently tuned as described below. Its optical and

electrical setup is schematically illustrated in Fig. 4.22.

The light in the control path starts out with a power stabilization similar to the probe
and the LO tones. It is then polarization controlled with a fiber paddle tensioner and ILP
in series to optimize the input to a PM AOM!. The AOM is driven with individual RF tones
~80 MHz, which up-shifts the laser tones near the cavity resonance. In the final trim of
our experiments, we send four separate RF tones to the AOM via FG3, FG4, FG5 and FG6,
which correspond to control laser tones (A; (%), Py, 612(t)), (A2(2), Px(t)), (Apt, Pyt) and
(A4, Py), respectively. The first two tones are red-detuned w.r.t. the cavity resonance,
and specifically provide tunable Floquet-coupling between membrane modes (i,j) and
(m,n), by constraining their relative detuning |Ay — As| ~ 27| fi; — fmn|. These control
tones are amenable to static and real time tuning by phase, frequency and amplitude
modulating their RF signals with respective arbitrary waveform generators (AWG). The
third tone is located at a small red-detuning (-1 MHz < A, < 0) and is tuned statically
(i.e., DC tuning, and not in real time) to specifically circumvent photothermal transient
in experiments involving ringdowns. The last tone is blue-detuned w.r.t. the cavity and
is tuned statically to specifically reduce overall damping of the mechanical modes. For
all experiments involving ringdowns and measuring real time dynamics, the control tones

and the mechanical drive are logic-gated by a fast microwave switch?, toggled with a

TTL signal from AWGL.

These control tones are subsequently polarization-optimized with another pair of fiber
paddle tensioners and ILP in series, and sent to the fast-axis (second) input of the PBS,
and subsequently to the collimator. This allows the control tones to be nominally orthogo-
nal to the probe and LO tones, and address the orthogonal partner of the cavity resonance

we locked to. To the best of our abilities, we could not measure any birefringence-induced

1Gooch and Housego FiberQ
2Minicircuits ZASWA-2-50DRA+
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Figure 4.22: Optical and electrical setup Il. Setup to generate all four control tones: (Ay, Py, 612),
(Ag, Po), (Apt, Ppt) and (Ay, Py). LIA: lock-in amplifier. All other parts are described in Fig. 4.21.
Inset: Frequency space diagram showing all control tones (labeled vertical arrows) and MIM cavity
resonance (filled mauve curve).

Logicin

polarization splitting of the cavity modes via cavity spectroscopy or DBA measurements,
and we thus assume that both cavity modes are degenerate throughout this thesis. We
note that maintaining orthogonal polarization of control and probe+LO tones is of key

necessity as:

1. Polarization non-orthogonality of the probe and the control tones will produce un-
wanted intensity beat-notes between which may spuriously drive the membrane modes

in exactly the same way as amplitude modulating the probe tone.

2. Polarization non-orthogonality of the LO and the control tones prevents unwanted

intensity beat-notes between which contaminate the heterodyne signal.

While extra precautions were taken to address this issue, we had to resort to several
kludges® to get a less-compromised final result (i.e., with no detectable spurious driving

of membrane modes of interest and no detectable contamination of the heterodyne signal

!Notable ones include generically favoring small control powers, specifically avoiding detunings that
coincide with membrane mode resonances, and misaligning PD2 to empirically reduce overall levels
control and LO beat-note.
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at frequencies of interest). However, at the time of finishing the work described in this
thesis, we had not solved these issues completely. We anticipate that future technological

improvements in polarization sensitive fiber-optics would remedy these issues more simply.

4.6.2 Feedback and stabilization

In this section, we detail various feedback techniques used to stabilize the system and

control parameters.

4.6.2.1 Thermal stabilization

Thermal stability is a crucial aspect of our system. Several active and passive methods
are employed to thermally stabilize various parts of the experiment and are described

below.

The MIM cavity is actively stabilized by feedback via a TEC!, shown in Figs. 4.1
and 4.2, tuned by temperature controller>. This configuration is specified to provide
temperature stabilization of ~1 mK over a day. Typical temperature of the MIM cavity
is shown in Fig. 4.23(top panel), as read off by an independent thermistor® (shown in Fig.
4.2), and its performance is as expected. We note that this feedback uses proportional (P)
and differential (D) gains, and no integral (1) gain. We attribute this to the slow thermal
time-scales of the system. The system is further (passively) stabilized by three layers of
enclosures. The largest enclosure contains the entire experiment on the optical table and
an air-conditioner* is operated inside it, which reduces the impact of room-temperature
drifts. Our new lab is specified to be temperature stabilized to ~1 K. However, this

specification is not always met.

In addition to the MIM cavity, the polarization-sensitive fiber-optics are actively tem-
perature stabilized. Changes in temperature vary the stress in the fibers thereby changing
their birefringence and hence the polarization of the output light w.r.t. input polariza-

tion. Maintaining polarization of laser tones is crucial for our experiments and thus all

THORLABS TECL4
2THORLABS TED200C
3STHORLABS TH10K
*RolliBot COOL100H
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4.6. System control and stabilization

polarization-sensitive fiber-optics are installed on a common optical breadboard which is
actively stabilized and monitored, in the same manner as the MIM cavity and then en-
closed in an insulating box. The typical temperature of this optical breadboard is shown
in Fig. 4.23(second panel), for the same duration as the MIM cavity. All other optics are

enclosed in insulating boxes for passive thermal stabilization.

4.6.2.2 Laser frequency stabilization

We use the standard Pound-Drevor-Hall (PDH) technique [219] to lock the laser's fre-
quency to a cavity resonance. This is accomplished by using Moku:Lab and its “Laser-lock

box” module [220]. We briefly sketch the steps taken, below:

1. Frequency modulate the probe beam at frequency fi,ac = 32.5 MHz by driving the
EOM (RF drive amplitude: 1 V},;,), using output 2 of Moku:Lab (see Fig. 4.21(a)).

2. Detect the reflected signal of the MIM cavity at frequency fioac. This signal is ampli-
fied (or attenuated, as needed) and mixed-down to DC by Moku:Lab'’s internal local
oscillator (ILO). By adjusting the phase of ILO, the well-known PDH error-signal is
generated (see Fig.7 of Ref. [219]).

3. Set various locking parameters: lock bandwidth (here 1 kHz), lock set-point, propor-
tional (P) and integral (1) gains to generate the feedback signal. The lock set-point
directly translates to detuning the probe w.r.t. the cavity resonance (A) and is tuned
by applying a DC offset to the PDH error signal. We note that no differential (D) gain
was applied to the feedback signal as applying it produced no noticeable improvement

in the quality of the feedback.

4. Send the feedback signal from Moku:Lab output 1 to the piezo driver of the laser (see
Fig. 4.21(a)) for locking the laser to the MIM cavity.

The above feedback, along with temperature stabilization of the MIM cavity, has
resulted in locking the laser to the cavity for arbitrarily long times, with a nearly constant
probe detuning (panel four of Fig. 4.23), which translates to the robustness and reliability

of control tones’ detuning.
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4.6.2.3 Feedback and stabilization of control powers

Similar to control tones’ detuning, robustness and reliability of its power is crucial for the
measurements described in the thesis. For each control power Pjegreqa We wish to apply,

we perform three independent steps to achieve its stabilization, as described below.

1. The first layer of control power feedback utilizes the VOA and Pl-feedback circuit in
Fig. 4.22 to stabilize the laser power input to the control AOM portion of the optical

setup.

2. The second step ensures that we can reliably apply the first control tone {A; /27 =
— 3 MHz, P, = 10 uW}, as read by PD3 in Fig. 4.22. Appropriate steps are taken
to isolate the control power from the probe and the LO powers that are also being
simultaneously measured by PD3. The corresponding tap reading V. is compared to
Vo (Sec. C.5) to obtain T = Vo /V4. In the ideal scenario, T = 1, while any deviation
from it is taken as a proportional error. Subsequently all control powers that we wish

to apply are rescaled as TPjcsired-

3. The next step is to tap measure TPyegirea Using PD8 in Fig.4.22. The tap value P, 1 is
then utilized to obtain Py = TPdesired% and 0P = |(Paew — Paesired) / Pacsired|-
In the ideal scenario, T = 1, Pyew = P:lzz;:ed = Pip1 and 0P = 0. Note that
P,ew obtained by taking the deviation of P, 1 from TFicsired, proportionately. As a
hard limit we enforce |§P| < 0.5, beyond which the experiment is halted for manual
intervention. The final part of this step is to tap measure control powers corresponding

to Pew.

We have empirically found that this layered approach to control power stabilization
provides the desired precision and robustness. In particular, it solves a critical issue
that plagues our setup i.e., temperature fluctuations of the lab causing fluctuations in
polarization of light in optical fibers, which get translated to fluctuations in power. Fig.
4.23(bottom panel) illustrates this stabilization by way of tap measured P, alongside
Piesirea = 17 uW.
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4.6. System control and stabilization

4.6.3 Evaluating system stability via its parameters

In this section, we illustrate measurements of system and control parameters, performed
over ~1 month to benchmark the robustness and long-term stability of the new MIM sys-
tem. These measurements involved DBA characterizations® as in Sec. 4.4.3 and system
monitoring? as stop-gaps between other measurements. The timeline of these measure-
ments fully overlap with those described in Chapter 7 and their results are illustrated in

Figs. 4.23, 4.24 and 4.25 and listed in Table4.6.

These results highlight that the system is indeed robust and stable, and that ap-
propriate monitoring makes it possible to track the system parameters that drift over

time.

1September 08, 2024 - October 04, 2024
2Qctober 06, 2024 - October 07, 2024
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Parameter Value Sample size
w1© /27 (Hz) 2423438 + 7 30
wo /27 (Hz) 3075815 + 9 22
ws® /21 (Hz) 3330469 + 8 8
1 © /27 (Hz) 4.32 4 0.27 30
72 /27 (Hz) 16.50 + 0.16 22
730 /27 (Hz) 3.30 + 0.20 8
r/2m (MHz) 2.256 + 0.037 30

g1/27 (Hz) 4.896 + 0.018 30

g2/27 (Hz) 4.146 + 0.023 22

g3/2m (Hz) 2.751 + 0.006 8
Ay /27 (uHz) -2.804 + 0.109 30
Ay /27 (uHz) -3.804 + 0.028 22
Az /27 (uHz) -3.411 + 0.021 8
A,/2m (MHz) -0.060 + 0.006 30

Py (uW) 16.989 + 0.004 >1200

Table 4.6: System and control parameters measured over ~1 month. Fixed (w(®,~(®), fit
(ky9, A, Ap) and control (P;) parameters corresponding to DBA characterizations done for ~1 month,
alongside data acquisition of Chapter 7. Each value is reported as the mean + one standard deviation over
the sample size. For bare resonance frequencies, energy damping rates, single photon optomechanical
coupling and single photon photothermal coupling, the subscript denotes the mechanical mode: 1—(3,3),
2—(5,2), 3—(5,3).
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Figure 4.23: System and control parameters over time - part |. Panel 1 and 2: deviation in
cavity temperature (07¢) and in optical breadboard temperature (67,) that houses polarization sensitive
fiber optic components, measured during a stop-gap period for other measurements. Data: blue and
orange points, respectively. Panel 3 and 4: cavity linewidth (k) and probe detuning offset (Ag)
inferred from DBA characterizations as in Sec. 4.4.3. Fit values and their errors: red disks and gray
fences, respectively. Panel 5: Control power P; used for DBA characterizations. Target value: dark red
dashed line, measured value: dark red disks show mean of >40 individual measurements for every DBA
characterization with gray fences indicating their one standard deviation.
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Figure 4.24: System and control parameters over time - part Il. Panel 1: Deviation in bare

resonance frequency (df1) of (3,3) mode inferred from bare-ringdown measurements performed inter-
mittently for each DBA characterization. Blue squares indicated mean of 3 measurements every DBA
characterization and gray fences indicate one standard deviation. Panel 2: Same as Panel 1 but for
(5,2) mode, (0 f2). Panel 3: Same as Panel 1 but for (5,3) mode, (§f3). Panel 4: Bare energy damping
rate (1) of (3,3) mode inferred from bare-ringdown measurements performed intermittently for each
DBA characterization. Blue squares indicated mean of 3 measurements every DBA characterization and
gray fences indicate one standard deviation. Panel 5: Same as Panel 4 but for (5,2) mode, (72). Panel
6: Same as Panel 5 but for (5,3) mode, (73). For bare resonance frequencies (§f) and energy damping
rates (), the subscript denotes the mechanical mode: 1—(3,3), 2—(5,2), 3—(5,3).
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Figure 4.25: System and control parameters over time - part Ill. Panel 1. Optomechanical

coupling rate (g1) of (3,3) mode inferred from DBA characterizations. Fit values and their errors: blue
squares and gray fences, respectively. Panel 2: Same as Panel 1 but for (5,2) mode, (g2). Panel
3: Same as Panel 1 but for (5,3) mode, (g3). Panel 4: Photothermal coupling rate (A;) of (3,3)
mode inferred from DBA characterizations. Fit values and their errors: blue squares and gray fences,
respectively. Panel 5: Same as Panel 4 but for (5,2) mode, (A3). Panel 6: Same as Panel 5 but for
(5,3) mode, (A3). For Optomechanical (g) and Photothermal (A) coupling rates, the subscript denotes
the mechanical mode: 1—(3,3), 2—(5,2), 3—(5,3).
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Chapter 5

Complex geometric phase of
non-Hermitian systems

In this chapter, we describe experiments using the new MIM platform (Chapter 4) that
enable the measurement of the most general complex geometric phase ¢p of a non-
degenerate N = 2-mode non-Hermitian system comprised. These measurements are
made for arbitrary control paths in parameter space, using adiabatic protocols suitable
for non-Hermitian systems (Sec. 2.2). Since all the necessary ingredients are already
detailed in Chapters 2 and 4, we waste no time to assemble them, and jump directly
into a discussion about measuring ¢ (Sec. 5.1). We then demonstrate the geometric
character of ¢ by: (@) varying the manner in which we traverse a control path (Sec.
5.2.1), (b) varying the shape of the control path (Sec.5.2.2), and (c) repeating a control
path multiple times (Sec. 5.2.3). The imaginary part of complex ¢p is well-defined for
open control paths (i.e. for control non-loops) and we experimentally demonstrate it in
Sec.5.3. In Sec. 5.4, we shed more light on adiabatic evolution in non-Hermitian systems
via measurements and numerical simulations. These insights are possibly beyond the
purview of the non-Hermitian adiabatic theorem [11, 88]. Additional technical details for

these measurements and their analyses are given in D.
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5.1. Measuring ¢p

5.1 Measuring ¢p

In this section, we describe our protocol for measuring the geometric phase ¢p. To
focus the discussion, we consider a system of two mechanical oscillators: the (3,3) and
the (5,3) mode of the membrane (Sec. 4.3) that are tunably coupled to each other via
optomechanical interactions with the optical cavity (Sec. 4.4.3), which is driven by several
control laser tones (Sec. 4.6.1.2). Specifically, we tune the system in real time along a
specific control path for duration T’, and perform various measurements to determine ¢p.
The membrane modes’ bare eigenvalues (i.e., in the absence of any optomechanical effects
due to the control laser tones) are: )\go) = wf” - ivfo)/Q = 27 x (2,423,969 — 1.8i) Hz
and A = wl” — i7" /2 = 27 x (3,331,064 — 1.74) Hz.

The protocol begins with a suitable choice of a control path. It is realized by control
parameters X = {Py, Py,0,m, 612}, where P, 5, § and 7 are the individual powers, com-
mon and differential detuning of two red-detuned (w.r.t. optical cavity resonance) laser
tones. They provide tunable optical spring, optical damping and Floquet-coupling (Sec.
2.3.2) for the membrane modes. The detuning of each tone from the optical cavity reso-
nance is given in Eq. (4.14). 60,5 is the phase of the intracavity intensity beat-note of the
two red-detuned laser tones. In a frame rotating with the beat-note, the non-Hermitian
dynamical matrix H (Eq. (2.81)) that governs the motion of the membrane modes (Eq.
(2.80)), depends on time solely via X (¢).

For these measurements, we chose a “simple” control loop (see Sec. 2.2.3.1). This
is accomplished by holding the parameters { P, P, d,n} fixed, while varying 612 = 27s
with 0 < s = t/T < 1, in real time. This is a loop because 65 is defined modulo
om, such that X(t = 0) = X (¢t = T). Furthermore, this choice of loop satisfies the
requirements for adiabatic evolution for non-Hermitian systems. Specifically for this
control loop, (@) the eigensystem remains strictly non-degenerate throughout this control
loop (if it were so at the starting point of the control loop), and (b) there exists a
unique least-dissipative eigenvector throughout this control loop that is amenable to
adiabatic evolution [11, 88] in the large-T" limit. This is accomplished simply by choosing
{Py, P5,d,n} such that the system is non-degenerate and recalling that the system'’s
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Figure 5.1: Preparation of the initial state vector (®)(0), and its evolution to &(®)(T) along
a control loop. First column: measurements for ¢(*)(0) i.e, with no control loop. Second column:
measurements for &(®)(T') for a “simple” control loop in “forward” direction. Third column: measure-
ments for &(®)(T) for a “simple” control loop in “backward” direction. For all columns, gray curves:
a schematic of the driving force applied to the membrane, which is switched off at ¢ = 0. Orange
curve in second column: a plot of the beat-note phase 612(t), for the control loop in the “forward”
direction. Blue curve in second column: a plot of the beat-note phase 615(t), for the control loop in the
“backward” direction. Solid green, red, dark-orange and dark-blue curves: the magnitude, the phase,
the in-phase and the quadrature part of the heterodyne signal, respectively and for measurements shown
in each column. Corresponding to each measurement, the solid white curve is a fit to the evolution at
constant H (see Sec. D.2). For this measurement, we used the (3,3) and the (5,3) membrane modes
with other control parameters: Py o = P = 23.45 uW,§/2m = —0.989 MHz, /2w = —50 Hz for the
red-detuned laser tones and Py = 25 uW, A, /27 = +3.5 MHz for the blue-detuned laser tone.

eigenvalues are independent of 6,5 (Secs.2.3.2 and Eq. (2.17)). For these measurements,
Py =P = 2345 uW,6/2r = —0.989 MHz,n/2r = —50 Hz. Additionally for this
particular measurement, we apply a blue-detuned control tone during the control loop
with its power P, = 25 uW and detuning from cavity resonance A,;/2m = +3.5 MHz,

to reduce damping of the membrane modes (see Sec.5.2.3).

To measure the geometric phase associated with a control loop, we determine the
propagator matrix U(T') that fully characterizes the modes’ evolution during the loop
(Sec. D.3). The procedure is sketched in Figs. 5.1 and 5.2, with corresponding data in
Figs. 5.3 and 5.4. In the first step, the membrane is driven at frequency wy ~ wgo) <w§0))
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Figure 5.2: Preparation of the initial state vector &(®)(0), and its evolution to & (T) along
a control loop. First column: measurements for ¢(*)(0) i.e, with no control loop. Second column:
measurements for &(%)(T) for a “simple” control loop in “forward” direction. Third column: measure-
ments for &(®)(T") for a “simple” control loop in “backward” direction. For all columns, gray curves:
a schematic of the driving force applied to the membrane, which is switched off at ¢ = 0. Orange
curve in second column: a plot of the beat-note phase 612(t), for the control loop in the “forward”
direction. Blue curve in second column: a plot of the beat-note phase 615(t), for the control loop in the
“backward” direction. Solid green, red, dark-orange and dark-blue curves: the magnitude, the phase,
the in-phase and the quadrature part of the heterodyne signal, respectively and for measurements shown
in each column. Corresponding to each measurement, the solid white curve is a fit to the evolution at
constant H (see Sec. D.2). For this measurement, we used the same membrane modes and the same
other control parameters as in Fig. 5.1.

until it reaches its steady state ¢ (0) (¢?)(0)). The drive is then turned off at ¢t = 0
and the subsequent motion of the membrane is recorded and fit (Sec. D.1) to determine
c@(0) (¢®(0)). This is illustrated in the first column of Figs. 5.1 and 5.2 for ¢(*(0) and
c®)(0), respectively. In the second step, the membrane is initialized in the same way, but
immediately after the drive is turned off (at ¢ = 0), the control parameters { Py, P»,d,n}
are dialed to their respective fixed values and turned on, while a time-dependent phase
shift is applied to one of the laser tones such that 015(t) = 27t /T. Fort > T, 05 is held
constant at 2m. The subsequent motion of the membrane is recorded and fit (Sec. D.1)

to determine ¢(@ (T') (¢ (T)). This is illustrated in the second column of Figs. 5.1 and
5.2 for &@(T) and ¢®(T), respectively.
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Figure 5.3: Measurement of the propagator matrix U (T'). (a) The beat-note phase 615(¢), for a
“simple” control loop in the “forward” direction. (b) The beat-note phase 615(t), for the “simple” control
loop in the “backward” direction. (c) Magnitude of each element of the propagator U versus the loop
duration T for control loop in “forward” direction. (d) Magnitude of each element of the propagator
U versus the loop duration T' for control loop in “backward” direction.
each element of the propagator U versus the loop duration T' for control loop in “forward” direction.
(f) Argument of each element of the propagator U versus the loop duration T for control loop in
“backward” direction. In each panel, symbols represent data while solid curves represent the no-free-
parameter theory prediction. For this measurement, we used the same membrane modes and the same

other control parameters as in Figs. 5.1 and 5.2.
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5.1. Measuring ¢p

For a particular control Ioop duration Ty, the set of initial states {¢(®(0),¢®(0)}
and final states {¢(@(Ty),c® (Ty)} together determine U(Tp) (Sec. D.1). We repeat
the above sequence of measurements as a function of 7" to obtain U(T). Fig. 5.3(c,e)
shows the complex-valued U(T'), where each panel represents an element of U expressed
in the basis of V.. the least-dissipative eigenvector and the more-dissipative eigenmode
of H(0), respectively*. Additionally, the system's overall damping is evident in the decay

of all four elements of U with increasing 7.

For large T', U, . dominates the other elements of U, reflecting the fact that for a non-
Hermitian system the adiabatic theorem applies only to a state if it is the least-dissipative
eigenmode of H throughout the control loop [11, 88]. A given control loop possesses
such a state if it does not cross a “gain/loss boundary” i.e., where Im(A\;) = Im(\_).
This condition is met by the control loop under investigation here, and all other control
loops discussed in this Chapter and in Chapter 6. At large T', for the least-dissipative
state, the complex phase ¢(T") defined via U, (T) = e~**") is predicted to be

O(T) = oT = fp + 1 + 45 + . (5.1)

where the ¢; are the complex constants (Sec. A.3.1 and Refs. [11, 27, 88]). The first term
of Eq. (5.1): ¢pT = ¢p is the well-known linear dynamical phase. For a “simple” control
loop, qp = A4, while for “non-simple” control loops qp = fol Ay (s)ds. In practice, Eq.
(5.1) is expected to hold when the adiabaticity condition T' = T, is satisfied, where T,q

is the largest value of 1/|A,(s) — A_(s)], with 0 < s <1 (i.e., along a control loop).

Fig. 5.4(b) shows ¢(T") as determined from U, (7). For large T, the phase of
the motion evolves roughly linearly with 7" as shown in Re(¢) (upper panel), while the
amplitude of the motion decays roughly exponentially with 7" as shown in Im(¢) (lower

panel). Both reflect the fact that ¢ dominates ¢(T") for large T'.

To empirically isolate ¢, we also perform measurements for a control loop that is
identical to the one described above except that 6,5(t) = —27t/T. Loosely speaking,
this corresponds to traversing the same loop in the opposite sense; however, formally

these loops are inequivalent. For simplicity of notation, we denote the control loop for

1Specifically, ¥ are the right eigenvectors of H(0) and it is implied throughout this chapter.
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Figure 5.4: Measurement of 3(T). (a) The beat-note phase #;2(¢). Orange and blue curves:
“simple” control loop in “forward” and “backward” direction, respectively. (b) ¢ = i Log(U4 ) versus
the loop duration T'. Orange and blue symbols: data corresponding to control loop in “forward” and
“backward” direction, respectively. Corresponding solid lines represent the no-free-parameter theory
prediction. Top panel: Re(¢(T)) and bottom panel: Im(¢(T)). (c) 8 = (¢, — ¢cy)/2 versus the loop
duration T'. Data are shown as red symbols, while the solid black curve represents the no-free-parameter
theory prediction of 8(T'). Dashed line represents no-free-parameter theory prediction of ¢ 5. Top panel:
Re(B(T)) and Re(¢pp). Bottom panel: Im(B(T")) and Im(¢p). (d) Parametric plot 3(T"). Data are
shown as red symbols, while the solid black curve represents the no-free-parameter theory prediction of
B(T). Red star: estimated value of ¢ (see Sec. D.4) Black disk: no-free-parameter theory prediction of
¢p. For this measurement, we used the same membrane modes and the same other control parameters
as in Figs.5.1-5.3.

183



5.1. Measuring ¢p

which 6,(t) = 2mt/T with C and label it as the control loop in the “forward” direction.
The control loop for which 612(t) = —2nt/T, we denote it with C, and label it as the
control loop in the “backward” direction. For a pair of such loops, the odd-order terms
in Eq. (5.1), i.e.,, T,1/T are identical (e.g., gp.» = qp,» and ¢15 = q1.») while the
even-order terms in 7',1/T differ by a sign (e.g, ¢p.s = —¢pr, and ga 5 = —@a,)). See
also Secs. A.3.1 and D.4. The measurement protocol and the ringdowns that determine
the state vectors ¢(®)(T) and &) (T') at the end of C.,, are illustrated in the third column
of Figs.5.1 and 5.2, respectively. Fig.5.3(d,f) shows the measured U, (7).

Consistent with the prediction of Eq. (5.1) for C and C., respectively, ¢(T") and
¢o,(T') show similar trends at large T" but are clearly offset from each other (Fig. 5.4(b)).
This is explicitly demonstrated in Fig. 5.4(c) which shows 3(T") = (¢ (T) — ¢(T))/2,
and approaches ¢p 5, the complex geometric phase of Cs, for large T'. All of these
measurements shown in Figs. 5.3 and 5.4 are well-corroborated with no-free-parameter
theory predictions, which are shown as solid and dashed curves. Finally, Fig. 5.4(d) shows
the estimated value of ¢ 5 » = ¢ (our convention herein) estimated from measured 3(T'):
red star (see Sec. D.4), which agrees well with the no-free-parameter theory prediction
of ¢p: black disk. This concludes our discussion of measuring ¢ for a particular pair of

control loops: Cs (, and all subsequent measurements of ¢p are subject to this protocol.
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5.2. Geometric character of ¢pp

5.2 Geometric character of ¢p

In this section, we describe measurements that demonstrate the geometric character ¢p.
These include measurements where we: (@) vary the manner in which we traverse a
control path (Sec. 5.2.1), (b) vary the shape of the control path (Sec. 5.2.2), and (c)
repeat a control path multiple times (Sec. 5.2.3).

5.2.1 Part I: Varying the manner of control path traversal

In order to vary the manner in which we traverse a control path, we apply a minor

modification to the “simple” control loop, as given below:
1. Similar to “simple” control loops, hold control parameters {P;, P, 6,71} fixed.

2. Contrary to “simple” control loops, vary the beat-note phase 015(t) with a different

functional form i.e., not a linear ramp 615(t) = +2nt/T.

Intuitively, such loops correspond to rigidly rotating the two three-vectors Bge m once
around the z-axis but at a variable rate (See Sec. 2.2.3.1), contrary to the “simple”
control loop which has a constant rate of rotation. For these measurements, we chose

five functional forms of 0;,(t) that vary from 0 to +27, as 0 < ¢ < T*
(a) O12(t) = £27(t/T)?
(b) 615(t) = +27/t/T
(c) 012(t) = £27Sin(nt/2T)
(d) 612(t) = £27 (6(t/T)° — 15(t/T)* + 10(t/T)?)
(€) 612(t) = 27 (t/T + Sin(xt/T)?/4)

These functions are shown in the first column of the corresponding panels in Fig. 5.5(a-¢),
alongside the linear ramp for the “simple” control loop. Measurements of 5(T") and ¢p
were carried out in the same manner as described in Secs. 5.1 and D.1. These mea-
surements used the (3,3) and the (5,3) membrane modes with other control parameters:

Py, =P = 21uW,§/2r = —1.6 MHz,n/2 = —27.5 Hz. The measurements are
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parameterization parameterization

Figure 5.5: Geometric character of ¢p - part |. (a-e) First column: solid curves show the five 015(t)
described in Sec.5.2.1. For comparison, the dashed gray line shows the “linear ramp" 612(t) = £27t/T
constituting a pair of “simple” control loops. Second column: Colored disks show measured Re(3(T)) for
the corresponding 615(t), along with the no-free-parameter theory prediction shown as solid curves. The
dashed line shows the no-free-parameter theory prediction of Re(¢5). For comparison, the corresponding
results for the linear ramp are shown as gray disks for data and gray solid curve for the no-free-parameter
theory prediction. Third column: same as the second column, but showing Im(3(T")) and Im(¢ ). (f)
The real (left) and the imaginary (right) components of ¢, extracted via asymptote analysis of 3(T")
for each 012(¢) (Sec. D.4). The horizontal axis indicates various 12(t). Dashed line: no-free-parameter
theory prediction of Re(¢p). For these measurements, we used the (3,3) and the (5,3) membrane modes
with other control parameters: P o = P = 21 uW,d/2r = —1.6 MHz,7/2 = —27.5 Hz.
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5.2. Geometric character of ¢pp

illustrated in the second and the third columns of Fig. 5.5(a-e) and Fig. 5.5(f).
These measurements demonstrate that:

1. The manner in which 3 evolves as function of loop duration 71" and approaches ¢,
does depend on the functional form of #15(t). This is shown in the second and the

third columns of Fig. 5.5(a-¢).

2. ¢p is predicted to be independent of 015(t). This is shown explicitly in Fig. 5.5(f),
which plots the estimated ¢p via asymptote analysis of 3(T") (Sec. D.4). The no-
free-parameter theory prediction of ¢p is plotted along with the measurements, and

they match favorably.

This exercise demonstrates of one of the key features of geometric phase: it is determined
entirely by the shape of the control loop (here, it is determined by the fixed values of
{Py, P5,0,n} and 0 < 6015 < 27), and does not depend on the manner in which the

control loop is traversed (here, it is the time-dependence of 6;5).

5.2.2 Part ll: Varying the shape of the control path

To study the effect of the shape of a control loop, we consider two examples below.
The first example (Sec. 5.2.2.1) continues with “simple” control loops where we use
the same 615(t) = £27t/T but with different values of the other control parameters:
{P1, P»,0,m, Py, Ay}. Intuitively, this amounts to using Bge 1, with different lengths and
orientations, while continuing to rotate them around the z-axis at a constant rate. The
second example (Sec. 5.2.2) represents a more general set of control loops as illustrated
in Fig. 2.6(a) where its time dependence is encoded in additional control parameters (i.e.,

beyond 62(1)).

5.2.2.1 *“Simple” control loops

For these measurements, we systematically varied control parameters: {P;, P, 0,1} and
employed two distinct pairs of membrane modes: (3,3); (5,3) and (3,3); (5,2) to study a
wide range of “simple” control loop shapes. Measurements of 5(7") and ¢p were carried

out in the same manner as described in Secs. 5.1 and D.1. Some exemplary measurements
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Figure 5.6: Geometric character of ¢ - part I1A. (a) Parametric plot of 3(T") and ¢p corresponding
to a variety of “simple” control loops. Data nearest to origin corresponds to 1" = 0. Points: data for
B(T), curves: no-free-parameter theory estimate of 5(T) (solid for the range of T' corresponding to data;
dashed for T beyond the measured range), stars: estimated ¢p via asymptote analysis of measured 3(T")
(Sec. D.4), disks: no-free-parameter theory estimate of ¢. For these measurements, we used the (3,3)
and the (5,2) membrane modes, with other control parameters: §/2m = —1 MHz,n/2r = —50 Hz
and P;» = P = (10, 12,5, 15, 17.5, 20)uW (gray,....,red). (b) Same as (a) except, data nearest
to origin and {m,0} correspond to T' = 0, 6/2r = —0.75 MHz,n/2r = —20 Hz and P, = P =
(5, 7.5, 10, 12,5, 15, 17.5)uW (gray,....,red). (c) Same as (a) except §/27 = —0.75 MHz, /27 =
—90 Hz and P, = P = (10, 12,5, 15, 17.5, 20)uW (gray,....,red). (d) Same as (a) except we used
the (3,3) and the (5,3) membrane modes, data nearest to origin and {m,0} correspond to T' = 0,
§/2r = —1.4 MHz,7/2r = —27.5Hz and P, = P = (10, 12,5, 15, 17.5, 20, 22.5, 25, 27.5)uW
(gray,....,red).
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Figure 5.7: Geometric character of ¢ - part IIB. For all panels: the left column labeled 'Data’
shows the estimated value of ¢ via asymptote analysis of 5(T") (Sec. D.4), measured for several “simple”
control loops. They are shown as a color scale and as a function of {P; 2 = P,0}. The corresponding
right column labeled 'Theory' shows no-free-parameter theory prediction of ¢p. Top (bottom) row
shows real (imaginary) part of ¢5. All panels follow the same color scale as indicated at the top. For
panels (a-c), (3,3) and (5,2) membrane modes were used. For panel (d), (3,3) and (5,3) membrane
modes were used. Control parameter 1/27 is —50 Hz for (@), —20 Hz for (b), —90 Hz for (c) and
—27.5 Hz for (d). We note that for panels (b) and (c), ¢ is almost exclusively real and imaginary,
respectively.
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5.2. Geometric character of ¢pp

of B(T') and corresponding ¢ via asymptote analysis (Sec. D.4) are shown as polar plots
in Fig. 5.6. For these measurements, we varied P; at a fixed value of {d,7}. The no-
free-parameter theory prediction of 3(7T') and ¢p are shown alongside, and they match
favorably with the measurements. Fig. 5.7(left column labeled as 'Data’ in each panel)
shows ¢p estimated from [(T') over a wider range of {P,d} with four choices of 7,
and for two distinct pairs of membrane modes. The right column labeled as "Theory’
shows the no-free-parameter theory estimates and they are in good agreement with the

measured values.

5.2.2.2 *“Non-Simple” control loops

In this section we describe measurements that use “non-simple” control loops, by which
we mean loops that involve varying the control tones’ powers and detunings (in addition
to their beat-note phase 6;5). For this study, we consider three distinct family of control
loops which can be parameterized as: X(s) = (P, Ps(s),8(s),n,612(s)). They are

defined as follows:

Control loop family (i)

Xi(s) = (Pl, P,y + P, ;Sin(27s), (50 _5 51) + (50 ; 61) Cos(2ms),n, 27?5)

where s = +t/T,t € [0,7], and the control parameters are: P, = 15 uW,n/21 =
—50 Hz, P,y = 15 uW, Py = 5 uW,dp/2m = —1.5 MHz and ¢, is varied as {—1.5,
—1.25, —1, —0.75, —0.5, —0.25} MHz. Membrane modes (3,3) and (5,2) were employed

for these measurements.

Control loop family (ii)

> do+ 6 dp— 90

Xo(s) = (Pl,Pz,o—i—Pg,lSin(%rs), ( O;— 1)+< 0 5 1) Cos(27s),n, 012.m Sin(ﬂ3)2)
where s = +t/T,t € [0,7], and the control parameters are: P, = 15 uW,n/27 =
—50 HZ, ngo = 15 }LW, Pg,l =5 HW, 60/271' =-15 MHZ,51 = —0.25 MHz and 012,m
is varied as {0,27/5,47/5,67/5,87/5,2w}. Membrane modes (3,3) and (5,2) were

employed for these measurements. These control loops differ qualitatively from all others
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5.2. Geometric character of ¢pp

Figure 5.8: Geometric character of ¢ - part IIC. (a) Control loops from family (i) (Sec.5.2.2.2),
plotted in the 3D space of the parameters Ps,d,6012. The solid lines are the actual loop, and the dashed
lines show the loop projected onto the (Ps, d) plane. Black dots are the start/stop point. (b) 5(T) and
¢ for loops in (a). Points: data for 3(T), curves: no-free-parameter theory estimate of 3(7T') (solid for
the range of T' corresponding to data; dashed for T' beyond the measured range), solid stars: estimated
¢p via asymptote analysis of measured 3(T") (Sec. D.4), open stars: no-free-parameter theory estimate
of ¢p. The colors in (b) correspond to the loops in (a). (c) Same as (a) but for control loops from
family (ii) (Sec.5.2.2.2). These control loops are our first example where 615 does not wind by 27 when
the control loop is completed. (d) Same as (b) but for control loops in (c). (e) Control loops from
family (iii) (Sec.5.2.2.2), plotted in (P2, 612) plane. These control loops are our second example where
612 does not wind by 27 when the control loop is completed. (f) Same as (b) but for control loops in

().

(b)

(d)
0.1

(f)
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5.2. Geometric character of ¢pp

that we have described up until now. They are our first example where 6,5 does not wind

by 27 when the control loop is completed.

Control loop family (iii)

Sin(27s)?

Sin(7s) + 1

)?3(5) = (P17P2,0 + P

0,7, th2,m Sin (27r3 + %%S))>

where s = +t/T,t € [0,7T], and the control parameters are: P, = 21 pW,§/21 =
—0.95 MHz, /27 = —30 Hz, Py = 5 uW,P; = 22 uW and 6i3,, is varied as
{m/6,7/3,7/2,2m/3,57/6,7}. Membrane modes (3,3) and (5,3) were employed for
these measurements. These control loops are our second example where 6,5 does not
wind by 27 when it is completed. In addition, we applied a blue-detuned tone during
the control loop with its P, = 20 uW and A,/27 = +3.5 MHz to provide modest

anti-damping.

Crucially for all three families of control loops described here, we ensured the existence
of a unique least-dissipative eigenvector for the entirety of each control loop, and hence
the adiabatic theorem applies to it for large 7. Measurements of 3(7") and ¢ were carried
out in the same manner as described in Secs. 5.1 and D.1. The control loops from family
(i,ii,iii) are shown in Fig. 5.8(a,c,e), respectively. The corresponding measurements of
B(T) and estimated ¢p via asymptote analysis of 3(T") (Sec. D.4) are shown as a polar
plot in Fig. 5.8(b,d,f), respectively. They are plotted along with the no-free-parameter

theory prediction, and are in good agreement with each other.

5.2.3 Part lll: Multiple repetitions of a control path

Repeating a control path is a straightforward affair. For this example, we chose the “sim-
ple” control loop illustrated in Sec. 5.1 and simply modified 615(¢) to +27nt/T mod 27.
Intuitively, these loops correspond to rigidly rotating Bre 1 around the z-axis multiple
(n) times, at a constant rate. However, formally they correspond to inequivalent loops.
The corresponding measurements of 5(7') and ¢p were carried out in the same manner
as described in Secs. 5.1 and D.1. Fig. 5.9 illustrates the control loops and corresponding
measurements of 5(7") and ¢p for n = {0, 1,2, 3,4, 5}.
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5.2. Geometric character of ¢pp

The measurements of 5(7T) are shown in Fig. 5.9(b-d). For n > 1, they indicate
a trend that increases roughly linearly with n for large 1. This is better quantified
in Fig. 5.9(e) where we show 3/n as a function of T'/n. For n = 0, we obtain the
expected: B(T") ~ 0 for all T. This seemingly innocuous measurement of n = 0 case
is of utility beyond simply corroborating our expectations. In particular, it being ~0
signifies an absence of any systematic errors in our experimental protocol and its scatter
around zero can be used to quantify the error in estimating ¢!. Finally, via asymptote
analysis of B(T") (Sec. D.4), we obtain ¢p as shown in Fig. 5.9(f,g). They corroborate:
¢pn = nop1 as in Eq. (2.22), where the additional subscript indicates the number of
repetitions of a control loop. In all these cases, the measurements are in good agreement

to the no-free-parameter theory predictions.

To conclude this section, we note a technical point. A systematic and straightforward
study of this example (see Fig.5.9(e-g)) was made possible by constraining the maximum
duration of a control loop repeated n-times as Tiaxn = NTax,1 for n > 1. Such loop
durations are longer than our usual measurements (see Secs. 5.1, 5.2.1, 5.2.2 and 5.3),
and they necessitated a sufficiently long ringdown time of membrane modes’ amplitude.
This was accomplished via the use of a blue-detuned control tone during the control loop.
Its parameters are specified in Sec. 5.1 and its optomechanical effects are characterized in
Sec.4.5.3. As will be shown in Chapters 6 and 7, it is this technique that single-handedly

made the work therein possible.

However, we do not quantify the error in estimating ¢, systematically, in this chapter or in Chapter

6.
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Figure 5.9: Geometric character of ¢ - part Ill. (@) Control paths in which 6,5 is ramped from 0 to

+27n mod 27, for n = {0,1,2,3,4,5}. Orange (blue) curves: correspond to control loops in “forward”
(“backward™) direction. (b-c) Corresponding Re/Im(8(T)), respectively. Colored points (gray to red
for n = 0 to 5): data, solid black lines: no-free-parameter theory expectation for each n. Dashed
black lines: no-free-parameter theory expectation of Re/Im(¢p) for each n. (d) Polar plot of 5(T") and
¢p. Colored points (gray to red): data corresponding to 3(T'), solid black curve: no-free-parameter
theory expectation of 3(T) for each n, colored stars (gray to red): estimated ¢p from S(T) data via
asymptote analysis (Sec. D.4), colored disks (gray to red): no-free-parameter theory expectation of ¢ .
(e) B/n versus T'/n for 1 < n < 5. Colored points: data, black solid lines: no-free-parameter theory
expectation. The dashed black line indicates ¢ for n = 1. Top (bottom) panel: real (imaginary) part
of B(T/n)/n. (f-g) Re/Im(pp) versus n, respectively. Stars: estimated ¢p, disks: no-free-parameter
theory expectation of ¢p. For this measurement, we used the same membrane modes and the same
other control parameters as in Figs. 5.1-5.4.
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5.3 Imaginary geometric phase for open control paths

In section 2.2.3.4, we showed that the imaginary part of the Berry connection is gauge
invariant, from which it follows that the imaginary part of the geometric phase is also
gauge independent, regardless of whether or not the path is closed [159]. In this section,
we supplement this discussion with experimental measurements of the geometric phase

for open control paths.

We recall that the (real) phase of an oscillator is only defined relative to a reference
or gauge, which may vary within the space of control parameters. As a result, the
accumulated phase has a gauge-invariant definition only if the control path is a loop. In
contrast, an oscillator's amplitude does not depend on a gauge choice, and so Im(¢p) is

well defined even when the control path is not a loop.

Fig. 5.10 shows measurements of Im(¢p) for a family of control paths, some of which
are not loops. They are realized by fixing P, = P, = P, and 7, while ramping 65 from
0 to £27(Nt/5T) for N = 0,1,2,3,4,5 (Fig. 5.10(a)), resulting in open control paths
for 1 < N < 4. The left panel of Fig. 5.10(b-¢) shows Im(3(T")) for each N (data and
no-free-parameter theory prediction), while the corresponding right panel shows Im(¢p)
determined via asymptote analysis of 3(7") as described in Sec. D.4. Lastly, the agreement

between data and theory remains in good shape.

There are works discussing real geometric phase being well-defined for open control
paths [140, 242-247]. However, we do not explicitly study it in this thesis, and leave it

for a later endeavor.
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Figure 5.10: Imaginary geometric phase of open control paths. (a) Control paths in which 615 is
ramped from 0 to £27(N/5), for N = 0,1,2,3,4,5 (gray,....,red). Dark (pale) curves: correspond to
control loops in “forward” (“backward”) direction. (b) Left panel shows Im(5(T)): measured (disks)
and no-free-parameter theory prediction (solid curves) for each N; dashed lines: no-free-parameter theory
prediction of Im(¢p) for each N. Right panel for ¢5. Stars: measured Im(¢p); dashed line: no-free-
parameter theory prediction of Im(¢ ). For this measurement, we used the (3,3) and the (5,2) membrane
modes, and other control parameters: P, o = P = 15 uW, /27 = —0.87 MHz, /2w = —50 Hz. This
control parameter is marked as a square marker in Fig. 4.15(b). (c-e) Same as (b) except we used
the (3,3) and the (5,3) membrane modes, and other control parameters: §/27 = —1.5 MHz, /27 =
—27.5 Hz and P, 2 = P = (17, 20, 23)uW for panels (c, d, €), respectively. These control parameters
are marked as a square, down-triangle and diamond marker, respectively in Fig. 4.16(b).
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5.4 Further insights into non-Hermitian adiabatic

evolution

In this section, we report additional measurements and corresponding numerical simu-
lations that may provide new insights on adiabatic evolution in non-Hermitian systems.
This study continues with the same “simple” control loop as in Sec. 5.1 and supplement

our discussion in Sec.2.2.3.1 around Fig. 2.6(e).

For this study, we focus on additional complex-phases that are borne out of adiabatic
evolution, and that may have a constant asymptote (or a T%-part) without any additional
intensive processing. This is inspired by our example shown in Fig. 2.6(d,e-bottom panel).

More concretely, here we investigate the quantity 3;;(1") given by:

Bi(T) = —%Log (%) (5.2)
where i,j € {+,—} and B, = [ as studied in Secs. 5.1 and D.1. Combining the
measurements as shown in Fig. 5.3 as per Eq. (5.2), we obtain Fig.5.11(a,b). They show
real and imaginary parts of 3;;(1"), respectively. The data (shown as red symbols) agree
well with the corresponding no-free-parameter theory estimates (solid black). However,
it is unclear from this exercise if any of [3;;(1") (other that 3,,(T")) asymptote to a
constant (T°-part).

In hindsight, it could have been useful to acquire data for a longer control loop
duration which may provide more insights. However, the reliable agreement between
data and theory motivates us to simply extrapolate the theory curve for a longer loop
duration. This exercise is illustrated in Fig. 5.11(c,d). They show real and imaginary parts
of 3;;(T") for loop durations extended by 20x of the measured value, respectively. The
constant asymptote is visually evident in all 3;;(T"). The explicit value of these asymptotes
(other than that of 5, (T") which asymptotes to ¢ ) are yet to be calculated, and we
relegate them for a future work. However, a more useful task would be to isolate the
physical origin of such behavior as well as finding the characteristic time scale for which

{B+-(T), B—+(T), 5__(T')} converge to their corresponding asymptotes. See also the
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second entry of Sec. 8.1. This concludes the discussion of one of our new insights into

Adiabatic evolution in non-Hermitian systems.

@ [ 1 1] ®
_ B ]
b oS - - - - s
3 -
s 2 B
g Y
0 -A‘ "%—
-1 '. ~— | v At i | 25N | ]
0 20 40 0 20 40
T[ms] T [ms]

(c) : , : : : (d)

Re(B..)
o L R
A AAN EARARLARAA

I;

Im(B..)
Dol =
ARABARLARS

~ OF ; ~ 15f :
é-0.5' E <= 1 3
& -1 . E o5} ]

-1.5k E 0k | 3

Re(B..)
Im(B..)

Im(B.)

— 15 E S . E
% 10 E ok v 3
x OSF E

ok : -1 3

T[s] T[s]

Figure 5.11: Measurement and numerical simulation of 3;;(T"). (a) Re(8;;(T")) obtained from
U;; measurements along “forward” and “backward"” control loops, for 4, j € {+, —} (see Fig.5.3). Red
symbols: data, solid black lines: no-free-parameter theory estimates and dashed black line: asymptote
of B4 (T) = B(T): Re(¢p). (b) Same as a but for Im(3;;(7")). (c) Same as (a) but we only show the
no-free-parameter theory estimates for 20x longer loop duration. (d) Same as (c) but for Im(3;;(T)).
In both (c) and (d), all 8;;(T)) visually asymptote to a constant value (544 (7T")) = 5 asymptotes to
¢p). For these measurements and this exercise, we used the same membrane modes and the same other
control parameters as in Figs. 5.1-5.4 and 5.9.
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Chapter 6

A geometric amplifier

In this chapter, we describe a novel form of amplification via the non-Hermitian geometric
phase. Following-up on its teaser given in Sec. 2.2.3.5, we begin with a platform-agnostic
definition of the geometric amplifier (Sec. 6.1). We then show via numerical simula-
tions that this amplification does not require fine-tuning, but rather arises generically in
non-Hermitian systems and from the geometric character of their dynamics (Sec. 6.2).
In Sec. 6.3, we experimentally demonstrate the geometric amplifier using the new MIM
platform (Chapter 4) and its non-Hermitian geometric phase (Chapter 5). In particular,
we illustrate measurements of the geometric amplifier for two distinct families of control
loops. We conclude this chapter with further insights into this topic in Sec. 6.4, includ-
ing a brief comparison to the parametric amplifier, and some additional features in the

geometric amplifier measurements.
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6.1 Defining SSGG

In this section, we provide a concrete and platform-independent definition of geometric
amplification. In particular, we focus on the flow of energy into or out of a non-Hermitian
system, and describe it terms of its complex geometric phase. This analysis reveals an
important result (Secs. 6.2 and 6.3): a collection of linear but lossy elements can produce
continuous gain if the elements’ parameters are varied “slowly”, and we refer to this

mechanism as steady-state geometric gain (SSGG).

To focus the discussion, we consider systems that consist of two harmonic modes
whose parameters are repeatedly tuned around a control loop Cyy,p, With each traversal
using the same time dependence s(t/T'), and the same duration T". The following four

conditions define SSGG:
(1) There is a least-dissipative eigenvector! for the entirety of Comp.

(2) When the system is prepared in this least-dissipative eigenvector, its state after
a single traversal of C,u, using s(¢/T") in a duration T" is well-approximated by
the initial state multiplied by e"*("), where the complex phase ¢(T) is given by
Eq. (5.1).

(3) For each such traversal, this mode's dynamical phase contributes loss. Specifi-

cally, the linear dynamical phase Im(¢p) < 0.

(4) For each traversal, this mode’s total gain Im(4(7")) lies in the region I, which
is bounded by:

(@) T'>Tua

(b) Im(¢(T)) >0

(c) Im(o(T)) < —Im(¢p)

(d) Im(4(T)) < Im(ép) — 2Im(¢p)

We now elaborate upon each of these conditions.

IThroughout this chapter, the phrase ‘least-dissipative eigenvector' implies the least-dissipative right
eigenvector.
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6.1. Defining SSGG

When condition (1) is met, the adiabatic theorem [11, 88] guarantees that condition
(2) is also met for sufficiently large T. We take T' > T,q as the threshold for this
condition where T,q = maxg,, (1/|A+(s) = A_(s)])-

Condition (3) requires that the system's dynamical phase contributes loss. This
condition is included because otherwise the system can serve as steady-state amplifier
without the geometric phase (i.e., just by using large 7" and relying on the dynamical

phase).

Condition (4) identifies the features that Im(4(7")) must exhibit upon a single traver-
sal of Comp using the time dependence s and duration 7", for the system'’s gain to be at-
tributed to the geometric phase. Each of its sub-conditions has a straightforward physical

interpretation.

= Condition (4a) ensures that the system’s dynamics are compatible with the notion

of adiabaticity, and hence are described by Eq. (5.1).

= Condition (4b) ensures that the mode experiences net gain upon each traversal of

Camp-

= Condition (4c) ensures that the net gain can be attributed to the geometric gain.
Specifically, it requires that the net gain would be negative without the contribution

from the geometric gain.

= Condition (4d) also ensures that the net gain can be attributed to the geometric
gain. Specifically, it requires that the geometric gain accounts for the majority of
the difference between the dynamical loss Im(¢p) and the net gain. This ensures
that the net gain is not attributable to the higher-order terms i.e., O(1/T) in Eq.
(5.1).

For a given C,mp and s(¢/T"), the conditions (4a - 4d) can be visualized by noting
that they each bisect the plane spanned by Im(¢(7")) and T. Together they define a
region I' with the following interpretation: for this Cymp and s(t/717), SSGG results iff T
is chosen such that Im(¢(7")) lies within the I". Fig. 6.1 illustrates the region T.

We conclude this discussion with a quick reminder (Sec. 2.2.3.5) of how one may
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6.1. Defining SSGG

> T

Figure 6.1: Conditions for achieving SSGG. For a given control loop Camp, its time dependence
s(t/T) and its duration T', SSGG occurs iff Im(¢(T)) lies in the pink shaded region T'. ¢p: the linear
dynamical phase, ¢p: the geometric phase, T.q = maxc,,  (1/|\1(s) — A_(s)]), the threshold time
duration for adiabatic theorem to hold, T,: solution to Im(¢p — 2¢5) = 0, the largest duration for
which SSGG may occur, with corresponding gain = 0 dB.

extend SSGG to arbitrarily large times. Consider the range for which gain results if Cyyp, is
traversed once with a particular s(¢/7"). To extend this gain in definitely, one may simply
repeat C,mp multiple (n > 1) times with the same s(¢/7") and T'. Using the result in Sec.
A.3.1, we expect the time over which gain is maintained to be 7" = nT(). We note
that this prediction does not contradict the fact that the linear dynamical phase (which
is of O(T")) dominates the geometric phase (of O(T")), at large T. This is because
the prediction applies to a given Canp, and each choice of n formally corresponds to a
distinct control loop. Since there is no limit to how large n maybe, 7 = nT™ can be
arbitrarily large i.e., in the steady state. However, see Sec. 6.4.2.2 for a possible practical

upper limit on the duration for which SSGG may occur.
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6.2 Identifying control loops that produce SSGG

In this section, we identify families of control loops that produce SSGG via analytical
calculations and numerical simulations. To emphasize the broad applicability of SSGG, we

simulate a generic two-mode non-Hermitian system, rather than any specific realization?.

Conditions (1-3) for SSGG (Sec. 6.1) depend only on the static properties of the
system. For example, its eigenvalues A at each value of s. As a result, for a given
system, a control loop C,mp and its traversal s(¢/7'), it is straightforward to determine

whether these conditions are satisfied.

In contrast, condition (4) depends on the real time dynamics of the system governed
by Eq. (2.80). For a specific Camp and s(t/T"), numerical integration of Eq. (2.80) as a
function of loop duration T' can be used to determine if Im(¢(T")) passes through the
region I'. This approach was used in Secs. 6.2.2 and 6.3. However, in addition to explicit
numerical integration, it would be helpful to also have a simple criteria that could be
used to identify a pair of {Camp, s(t/T")} that can produce SSGG. As a practical matter,
this would facilitate the design of SSGG devices. More abstractly, it could also provide a

useful measure of how common such loops are.

We are not aware of any simple criteria that determines whether an arbitrary pair
of {Camp, s(t/T")} can meet condition (4). However, we can instead consider particular
families of loops that are parameterized by a few variables, and determine the range of
these variables that satisfy condition (4). This exercise is shown in Secs. 6.2.1 and 6.2.2,

and we find that in both cases a wide range of loops satisfy condition (4).

1This discussion can be directly translated into the MIM platform of Chapters 3 and 4 via Eq. (2.83).
See Sec. 2.3.2.1 for further details.
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6.2.1 SSGG with “simple” control loops

The first family of loops we consider are the “simple” control loops from Sec. 2.2.3.1.

For simplicity we re-write their parameterization here (similar to Eq. (2.14)).

T+ L M —2mit)T
Hipy=| T T (6.1)
N€2mt/T T - L

where {7, L, M, N} are complex constants. For this H(t), its eigenvalues are time-
independent and are given by Ay = 7 + A\ where \y = L2+ MN. Since we are
interested only in the unique least-dissipative eigenvector, we take Im()g) > 0. In this
discussion, the trace of H(t) (i.e., 27) plays an important role, as its imaginary part

contributes to the system’s loss. In particular, to Im(¢p).

The real time evolution of the least-dissipative eigenvector under H(t) (Eq. (6.1))
can be solved analytically. The resulting ¢(7") is given by:

O(T) =TT +\/NT? — 20 LT + 7% — = (6.2)

In the limit of T — oo, ¢(T) — ép — ¢, where ¢p = gqpT = (T + \o)T and
qu =T <>\£0 -+ 1)

These loops always meet condition (1), and always meet condition (2) in the large-T
limit. Meeting condition (3) amounts to constraining Im(7 + A\g) < 0. As a result,

identifying the loops that can produce SSGG amounts to finding the values of 7, \q and
L that meet condition (4).

Condition (4) requires that the function Im(¢(7")) passes through the region T,
which in turn requires that Im(¢(T)) intersects (non-tangentially) at least one of the
boundaries of I'. In the sections below, we derive analytic expressions or numerically

evaluate for loops that intersect each of the boundaries of T'.
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6.2. Identifying control loops that produce SSGG

6.2.1.1 Intersecting the lower boundary of T’

Im(¢(7T)) intersects the lower boundary of I" if there is a loop duration T such that the

following two conditions hold:
(@) Twa<T. < T,
(b) Im(6(7.)) = 0
where T,q = 1/2|X\o] and T, = 2Im(¢p)/Im(qp).

Considering condition (b) first, we rewrite it as:

Im(p(7%)) = 0

= Im (TT* +\/NT2 — 2n LT, 472 7r) —0

= Im <\//\(2)T*2 — 2 LT, + 7T2> =Im(-TT.)

= \JNT2 — 2L, + 2 = ~TT, +r
where 7 is a real number. Squaring both sides of Eq. (6.6) gives:
NT? —2n LT, + 7% = T*T? — 2T Tor +1°

The imaginary part of Eq. (6.7) is:

T?Im(A\2 — T?) — 27T, Im(L) + 27,7 Im(T) = 0

(6.3)

(6.4)

(6.5)

(6.6)

(6.8)

For any value of r, one solution of this equation is T, = 0 (which obviously a solution

of Eq. (6.3)). For T\, # 0 and Im(7") # 0, we have:

. TIm(T? — Aj) + 2nIm(L) T (T T — AX) + 7L

20m(T) - T

(6.9)

where we substituted 7 = T, +1i7;, \o = A\; +i\; and L = L, +iL;. Inserting this r into
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Figure 6.2: Range of “simple” control loops that result in SSGG - part I. (a) Golden region: The

range of {\i, A, |Li|} with L, = 1/10, that can produce SSGG when Im(¢(

) intersects the lower

)

The over-bar denotes normalization by 7;. (b-f) Same as (a) but for

T

Sec. 6.2.1.1).

(
, 3, 10, 30}, respectively. For this analysis, we found that {L;, \,} — {—L;, —A,} leaves

boundary of T'
1
the SSGG region unchanged.

L

(13

Tr

206



6.2. Identifying control loops that produce SSGG

the real part of Eq. (6.7) and performing some algebraic simplification results in:
(T2 = NNT2 + N)TZ + 2m(Lide i — TP L) T 4 7°(T2 = L) (6.10)

This is a quadratic equation in T, with all real coefficients. Its roots 7'y are guaranteed

to be real if its discriminant is positive. This constraint is given by:
(Lidedi = TLe)* = (T2 = X)(T7 + X)(T* = L) > 0 (6.11)

Thus, condition (b) is satisfied for T, = T together with the constraint given by Eq.
(6.11). To produce SSGG, a loop must satisfy condition (a), which amounts to the
requirement that either T,y < T < T, or T,q < Ty < T,.. These two conditions define
the range of the five parameters {7, A\;, \i, Ly, L;} over which SSGG occurs. We note
that 7; does not appear in any of these expressions. This range is shown in Fig. 6.2, from
which it is clear that SSGG can be produced by a wide range of “simple” control loops

even when we just consider intersecting the lower boundary of T.

6.2.1.2 Intersecting the left boundary of T

Im(¢(T')) intersects the left boundary of I i.e. at T' = T,q if it satisfies the following

condition:

(a) 0 <Im(¢(Tua)) < —Im(¢s)
where T4 is the same as in Sec. 6.2.1.1 and ¢ =7 (L/\g + 1).

This condition is straightforward to numerically evaluate and similar to the previous
case (Sec.6.2.1.1), it defines a range of the five parameters {7;, A, Ai, L, L;} over which
SSGG occurs. We note that similar to Sec. 6.2.1.1, 7, does not appear this evaluation.
This range is shown in Fig. 6.3, which supplements the range of “simple” control loops
that produce SSGG.
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6.2. Identifying control loops that produce SSGG

6.2.1.3 Intersecting the upper boundary of T’

Im(¢(7T)) intersects the upper boundary of I" if there is a loop duration 7} such that the

following two conditions hold:
(@) Ta<T.<T./2

(b) Im(¢(T%)) = —Im(¢p)

where T,q, T. are the same as in Sec.6.2.1.1 and ¢p = 7 (L/ Ao + 1).

To obtain an analytic expression for this case, we repeat the procedure outlined in

Sec. 6.2.1.1. Considering condition (b) first, we rewrite it as:

Im(4(T%)) = —Im(¢p)

= Im (TT* + \/ AT2 — 2 LT, + w2 — 7r) = —Im(¢p)

= Im (\/Ang —2r LT, + 7T2) =Im(-TT, — ¢p)

= \JNT2 — 20LT, 72 = ~TT, — ép +r
where 7 is a real number. Squaring both sides of Eq. (6.15) gives:
NT? - 2n LT, + 72 = (TT. + ¢5)* — 2(TT, + ép)r + r?
The imaginary part of Eq. (6.16) is:
Im((TT, + ¢p)?) — T Im(A\2) + 27T, Im(L) — 2rIm(T T, + ¢5) =0

For {T.,Im(7),Im(¢p)} # 0, we have:

~ Im((TT, + ¢5)?) — TAm(A}) + 2aT.Im(L)
N 2Im(TT, + ¢p)

MAT — Ly
oy, (2= )

7:T>k + gbB,i
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where we substituted 7 = 7, + T, Ao = A + i\ and L = L, +iLi, ¢p = ¢, +
i¢pp;. Inserting this r into the real part of Eq. (6.16) and performing some algebraic

simplification results in a quartic equation:

(TiT, + ¢B,i)4 — ()\3 — )\12)(7:T* + ¢B,i)2T*2 —2n L, T.(TiT, + ¢B7i)2

—T2ONT, — 7L)* + 72(TT + ¢)2 =0 (6.19)

and curiously, this expression is devoid of 7;, as in the previous cases and ¢ ,.

Condition (b) is therefore satisfied by the real roots of Eq. (6.19). If these real roots
satisfy condition (a), they define the range of the five parameters {7;, A;, Ai, L, L; } over
which SSGG occurs. This range is shown in Fig. 6.4, and they continue to supplement

the range of “simple” control loops that produce SSGG.

6.2.1.4 Intersecting the right boundary of T’

Im(¢(7T)) intersects the right boundary of I if there is a loop duration T such that the

following two conditions hold:
(a) max(Tha,To/2) < T\ < T,
(b) Im(¢(T%)) = Im(¢p — 2¢5)
where T,q, 1. and ¢p are the same as in Sec.6.2.1.1.

To obtain an analytic expression for this case, we adapt the procedure outlined in

Sec. 6.2.1.1. Considering condition (b) first, we rewrite it as:

Im(¢(7%)) = Im(¢p — 2¢p) (6.20)
= Im (TT* NI 20 LT 4w - 7r) — (T, — 26p) (6.21)
= \JNT2 — 20 LT, + 72 = 29+ (6.22)
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where r is a real number. Squaring both sides of Eq. (6.15) gives:
NT? — 27T, + 7° = 4¢F — 4rop +r? (6.23)
The imaginary part of Eq. (6.23) is:
T2 Im(A\2) — 2T, Im(L) — 4Im(¢%) + 4rIm(¢p) = 0 (6.24)

For {T.,Im(¢p)} # 0, we have:
2T Im(L) + 4Tm(¢%) — T2Tm(A2)
- Alm(¢p)

TI'Li - )\r)\iT* )
20,

r

= 2¢p, + T, ( (6.25)

where we substituted \g = A\, + @\ and L = L, + iL;, ¢p = ¢p, + i¢p;. Inserting this
7 into the real part of Eq. (6.23) and performing some algebraic simplification, we get a

quartic equation:
4% (N2 = A)T? — (T LiTe — MNT?)? — 87 LTy + 4% + 1665, =0 (6.26)

where we note that 7 does not appear in any of these expressions, while Eq. (6.26) is
devoid of ¢p,.

Condition (b) is satisfied by the real roots of Eq. (6.26). If these real roots satisfy
condition (a), they define the range of the five parameters {7;, \;, Ai, L, L;} over which
SSGG occurs. This range is shown in Fig. 6.5, and they add on to the range of “simple”
control loops that produce SSGG.

In conclusion, the full range of “simple” control loops that produce SSGG is given by
the union of individual regions from each case, and as such they are fairly abundant. The
union of these regions is explicitly shown in Fig. 6.6. An experimental demonstration of

SSGG using a similar control loop is illustrated in Sec. 6.3.1.
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Figure 6.6:
The range of {\i, \;, L;} with L, = 1/10, that can produce SSGG, when all four cases discussed for
“simple” control loops in Sec. 6.2.1 are combined together. The over-bar denotes normalization by 7;.
(b-f) Same as (a) but for L, = {1/3, 1, 3, 10, 30}, respectively.
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6.2.2 SSGG with “non-simple” control loops

In this section, we identify a family of “non-simple” control loops that produce SSGG.

These control loops are parameterized via

H=B.d+(T/2)1 (6.27)

with
T =0—10i
[B.x] (s) = —a (1+ 22) \/1+6f1(s)Cos(f2(s)) (6.28)
[B.y] (s) = =b (1 + 23i) /146 f1(s)Sin(fa(s))
[B.z] (s) = —c (14 §i) fi(s) + 27 + =i

and

fi(s) = Sin (7s + 1Sin (2#3))2 , f2(s) = ZSin (27s + 1Sin (27s)) (6.29)

where {a, b, c} are real-valued parameters that set the lengths of the three complex com-
ponents of B. These “non-simple” control loops qualitatively differ from their “simple”
counter parts as in this case, B does not make a full rotation around the z-axis at the end
of the control loop. Such “non-simple” control loops have been previously investigated
in Sec. 5.2.2.2 (control loop family iii) and illustrated in Fig. 5.8(e,f). An example of one
such loop in shown in Fig. 6.7(a).

To identify control loops that produce SSGG, we calculated their static properties,
numerically integrated Eq. (2.80) as a function of loop duration T" and checked if the
calculated Im(¢(T")) passes through the region I'" (Sec. 6.1), for various {a,b,c}. A
typical example of Im(¢(7")) resulting from one such solution is shown in Fig. 6.7(b).
For this example, {a,b,c} = {5, 5, 5} and Im(¢(T")) lies with T" for 0.185 < T < 0.459.

Fig. 6.7(c,d) illustrate the result of performing this analysis for values of {a, b, ¢} rang-

ing from -10 to 10, in increments of 0.2. Each value of {a, b, ¢} that satisfies Conditions
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(1-4) (Sec. 6.1) and hence, for which Im(¢(T")) passes through I is represented by the
golden region. As with the “simple” control loops considered in Sec. 6.2.1, SSGG occurs
over a substantial range of this “non-simple” control loop parameters. An experimental

demonstration of SSGG using one such control loop is illustrated in Sec. 6.3.2.
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Figure 6.7: Range of a class of “non-simple” control loops that result in SSGG. (a) A “non-
simple” control loop parameterized by Eqs.(6.27)-(6.29) with {a,b,c} = {5, 5, 5}. Circles: the starting
and the stopping point of the loop, at ¢t = 0,7, respectively; red and blue curves: Bgre im, respectively;
arrows are a guide to the eye. (b) For the same choice {a,b, ¢} as in panel (a), black curve: Im(¢(T)),
pink: the region T'. For these parameters, T,q = 0.185 and T, = 0.459. (c) Golden region: The range
of {a, b, c} that can produce SSGG (Sec. 6.1). All points that satisfy the conditions that result in SSGG
are visually inspected for features such as “voids”, by plotting them independently in the 3D parameter
space spanned by {a,b,c} using Ref. [248]. No systematic voids were discovered, and subsequently in
order to improve visualization, they are represented as a planar convex hull [249]. (d) Same as (c) but
with a different view.
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6.3 Measuring SSGG

In this section, we experimentally demonstrate SSGG for two distinct families of control
loops, Camp. These measurements are carried out in the same manner as those described
in Chapter 5 and they both employ “non-simple” control loops (Sec. 5.2.2.2). These
control loops can be parameterized as: X (s) = (Py, Pa(s), 0(s), 1, 612(s)), with a modest
helping of a blue-detuned control tone to provide some anti-damping. This setup allows

us to make the loss small enough (though non-zero) for SSGG to fully compensate it.

6.3.1 Control loop family I

The first family of Cy.,p is given by:
)&(s) = (Pl, Pyo+ nglsin(27rs)2, 5, 1M, 27T3>

where s = +t/T,t € [0,7T], and the control parameters are: P, = 21 uW,§/21 =
—1.007 MHz, /2 = =50 Hz, P,y = 15 uW and P,; = 20 pW. The additional
blue-detuned tone applied during the control loop had Py = 25 uW and A,/27 =
+3.5 MHz. Membrane modes (3,3) and (5,3) were used for these measurements. Fig.

6.9(a) illustrates this control loop in terms of the two three-vectors Bre .

Prior to any real time dynamics measurements of SSGG, we explicitly verified the
existence of a unique least-dissipative eigenvector for the entirety of the control loop Capmyp
(condition (1) for SSGG, Sec. 6.1) by performing mechanical spectroscopy measurement
along it and obtaining Al. This is shown in Fig. 6.8, and its panels (c,d) explicitly verify
condition (1) for SSGG. It also confirms: Im(¢p) = Tfol Im(Ay(s))ds < 0 (condition
(3) for SSGG, Sec. 6.1) as Im(A,(s)) < 0 for 0 < s < 1. The measurements of A are
plotted along with the no-free-parameter theory prediction (solid black curves), and they

are in good agreement.

The timing sequence for the real time dynamics measurements is shown in Fig. 6.9(b).

Fig. 6.9(c) shows the gain i.e., Im(¢) corresponding to the least-dissipative normal mode

1Quick reminder that the eigenvalues A are independent of the beat-note phase 6.
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Figure 6.8: Verifying conditions for achieving SSGG: for Control loop family 1. (a) Control loop
Camp from family | (Sec. 6.3.1) plotted in (P, 812) plane, shown as solid black curve. White disk indicates
the starting (s = 0) and the ending (s = 1) point of Camp. (b) Eigenvalues X corresponding to a single
traversal of Camp in (a), as a function of 0 < s < 1. Cyan (orange) points: measurement corresponding
to Ay (A_) when P, is varied along Camp, while 612 is held fixed. Recall that X is independent of 1.
Black curves: no-free-parameter theory prediction of A. The black crosses show A at the basepoint
s =0=1. (c,d) Same as (b), but showing only Im(Ay) and Im(A_) versus 0 < s < 1 along Camp,
respectively. For all s, we have a unique least-dissipative eigenvector and it is damped (Im(A,(s)) <0
for s € [0, 1]) for the entirety of Camyp, thereby verifying conditions (1) and (3) for SSGG (Sec. 6.1). For
these measurements, we used the (3,3) and the (5,3) membrane modes with fixed control parameters
during Camp,n: P1 = 21 uW,d/21 = —1.007 MHz,n/2m = —50 Hz for the red-detuned laser tones
and P, = 25 pW, A, /27w = +3.5 MHz for the blue-detuned laser tone.
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10'00
T[ms] t [ms]

Figure 6.9: SSGG for Control loop family I. (a) The control loop Camp,1 Visualized as two three-
vectors Brem. (b) Pz(t) and 612(t) during Camp,n. (€) The least-dissipative normal mode's gain
Im(¢) when Camp,1 is traversed once in duration T'. Disks: data; black curve: no-free-parameter theory
prediction; pink shaded area: the region T" that results in SSGG. Blue, green and orange dashed vertical
lines: values of T used in (d). (d) Green curves: the amplitude of the mode's motion during loops
Camp,n for T' = 52 ms; blue and orange curves: the amplitude of the mode’s motion during loops Camp,n
for T = 45 ms and 61 ms, respectively. Each curve is vertically offset by 1 mV, so that [Vi| = 0
corresponds to the bottom of the yellow band. White curves: fit to ringdown data (Sec. D.2). Upper
inset: a summary of the gain resulting from these loops. Filled circles: the gain from each Camp n in
the main panel; green hollow circles: the gain after each circuit of the n = 37 loop; blue and orange
hollow circles: the gain after each circuit of the n = 5 loop with T' = 45 ms and 61 ms, respectively.
Lower inset: ¢p for Camp,n. Stars: measured and disks: no-free-parameter theory prediction. For this
measurement, we used the same membrane modes and the same other control parameters as in Fig. 6.8.
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when it is transported along Capmyp for duration T'. Despite the loss contributed by Im(¢p)
(lowest gray line), the mode experiences a net gain for 22 ms < 7" < 52 ms. For this
example, Im(¢(7)) > 0 lies entirely within I (pink region in Fig. 6.9(c)), and thus is
attributable to the geometric gain (condition (4) for SSGG, Sec. 6.1).

As expected, Im(¢p) dominates for large T', and results in net loss for T' > 52 ms.
However as discussed in Secs. 2.2.3.5 and 6.1, net gain at arbitrarily large times (i.e.,
in the steady state) can be achieved simply by repeating C,n, multiple times. This is
demonstrated in Fig. 6.9(d), which shows the mode's amplitude of motion while Cyyp, is
repeated for n = 37 times (corresponding T' ~ 2 s). The amplitude varies periodically,
but returns to its initial value at the end of each repetition of Cy,y,,. This “break-even”
condition occurs because C,pp of duration 1" = 52 ms is chosen to provide a near-
exact balance between the dynamical loss and the gain produced by traversing it (dashed
vertical green line in Fig. 6.9(c)). For smaller (larger) values of T' (dashed blue and
orange vertical line in Fig. 6.9(c), respectively), each repetition of C,m, results in net

gain (loss).

The measured mode's motion corresponding to choosing 1" as a multiple of “break-
even”, net gain and net loss Copp, durations (formally Camp ) are illustrated in Fig. 6.9(d),
as green, blue and orange curves, respectively. The gain obtained by traversing each
Camp,n are plotted in the top-inset of Fig. 6.9(d). The bottom-inset of Fig. 6.9(d) shows
the geometric phase ¢ ampn for Campn for n € {0,1,2,3,4,5}. The agreement between
the measurements (stars) with the no-free-parameter theory predictions of ¢p ampn =
Nopamp1 (disks) indicates a facet of the fact that mode's motion is phase-coherent

during the real time operations used in Fig. 6.9(c,d).

6.3.2 Control loop family Il

The second family of C,y,p, is given by:

- 2
Sin(ws) + —Sln(iﬂs>

)?||(S) = <P1,P2,0+P2,1 5

6,1, 019 Sin (m + M))
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6.3. Measuring SSGG

where s = +t/T,t € [0,T], and the control parameters are: P, = 26 pW,d/27 =
—0.911 MHz, /27 = =50 Hz, P,y = 5 uW, P,; = 30 uW and 612,, = 27/3. The
additional blue-detuned tone applied during the control loop had P, = 28 uW, A,/27 =
+3.38 MHz, and we continued using membrane modes (3,3) and (5,3). Fig. 6.11(a)
illustrates this control loop in terms of the two three-vectors Bge1y,. In addition, we
note that this family Comp is qualitatively distinct from the first family (Sec. 6.3.1) as in
this case 015 does not wind by 27 when it is completed. Additional measurements of ¢g
for this family of control loops are described in Sec. 5.2.2.2 (control loop family iii) and

illustrated in Fig. 5.8(e,f).

As in the previous case (Sec.6.3.1), the first step is to explicitly verify conditions (1)
and (3) for SSGG (Sec. 6.1) by measuring A along Capp, via mechanical spectroscopy.
The verification is illustrated in Fig. 6.10, and the measurements (points in panels (b-d))
continue to be in good agreement with the no-free-parameter theory prediction (solid

black curves).

Similar to the previous case (Sec. 6.3.1), the real time dynamics measurements are
shown in Fig. 6.11. For this case, the least-dissipative eigenvector experiences net gain
for 32 ms < T < 58 ms. In particular, the corresponding Im(¢ (7)) lies entirely within
I" and so is attributable to the geometric gain (condition (4) for SSGG, Sec. 6.1). As
before, we sustain, amplify or controllably de-amplify the mode’s motion for arbitrarily
large times, by simply repeating this C,mp for n-times. This is done by choosing T’
for a single traversal of C,y,p indicated by dashed green, blue and orange vertical lines,
respectively in Fig.6.11(c). This is demonstrated in Fig. 6.11(d) for a variety of n values
with maximum n = 37 corresponding to T" > 2 s. The upper-panel in Fig. 6.11(d) is
a record of the gains obtained from these measurements while the bottom-panel shows
good agreement between the measured ¢p amp.n (stars) with no-free-parameter theory
prediction (disks) for n € {0,1,2,3,4,5}, and provides evidence of phase-coherence of

the mode’s motion during real time traversal of Cypp,.
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Figure 6.10: Verifying conditions for achieving SSGG: for Control loop family Il. (a) Control
loop Camp from family Il (Sec. 6.3.2) plotted in (P»,6:12) plane, shown as solid black curve. White
disk indicates the starting (s = 0) and the ending (s = 1) point of Camp. Note that for this Camp,
12 does not wind by 27 when it is completed. (b) Eigenvalues A corresponding to a single traversal
of Camp in (a), as a function of 0 < s < 1. Cyan (orange) points: measurement corresponding to
A4 (A_) when P, is varied along Camp, while 612 is held fixed. Recall that A is independent of 6.
Black curves: no-free-parameter theory prediction of A. The black crosses show A at the basepoint
s =0=1. (c,d) Same as (b), but showing only Im(A;) and Im(A_) versus 0 < s < 1 along Camp,
respectively. For all s, we have a unique least-dissipative eigenvector and it is damped (Im(A(s)) <0
for s € [0, 1]) for the entirety of Camyp, thereby verifying conditions (1) and (3) for SSGG (Sec. 6.1). For
these measurements, we used the (3,3) and the (5,3) membrane modes with fixed control parameters
during Camp,n: P1 = 26 uW,d/21 = —0.911 MHz,n/2m = —50 Hz for the red-detuned laser tones
and P, = 28 uW, A, /27w = +3.38 MHz for the blue-detuned laser tone.

222



6.3. Measuring SSGG

0 25 50 75 0 500 1000 1500 2000
T [ms] t[ms]

Figure 6.11: SSGG for Control loop family Il. (a) The control loop Camp,1 visualized as two three-
vectors Brem. (b) P2(t) and 612(t) during Camp,n. (c) The least-dissipative normal mode's gain
Im(¢) when Camp,1 is traversed once in duration T'. Disks: data; black curve: no-free-parameter theory
prediction; pink shaded area: the region T" that results in SSGG. Blue, green and orange dashed vertical
lines: values of T used in (d). (d) Green curves: the amplitude of the mode's motion during loops
Camp,n for T' = 58 ms; blue and orange curves: the amplitude of the mode’s motion during loops Camp,n
for T' = 55.5 ms and 61 ms, respectively. Each curve is vertically offset by 1 mV, so that |V3| = 0
corresponds to the bottom of the yellow band. White curves: fit to ringdown data (Sec. D.2). Upper
inset: a summary of the gain resulting from these loops. Filled circles: the gain from each Caymp r in
the main panel; green hollow circles: the gain after each circuit of the n = 37 loop; blue and orange
hollow circles: the gain after each circuit of the n = 11 loop with 7' = 55.5 ms and 61 ms, respectively.
Lower inset: ¢p for Camp,n. Stars: measured and disks: no-free-parameter theory prediction. For this
measurement, we used the same membrane modes and the same other control parameters as in Figs.
6.10.
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6.4. Further remarks on SSGG

6.4 Further remarks on SSGG

In this section, we provide further insights into SSGG. These include: (a) a specific
comparison to parametric amplification (Sec. 6.4.1), (b) data on the phase-coherence of
motion undergoing SSGG (Sec. 6.4.2), and (c) an illustration of mode’s motion being

driven into non-linearity using SSGG (Sec. 6.4.3).

6.4.1 Comparison to a parametric amplifier

As a specific comparison, conventional parametric amplification (PA) and SSGG both
add gain to a mode by modulating the system’s parameters. However, the modulation
frequency required for SSGG is lower than that of PA by a factor ~ () (the mode’s quality
factor). This is because the typical modulation rate required for SSGG is ~ v (the mode's
intrinsic decay rate), while PA operates by non-adiabatically modulating parameters at

rates comparable to the mode’s oscillation frequency. See also Ref. [250].

In addition to this important practical difference, these schemes differ fundamentally
as follows: (i) PA does not involve geometric phase or non-Hermiticity; (ii) SSGG is
insensitive to the phase of the (input) signal it amplifies i.e., it is phase-insensitive while
PA is generically phase-sensitive; and (iii) SSGG requires at least two modes for its

implementation, while PA requires just one.

6.4.2 Additional analysis and views of SSGG data

In this section, we illustrate additional analysis of the SSGG data. This includes analysis
of geometric phase ¢p for control loops Copmp,», that produce SSGG (similar to Sec. 5.2.3
and Fig.5.9), and additional views of data shown in panel (d) of Figs.6.3.1 and 6.3.2 that

provide tangible evidence of phase-coherence of mechanical motion undergoing SSGG.

6.4.2.1 Measuring ¢p for loops that produce SSGG

Measurement of ¢p for Camp» is carried out in the same manner as described in Secs.
5.1 and D.1. As a quick reminder, we vary system parameters along Comp.» (denoted by

O), and its time-reversed version (denoted by (), and measure the propagator matrix U
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Figure 6.12: Geometric phase of Control loops that produce SSGG - family I. (a-b) Control
paths Camp.n in which Py and 602 varied, for n = 0,1,2,3,4,5. Orange (blue) curves: correspond
to Camp,n in O (O) sense. (c-d) Corresponding Re/Im(5(T)), respectively. Colored points (gray to
red for n = 0 to 5): data, solid black lines: no-free-parameter theory expectation for each n. Dashed
black lines: no-free-parameter theory expectation of Re/Im(¢p) for each n. (e) Polar plot of (T and
¢p. Colored points (gray to red): data corresponding to 3(T'), solid black curve: no-free-parameter
theory expectation of 3(T) for each n, colored stars (gray to red): estimated ¢p from S(T) data via
asymptote analysis (Sec. D.4), colored disks (gray to red): no-free-parameter theory expectation of ¢ .
(f) B/n versus T'/n for 1 < n < 5. Colored points: data, black solid lines: no-free-parameter theory
expectation. The dashed black line indicates ¢ for n = 1. Top (bottom) panel: real (imaginary) part
of S(T/n)/n. (g-h) Re/Im(¢pp) versus n, respectively. Stars: estimated ¢p, disks: no-free-parameter
theory expectation of ¢p. For this measurement, we used the same membrane modes and the same
other control parameters as in Figs. 6.8 and 6.9.
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Figure 6.13: Geometric phase of Control loops that produce SSGG - family Il. (a-b) Control
paths Camp.n in which Py and 602 varied, for n = 0,1,2,3,4,5. Orange (blue) curves: correspond
to Camp,n in O (O) sense. (c-d) Corresponding Re/Im(5(T)), respectively. Colored points (gray to
red for n = 0 to 5): data, solid black lines: no-free-parameter theory expectation for each n. Dashed
black lines: no-free-parameter theory expectation of Re/Im(¢p) for each n. (e) Polar plot of (T and
¢p. Colored points (gray to red): data corresponding to 3(T'), solid black curve: no-free-parameter
theory expectation of 3(T) for each n, colored stars (gray to red): estimated ¢p from S(T) data via
asymptote analysis (Sec. D.4), colored disks (gray to red): no-free-parameter theory expectation of ¢ .
(f) B/n versus T'/n for 1 < n < 5. Colored points: data, black solid lines: no-free-parameter theory
expectation. The dashed black line indicates ¢ for n = 1. Top (bottom) panel: real (imaginary) part
of S(T/n)/n. (g-h) Re/Im(¢pp) versus n, respectively. Stars: estimated ¢p, disks: no-free-parameter
theory expectation of ¢p. For this measurement, we used the same membrane modes and the same
other control parameters as in Figs. 6.10 and 6.11.
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as a function of loop duration T, for both cases. Subsequently, we use the U, (T") data
(the matrix element of U(T') that captures the evolution of the least-dissipative state at
large T') for both of these loops to calculate 5(7") = —i Log(Ui+ /Ui ) /2, which is

then used for estimating ¢p via asymptote analysis (Sec. D.4).

Figs. 6.12 and 6.13 show measurements of 3(T') for Campn from the first (Sec.
6.3.1) and the second (Sec. 6.3.2) family of loops, respectively with n € {0,1,2,3,4,5},
and they are in good agreement with the respective no-free-parameter theory prediction.
This exercise illustrates a facet of the fact that the mechanical motion is phase-coherent
when undergoing SSGG. We note in passing that [ for the second family of SSGG
producing loops (precisely for n € {2,3,4,5}) have additional features in intermediate
loop durations which we hand-wavingly attribute to the non-trivial shape of the control

loop.

6.4.2.2 Phase-coherence of mechanical motion undergoing SSGG

More tangible evidence of the phase-coherence of mechanical motion undergoing SSGG
comes from inspecting the individual data traces (see Sec.E). These individual traces are
“complex averaged” (Sec. D.1) to produce each trace in panel (d) of Figs. 6.9 and 6.11.
For each complex averaged trace shown in panel (d) of Fig. 6.9 (Fig.6.11), Figs. E.1-E.4
(Figs. E.5-E.8) illustrate the corresponding individual traces showing the amplitude as
well as the phase of the mechanical motion. From visual inspection, we note that the
variance in phase of the individual traces increases with the increasing duration of Cppmp n.
indicating a deterioration of phase-coherence. While we have not attempted any further
analysis, the author conjectures that these datasets may be utilized to probe the phase-
coherence time-scale of these mechanical oscillators, which in turn may put a practical
upper limit on the duration of Cunp,. Loosely speaking, this is a linear and phase-
insensitive process and thereby the phase will diffuse [251-254]. We relegate further

discussion of this topic for a future work.
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6.4.3 Driving a mechanical oscillator into nonlinearity regime us-
ing SSGG

So far, our discussions have focused on mechanical modes behaving as linear harmonic os-
cillators. This is indeed a good approximation, given the range of control and mechanical
drive (Sec.4.6.1.1) parameters we access in our experiments (see also Ref. [207, 225]). In
this section and for the first time in this thesis, we unveil a behavior of mechanical modes
that are not explained by a model involving linear harmonic oscillators. We attribute this

behavior to mechanical mode’s motion reaching amplitude beyond its linear regime.

To focus this discussion, we take the two examples of ¢(7") measurements (Secs.
5.1 and D.1) involving the family of SSGG producing control loops Cpmp,» that produces
SSGG as described in Sec. 6.3.1. The first example (Fig. 6.14(a)), involves preparing
an initial state ¢(®(0) (which is approximately o< (1,0)" - shown in the first column)
with a mechanical drive of amplitude V;; = 0.25 V;, and its frequency wy ~ wﬁo). The
initial state is estimated by fitting the ringdown portion of the data (Sec. D.2), and the
fit quality corroborates the choice of modeling the system with coupled linear harmonic
oscillators. More precisely, the mechanical modes are within their linear regime for this
amount of mechanical drive. Subsequently, ¢(*)(0) is evolved along Camp,a to the final
state ¢(®(T') (second column) for a duration 7" = 99.4 ms. The final state is estimated
by fitting the ringdown portion of the data and the fit quality suggests that despite the
amplification produced by SSGG, the mechanical motion is still within its linear regime.
Fig. 6.14(b) shows Im(¢) as a function of T', where the data points (circles) agree
well with the no-free-parameter theory prediction (black lines)!, and they continue to

corroborate the choice of modeling the system with coupled linear harmonic oscillators.

A curious behavior emerges when we repeat the above measurements but this time
we use a mechanical drive with amplitude Vo = 0.7 V,, ~ 3 x V1. The new initial
state (still approximately oc (1,0)7; first column - Fig. 6.14(c)), estimated by fitting

its ringdown suggests that the system is still within its linear regime. However, when

1Quick reminder: ¢(T') requires two linearly independent initial states &(®*)(0), that were evolved along
Camp,4 for a duration T to &(@2)(T). See Secs. 5.1 and D.1. The &) part of this story is coming up
shortly!
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Figure 6.14: Driving the system into non-linearity using SSGG - part |. (a) First column: mea-
surements for (%) (0) ~ (1,0)T i.e, with no control loop and using an mechanical drive strength V;; =
0.25 Vpk. Second column: measurements for 5(“)(T) for Camp,a. For both columns, first row: a
schematic of the driving force applied to the membrane, which is switched off at ¢t = 0; second row:
a plot control power Py (t) and third row: a plot of the beat-note phase 615(t), for the respective ini-
tialization/control loop. Solid red, orange and cyan curves: the “complex averaged” magnitude, the
in-phase and the quadrature part of the heterodyne signal, respectively and for measurements shown
in each column. Corresponding to each measurement, the solid black curve is a fit to the evolution
at constant H (see Sec. D.2). (b) Im(¢(T")). Colored points (gray to red for n = 0 to 5): data,
solid black lines: no-free-parameter theory expectation for each n. Yellow circled datapoint corresponds
to &(*) measurements in (a). (c,d) Same as (a,b) respectively, but for a different mechanical drive
strength Vo = 0.7 Vp ~ 3 X V1. In the second column of panel (c), the fit does not capture the
ringdown data. In panel (d), the black rectangle encloses a region where the measured Im(¢(T")) does
not match the no-free-parameter theory prediction and shows a apparent saturation behavior. For this
measurement, we used the same membrane modes and the same other control parameters as in Figs.
6.8, 6.9 and 6.12.
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Figure 6.15: Driving the system into non-linearity using SSGG - part Il. (a) First column:
measurements for ¢ (0) ~ (0,1)T i.e, with no control loop and using an mechanical drive strength
Va1 = 0.25 Vp. Second column: measurements for é®) (T') for Camp,a. For both columns, first row:
a schematic of the driving force applied to the membrane, which is switched off at ¢ = 0; second
row: a plot control power P»(¢) and third row: a plot of the beat-note phase 615(t), for the respective
initialization /control loop. Solid red, orange and cyan curves: the “complex averaged” magnitude, the
in-phase and the quadrature part of the heterodyne signal, respectively and for measurements shown
in each column. Corresponding to each measurement, the solid black curve is a fit to the evolution at
constant H (see Sec. D.2). (b) Im(¢(T')). Colored points (gray to red for n = 0 to 5): data, solid
black lines: no-free-parameter theory expectation for each n. Yellow circled datapoint corresponds to
&) measurements in (a). (c,d) Same as (a,b) respectively, but for a different mechanical drive strength
Va2 = 0.7 Vi ~ 3xVy1. In the second column of panel (c), the fit does not capture the ringdown data.
In panel (d), the black rectangle encloses a region where the measured Im(¢(7)) does not match the
no-free-parameter theory prediction and shows an apparent saturation behavior. For this measurement,
we used the same membrane modes and the same other control parameters as in Figs. 6.8, 6.9, 6.12
and 6.14.
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it evolved along Camp 4 to the final state (second column - Fig. 6.14(c)) for the same
duration (7" = 99.4 ms), the fit is unable to capture the details of its ringdown. This is
contrary to all previous observations reported in this chapter and in Chapter 5. This is
further highlighted in Fig. 6.14(d) via measurements of Im(¢)(7") which do not match
the theory prediction for the range of 7" and for n € {3,4,5}. In particular, we observe
an apparent saturation of Im(¢)(7T") ~ 0.9 for n € {4,5} for 90 ms < T" < 120 ms,
contrary to the n-scaling discussed previously (Secs. 2.2.3.1 and A.3.1, among others).
Similar behavior is seen when the mechanical drive frequency was chosen to be wy ~ wéo)
such that the initial state ¢®)(0) is approximately o< (0,1)%, for drive amplitudes Vj;;
and Vo ~ 3 x V1, respectively. This is illustrated in Fig. 6.15 via its panels (a) and (c).

Panels (b) and (d) of Fig. 6.15 are the same as the corresponding panels of Fig. 6.14.

In conclusion, these observations suggest that the amplification produced by SSGG is
sufficient to place the system in a non-linear regime. We relegate any systematic analysis

of this non-linear behavior for a future work.
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Chapter 7

Topological and discrete geometric
phase of non-Hermitian degeneracies

In this chapter, we provide an experimental demonstration of the topological and discrete
geometric phase ¢p 4o, Of Non-Hermitian degeneracies corresponding to an NV = 2-mode
system, using the new MIM platform (Chapter 4). These measurements are made for a
variety of control paths Cqe, that lie entirely in the degenerate subspace (i.e., the system
is rendered to be strictly degenerate throughout the control path), and use adiabatic
protocols described in Refs. [88, 89] and in Chapter 2 (Secs. 2.2.2.3 and 2.2.4). With
these ingredients in place, we start with a discussion about measuring ¢ 4e¢ (Sec. 7.1).
We then demonstrate the topological and discrete nature of ¢p 4o by measuring it for
a variety of Cyeg (Sec. 7.2). In Section 7.3, we turn our attention towards an important
question: “How robust is ¢p4es?". Based on our understanding, robustness of ¢p deg
has several facets, and we shed light on each of them. In Section 7.4, we highlight a
novel v/T-dynamical phase expected for Caeg- In particular, a careful choice of parameters
allows us to re-purpose the machinery of Chapter 6 to demonstrate yet another novel form
of amplification: a v/T-amplifier. Additional technical details for these measurements and

their analyses are given in Appendix F.
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7.1. Measuring @B deg

7.1 Measuring ¢p deg

In this section, we describe our protocol for measuring ¢p 4eq, the geometric phase cor-
responding to non-Hermitian degeneracies. These measurements are carried out using
a system of two mechanical oscillators: the (3,3) and the (5,2) mode of the membrane
(Sec. 4.3), which are tunably coupled to each other via optomechanical interactions with
the optical cavity (Sec.4.4.3). The optical cavity is in turn driven by three control laser
tones (Sec. 4.6.1.2): two red-detuned control tones that provide tunable optical spring,
optical damping and Floquet-coupling (Sec. 2.3.2) and a blue-detuned control tone to
reduce damping of the membrane modes (Sec. 4.5.3). The full set of control knobs at our
disposal can be represented by 7 = {P1, Py, 6,n, 612, Py, Ay}, where P; 5, 6 and 1) are the
individual powers, common and differential detuning of two red-detuned control tones,
respectively. 615 is the phase of the intracavity intensity beat-note of the red-detuned
laser tones. { Py, A4} represent the power and the detuning (from cavity resonance) of
the blue-detuned control tone, respectively. The specific tuning of these control knobs is

described in subsequent sections.

A crucial distinction of this work compared to its predecessors (i.e., Chapters 5 and 6)
is that the system is tuned to an P, degeneracy, and the control paths Cqe, lie entirely
in the E'P, degenerate subspace i.e., EPy (Sec. 2.2.4), unless mentioned otherwise. We
tune the degenerate system along a Cye in real time, and measure its corresponding time

evolution to determine ¢p 4es. We now describe this measurement protocol below.

7.1.1 Locating EP, degeneracy

The protocol begins by locating an E'P, degeneracy. This is accomplished by perform-
ing spectroscopy of the membrane modes via ringdown measurements as a function of
control parameters, and extracting the corresponding eigenvalues (A;2). An exemplary
measurement of the discriminant D = (A, — A\_)? is shown in Fig. 7.1(a) where we var-
ied control parameters of the two red-detuned tones: {P = /P, P,d} on a rectangular
grid with fixed control parameters: \/m = 0.4,n/2m = —30 Hz for the red-detuned
tones, and P, = 16.9 uW and A, /27 = +2.925 MHz for the blue detuned tone. We
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Figure 7.1: Locating EP, degeneracy via spectroscopy. (a) D(P,d) with P = /P P,. Left
column: data; middle column: filtered data, black star: experimentally predicted E P, location; right
column: fit, black cross: theoretically predicted E P, location. Dashed rectangle indicates the re-
gion in P - § plane used for a refined search of EP, location shown in (b). Top row: |D| (units:
(2r x Hz)?), bottom row: /D (units: radians). (b) Same as (a) but for {P,§} within the
dashed rectangle in bottom-middle panel of (a). Note that both panels use the same color scale
for representing D. For this measurement, we used the (3,3) and the (5,2) membrane modes with
fixed control parameters: /P1/P, = 0.4,n/2r = —30 Hz for the red-detuned laser tones and
Py = 16.9 pW, A, /27w = +2.925 MHz for the blue-detuned laser tone.
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7.1. Measuring @B deg

recall that the system’s eigenvalues are independent of 615 (Secs. 2.3.2 and Eq. (2.17)),
and is held fixed to 0 for this and for all subsequent spectroscopy measurements in this
chapter. E'P, is simultaneously located as a minimum of |D| (Sec. B.5.3) and a vortex
of the phase of D (£D, Sec. B.5.4) in the P - § plane. They are shown as black stars in
the second column of Fig.7.1(a). We have empirically found that vortex of ZD is a more
robust indicator of E P, compared to minima of |D|. Consequently, E'P; as identified via

the vortex of ZD gets utilized in the next steps of the protocol.

The experimentally identified F'P, compares well with the theory prediction (shown
as a black cross in the third column of Fig.7.1(a)). The theory predictions are calculated
using system parameters obtained by fitting the spectroscopy data as described in Secs.
4.5.1 and 4.5.3, and exemplary fits are illustrated in Appendix C.4. All subsequent theory

predictions in this section are calculated using these system parameters.

Panel (b) of Fig. 7.1 illustrates a more refined search for the E'P; location, guided by
the measurement shown in panel (a). The result of this refined search is our best estimate
of the E'P, location, and it is subsequently utilized for constructing Cqes (Sec. 7.1.2).
For comparison, in panel (b) of Fig. 7.1, the E'P; is located 1.5x (2.5x) more precisely
in P (0) compared to its panel (a); 26x (16x) more precisely in P (4) when compared
to Fig. 4.15; and 80x more precisely in P when compared to a generic spectroscopy
measurement in the older MIM platform (for ex: see Fig. 3.7)!. The ability to precisely
locate an E P, must be complemented by the system'’s stability to reliably relocate to the
same E'P,, thus enabling the work described in this chapter. Spectroscopic verification
of this aspect is illustrated in Sec. 4.5.4. The manner in which it gets translated into real

time dynamics measurements in £Ps is illustrated in Sec. 7.3.1.

1\We note that the new MIM cavity has ~13x larger linewidth that the older system (~2.2 MHz versus
~0.17 MHz) and employs ~6x larger membrane mode frequencies (~3 MHz versus ~0.5 MHz). So
putting & on the same footing requires us to take care of these design considerations. At the end we
estimate a ~25x improvement in precision of § in determining E P, location as given by Fig. 7.1(b)
compared to a generic spectroscopy measurement in the older MIM platform. This is given by the
product of the ratio of cavity linewidths and the inverse ratio of smallest reliable step-size in §. In the
older system, the smallest reliable step-size in § was 27 x 10 KHz.
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7.1. Measuring @B deg

7.1.2 Constructing Cgeg

The E'P; located above can be succinctly parameterized into a control path Cqee in EP5

via control parameters as:
?EP = {Pgp,0rp,n, 012, P1, Ay} (7.1)

where {Pgp,0pp/2n} = {7.285 uW, 0.2872 MHz} are coordinates corresponding to
the vortex in Z(D(P,8)) with Ppp = \/PippPspp. In a frame rotating with the
intensity beat-note of the two red-detuned control tones, the non-Hermitian dynamical
matrix H (Eq. (2.81)) that governs the motion of the membrane modes has the following

properties:
(a) It is degenerate and the degeneracy type is indeed EPs.

(b) It can be expressed as Hgeg as in Eq. (2.51) via the relations given in Eq. (2.83) and
thus spanning EPs.

(c) In the picture of representing H as a “complex Pauli matrix vector” (Eq. (2.5)), it
corresponds to the three-vectors Bg. 1, being equal in length and perpendicular to
each other (henceforth denoted as B%Zglm), with their common orientation in R3

fixed by the parameters corresponding to the EP;.
(d) It depends on time solely via Ygp(t).

With the above setup, “simple” control loops C4es can be realized by holding the
parameters { Ppp, 0pp,n, Py, Ay} fixed, while varying 612(s) = —2nms mod 27, in real
time for a duration T, with 0 < s = ¢/T < 1 and n € N. As before, this corresponds
to a loop as 6y, is defined modulo 27, such that Y'(t = 0) = Y(t = T). Intuitively, it
corresponds to rotating B?{i%lm, n-times around the z-axis, at a constant rate (see also
Sec. 2.2.4.3). We also recall that in the language of Sec. 2.2.4.1 and Ref. [88, 89],
a “simple” Cgeg in EPy corresponds to a “straight loop™” in £P,. Below we list some

characteristic features of such a Cge,:

(i) The system remains degenerate throughout the control loop, and hence constitutes

a control path entirely in £P5. This is because the system'’s eigenvalues are inde-
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Figure 7.2: Control loops in EP2. (a) D(P, ) with P = /P, P for the same 2D sheet shown in
Fig. 7.1(b) that is used for locating E P, degeneracy, with appropriately scaled colormap for |D|. Left
column: filtered data, black star: experimentally predicted F P, location; right column: fit, black cross:
theoretically predicted EP; location. (b) A schematic illustration of a non-contractible control loop in
EP3 where the control parameters are set to the value corresponding to the black star (experimentally
predicted E'P») and the beat-note phase 615 is varied from 0 to —27. (c) Same as (b) but 6,5 is varied
from 0 to —4m, which corresponds to a contractible control loop in EPs.
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7.1. Measuring @B deg

pendent of ;5 and as such for a “simple” Cgcq, they are constant.

(ii) It ensures the strict requirement for the existence of a unique least-dissipative eigen-
vector of the dynamical matrix that governs evolution along Cgeg, Which is amenable

to adiabatic evolution in the large-T" limit (see Sec.2.2.4.3 and Refs. [38, 89]).

(iii) Its homotopy class in EP5 is determined by n mod 2 where n mod 2 = 1 (0)

corresponds to a non-contractible (contractible) Cyeg in EPs.

(iv) Intuitively, visualizing such loops as rotating B‘E{Zglm, n-times around the z-axis is

popularly known as the “Dirac’s Belt Trick” [255-259], which very simply demon-
strates the doubly connected nature of SO(3) = RP? spaces. As described in Sec.
2.2.4.3, the space of £P, = RP? x R.

A schematic illustration of two homotopically distinct Cqes constructed using the EP,

obtained in Sec. 7.1.1 is shown in Fig. 7.2(b,c).

7.1.3 Measurement of real time dynamics in EP,

In this section, we describe measurements of real time dynamics when the system is tuned
along a Cgeg in EPy. To focus this discussion, we consider a “simple” non-contractible
Caeg given by the E'P, obtained in Sec. 7.1.1 with 0(¢t/T) = —2n(t/T). This Cyeq is
shown schematically in Fig. 7.2(b). The corresponding measurement protocol is listed
below and schematically illustrated in Fig. 7.3. We note that measurements corresponding

to all Cqeg accessed in the chapter are carried out in this same fashion.

(1) For a Cyeq that will be traversed in real time in a duration 7', we prepare the initial
state Z(0) as the least-dissipative right eigenvector! (@’,) of H'(s = 0,T). The
dynamical matrix H'(s,T) = Jy — A;(s)/T governs the real time evolution of &

(see Egs. (2.52), (2.54)). Subsequently, we measure Z(0).
(2) We then traverse Cge, in real time in duration 7" and measure the final state (7).

(3) In conjunction with the real time dynamics measurement above, we perform a spec-

!From here on, we use the phrase ‘least-dissipative eigenvector of H'' or ‘least-dissipative eigenvector
of the dynamical matrix that governs evolution’ to denote ., throughout the chapter. In particular,
this phrase is taken to imply that %/, is a right eigenvector.
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Figure 7.3: Protocol for real time dynamics measurements in £P5. (a) Optical spectrum. Orange:
cavity mode; vertical arrows: control tones. Each control tones' power and detuning are indicated. The
detuning (A) axis is to scale. The two red detuned tones {P;, P»,d,n} and the blue detuned tone
{Py, A4} are the control tones used in this work. An auxiliary red-detuned tone { Py, Ay} close to the
cavity resonance counteracts detrimental photothermal transients (see Sec. 4.4.3.1). (b) The timing
sequence of the experiment. First column: Initial state preparation. lIts duration (=7, < t < 0) is
shaded in cyan. (Top panel) Dark gray curve: a schematic of the driving force applied to the membrane,
which is switched off at t = —1T},. (Middle panel) Red, dark-red, blue curves: value of control tones’
powers P, P, and Py, respectively. They are 0 for t < —T},, t > 0 and set to the value corresponding
to the EP, location for —Tp <t < 0. Light-red curve: value of auxiliary tone's power Py. It is 0
for =T, <t < 0 and non-zero (value given by Eq. (4.16)) for ¢t < —T,, t > 0. (Bottom panel) Black
curve: 015(t) given by Eq. (7.2). Second column: Same as first column but for performing a “simple”
non-contractible control loop in EP5. Its duration (0 < ¢ < T') is shaded in yellow. In the middle panel,
Py, Py and Py are now on (off) for =T, <t < T (t < =T, t > T), and P, continues to be off (on)
when control tones are on (off). 612(—T, <t < 0) is given by Eq. (7.2) and 612(0 <t <T) = —2x¢t/T.
Third column: Same as first column but for performing spectroscopy at EP>. In the top panel, the
driving force is switched off at ¢ = —T),. In the middle panel, Py, P, and P, are now on (off) for ¢ > 0
(t < 0). 012 is held constant at 0, as it has no role in spectroscopy of eigenvalues.

troscopy measurement of the system's degenerate eigenvalue Agp and the quantity
R at this EP,. Briefly, the parameter R characterizes the rate at which any state
vector of the degenerate system approaches the unique right eigenvector at E P, (see
Secs. 7.4.1.1 and F.3). These measurements enable us to independently determine
the expected dynamical phases that arise when transporting the state vector Z(0)

along Cqeg, and which persist as T — oo.
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(4) We repeat steps (1) and (2) as a function of T". For each value of 7" chosen for
step (1) and correspondingly (2), we perform step (3).

We now detail each step of this measurement protocol below.

7.1.3.1 |Initial state preparation

Motivated by the theoretical prescription as described in Refs. [38, 89] as well as in Secs.
2.2.2.3 (Eq. (2.9)) and 2.2.4, preparing the initial state #(0) as the least-dissipative eigen-
vector (i’ ) of H'(s = 0,T) is a key step that sets the stage for efficiently measuring
®B,deg- We note that this is another important difference of this work when compared
to its predecessors (i.e., Chapters 5 and 6) where we initialized to a pair of linearly inde-
pendent but arbitrary state vectors. Here we briefly describe the initial state preparation

and provide some intuition. Its technical details are relegated to Sec. F.1.

The procedure begins by initializing one of the membrane modes to a large amplitude
of motion while leaving the other one un-driven!. This is straightforwardly accomplished
by turning off all the control tones that mediate coupling between the membrane modes,
and mechanically driving one of them for a programmed duration. This prepares the state
vector Z(t = —T,). In particular, Z(t = —T,) is either o< (1,0) or < (0,1)", when
expressed in the basis of uncoupled membrane modes i.e., (1,0)T as the (3,3) mode and
(0,1)T as the (5,2) mode. Subsequently, Z(—T,,) is transported along C, deg in EPs in
duration T},. It is given by Ygp (as in Eq. (7.1)) with 0y5(t):

=2k, (t+1T,) .
T—(pl—k;)pT if -1, <t <(k,—1)T

9 o p p

12(t) = ort (7.2)
—QW—% if (k,—1)T <t <0

where 0 < k, < 1 is a real-valued parameter, and {7},, T’} denote the time-duration of
Cp.deg and Cqeq, respectively. Empirically, this corresponds to turning on all control tones
to the set value of ?Ep at t = —T,,, and then tuning them in real time for a duration 7},

via 015(t) as given in Eq. (7.2).

1The amplitude prepared by mechanically driving the membrane modes is greater than the un-driven
motion for e.g. thermal motion, by at least a factor of 100 in all the cases studied in this thesis.
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Figure 7.4: Preparing and measuring the initial state vector Z(0), and its evolution to Z(T)
along a control loop in £P5: state vector component |. First column: measurements for the first
component of Z(0) obtained by transporting #(—T},) along C,, qez. Second column: measurements for
the first component of #(T) obtained by transporting Z(0) along a “simple” non-contractible Cgeg. For
both columns, dark gray curves: a schematic of the driving force applied to the membrane, which is
switched off at t = =T}, — Tyait- Twait = 2 ms is a programmed delay used in these measurements;
black curves: 6;2(t) corresponding to Cp deg (left column), and Cp aeg || Cacg (right column), where
‘||'" denotes concatenation. Solid green, red, orange and cyan curves: the magnitude, the phase, the
in-phase and the quadrature part of the heterodyne signal, respectively and for measurements shown
in both columns. Corresponding to each measurement, the solid black curve is a fit to the ringdown
evolution which is used to determine Z(0) (left column) and Z(T") (right column) as described in Sec.
F.3. The duration of initial state preparation, the control loop and the LIA settling are indicated as
cyan, yellow and gray shaded regions, respectively. For this measurement, we used the (3,3) and the
(5,2) membrane modes with control parameters that tune it to an EP, with ZR = 0 (see Secs. 2.2.4.3,
713 and 7.1.4): P = /PP, = 7.285 uW,\/P;/P> = 0.4,§/2n = 0.2872 MHz,n/2r = —30 Hz
for the red-detuned laser tones and Py = 16.9 uW, A,/2m = +2.925 MHz for the blue-detuned laser
tone.

Each segment of ;5 shown above performs a specific task to prepare Z(0). Intuitively,
the first leg distills Z'(—7),) so that it becomes sufficiently equal to the unique least-
dissipative eigenvector of H'(t = (k, — 1)T',T,), and the second leg subsequently steers
it to the unique least-dissipative eigenvector of H'(t = 0,T). The values of k, and T,
are chosen to prepare the target states in each leg with sufficient accuracy, while ensuring

that the decay of the state vector amplitude is minimal.
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Figure 7.5: Preparing and measuring the initial state vector Z(0), and its evolution to Z(T)
along a control loop in £P5: state vector component Il. First column: measurements for the sec-
ond component of Z(0) obtained by transporting Z(—1},) along Cp, qes. Second column: measurements
for the second component of Z(1") obtained by transporting £(0) along a “simple” non-contractible Cqeg.
For both columns, dark gray curves: a schematic of the driving force applied to the membrane, which
is switched off at t = =T}, — Tait. Twait = 2 ms is a programmed delay used in these measurements;
black curves: 612(t) corresponding to Cp, qes (left column), and Cp geg || Caeg (right column). Solid green,
red, orange and cyan curves: the magnitude, the phase, the in-phase and the quadrature part of the
heterodyne signal, respectively and for measurements shown in both columns. Corresponding to each
measurement, the solid black curve is a fit to the ringdown evolution which is used to determine Z(0)
(left column) and Z(T') (right column) as described in Sec. F.3. The duration of initial state preparation,
the control loop and the LIA settling are indicated as cyan, yellow and gray shaded regions, respectively.
For this measurement, we used the same membrane modes and the control parameters that tune it to
the same E P, as in Fig. 7.4.

Similar to all previous instances in this thesis, we always work with an intrinsically
damped system and as such the initial state vector we have prepared here, must have
sufficient amplitude for further processing and experimentation. We provide further de-
tails about the initial state preparation protocol in Sec. F.1. We also note that the choice
of preparing Z(—T},) as (1,0)™ or (0,1)T does not represent a special constraint. Any
other choice of #(—7},), with suitably curated C, 4e, that can provide the desired 7(0),
is equally valid. However, the present choice is preferred due to the relative ease with

which we can perform experiments and subsequent analyses in the basis of uncoupled
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membrane modes (see below as well as Secs. 7.1.3.2 and 7.1.4).

Fig. 7.3(b:first column) illustrates this procedure, while the left column of Figs. 7.4
and 7.5 demonstrate initializing the state vector Z(—T,) o (1,0)", which is subsequently
transported along C, 4es to prepare Z(0). For this measurement: {7, = 55.9 ms,T" =
92.7 ms,k, = 0.302}. The prepared Z(0) is conveniently measured in the basis of
uncoupled membrane modes, which is accomplished by turning off all control tones at
t = 0, and letting the state vector ring down. Fitting this ringdown data provides 7(0)
(Sec. F.3.2). The first panel of Fig. 7.7 shows measured Z(0) for all 7" used for traversing
Caeg (see immediately below: Sec.7.1.3.2).

7.1.3.2 Traversing Cqeg in real time and final state measurement

Transporting 7(0) along Cqeg is straightforward. It immediately follows the initial state
preparation step (Sec.7.1.3.1) at t = 0, and the control tones are tuned in real time for
duration T via 015(t) = —27t/T, in this case. At the end of this procedure, we have
Z(T).

Fig. 7.3(b:second column) illustrates this procedure, while the right column of Figs.
7.4 and 7.5 demonstrate preparing and subsequently transporting Z(0) along Cges to
obtain Z(T"). For this measurement, we used the same values of {7,,T,k,} as in Sec.
7.1.3.1. The resulting Z(7T") is conveniently measured in the basis of uncoupled membrane
modes in the same manner as for Z(0) (Sec.7.1.3.1). The corresponding ringdown data
is fit to obtain #(7T") (Sec. F.3.2). The second panel of Fig. 7.7 shows measured #(T") for

a range of T.

7.1.3.3 Spectroscopy at EP,

Spectroscopy of the system’s degenerate eigenvalue A\gp and the quantity R is accom-
plished via ringdown measurements as described in Secs. 4.5.3 and 7.1.1, with its proce-
dure schematically illustrated in Fig. 7.3(b:third column). Fig. 7.6 shows an exemplary
spectroscopy measurement corresponding to real time dynamics measurements in the two
previous sections (Sec. 7.1.3.1 and 7.1.3.2). The ringdown data is fit to the expected
form near E'P,, as opposed precisely at £ P,. This is simply due to the fact that we
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Figure 7.6: Spectroscopy at EP,. First column: first half of the measurements that determine
Aep and R at EP,. Second column: second half of the measurements that determine Agp and R
at EP,. For first and second columns, dark gray curves: a schematic of the driving force applied to
the membrane near (3,3) and (5,2) membrane modes, respectively, which is switched off at t = —Tyait-
Twait = 2 msis a programmed delay used in these measurements; Second to fifth rows in both columns
shows the magnitude, the phase, the in-phase and the quadrature part of the heterodyne signal near (3,3)
membrane mode as red curves and (5,2) membrane mode as gray curves, respectively. Corresponding
to each measurement, the solid black curve is a fit to the ringdown evolution which is used to determine
Agp and R at EP, as described in Sec. F.3. The duration of the LIA settling is indicated as the gray
shaded region. For this measurement, we used the same membrane modes and the control parameters
that tune it to the same EP; as in Figs. 7.4 and 7.5.

can empirically approach an E'P, with finite precision (see Secs. F.2 and F.3.3). The
fit parameters include the system's nearly degenerate eigenvalues {\,, A\_} and nearly
degenerate eigenvector components {vy,v,}. The degenerate eigenvalue Agp is then

taken to be
A+ A

; (7.3)

)\EP =
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and R at E P, is given by

R=(\ —)) (ﬁ _ %) (7.4)

where k = vjvy. The quantity R is detailed in Sec. 7.4.1.1 and Eq. (7.4) is derived in
Sec. F.2.2.3.

The third panel of Fig. 7.7 illustrates the result of spectroscopy measurements at this
E P, that complement the real time dynamics measurements in £P5 described in Secs.

7.1.3.1 and 7.1.3.2.

Parameter Measured Theory

App/2m (Hz) | —19.92 +0.24 — (13.65+0.24)i | —20.10 — 14.30i

sA/2m (Hz) ~13+16+(0.0+12)i 0

R/27 (Hz) 15.15 4 0.12 — (0.10 & 0.11)i 15.60

Table 7.1: Spectroscopic properties of the first E P, candidate. This EP, is located in Sec.7.1.1
and is utilized in Secs. 7.1, 7.2.1, 7.2.2.1, 7.2.2.2 and 7.3. Agp: the degenerate eigenvalue at EPs, d\:
non-degeneracy of eigenvalues, R: parameter that characterizes the rate at which any state vector of
the degenerate system approaches the unique right eigenvector at EP, (Eq. (7.4)). Measured value is
reported as mean 4 one standard deviation. Theoretical values are obtained by fitting the spectroscopy
data used for locating this EP;.

At EP,, we expect A, = A_ and k = 1. Measurements of A = (A, — A_) =~ 0 and
a finite value of R =~ d\/(1 — k) empirically corroborate this fact. The resulting values
of {\gp, 0\, R} are reported as the mean and one standard deviation of all spectroscopy
measurements, and are illustrated as such in the third panel of Fig. 7.7. They are sum-
marized in Table 7.1 alongside the corresponding theoretical predictions. Here we remind
ourselves that the theory predictions are calculated using system parameters obtained
by fitting the spectroscopy data used for locating the E P, as described in Sec. 7.1.1.
Subsequently, the mean values of {\gp, R}, i.e., {\gp, R} are utilized to construct two
dynamical phases: ¢1pdes(1) = AppT - the well-known linear dynamical phase, and
Gsqrt deg (1) = V27 RT (from Eq. (2.58)) - a novel /T phase resulting from real time
dynamics in EPs, respectively. Further intuition and details for ¢sqr deg are provided in

Sec.7.4.1.
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Figure 7.7: Measurement of real time dynamics in £P> - part |. Panel I: Black curve (top panel)
shows 612(t) corresponding to Cp, geg used for initial state preparation. Measured magnitude (middle
panel) and phase (bottom panel) of the heterodyne signal used for determining the initial state Z(0) for
each T used for traversing Cgeg. Cyan (pink) squares: the first (second) component of the state vector.
Panel Il: Same as panel | except in top panel, #12(t) corresponds to Cp, deg || Caeg; Measured heterodyne
signal (middle: magnitude and bottom: phase) used for determining the final state Z(7'). Panel Ill:
Spectroscopy at EP, that complement the measurements in panels | and Il. They provide Agp (blue
disk: Agp) and R (black disk: R), which independently determine the linear dynamical phase and a
novel v/T dynamical phase acquired by Z(T), respectively. Red disk: d\, which is expected to be 0 at
an EP,. For each quantity, the theoretical prediction is given by a gray disk with same edge color, the
individual measurements are represented as smaller disks with a lighter color shade and the gray fences
indicate corresponding error bars. For this measurement, we used the same membrane modes and the
control parameters that tune it to the same EP; as in Figs. 7.4-7.6.
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7.1. Measuring @B deg

For our present purposes, we note that choosing ZR = 0 is strategic, complemented
by its spectroscopic measurements (see Table 7.1 and third panel of Fig. 7.7). As a result
of this choice, Re(¢sqrt.deg) i expected to vanish. Furthermore, following our discussion
of the special case of ZR = 0 in Sec. 2.2.4.3, we expect all real-valued dynamical
phases but Re(¢rp,deg) to identically vanish for 7' > 35 Consequently, we obtained the

following exact result:

Re(gbdeg(T)) = Re(¢LD7deg(T)) + ¢B,deg7 vT Z 7T/2R (75)

In what follows (Sec. 7.1.4), the measured {Z(0), Z(T")} along with Agp and ZR = 0 are
utilized to demonstrate the above exact result, and subsequently the real-valued ¢p geg

is isolated.

7.1.4 Measuring ¢4eg and isolating @p deg

In this section, we compare the measured final states #(7") (Sec. 7.1.3.2) with the
corresponding measured initial state Z(0) (Sec. 7.1.3.1), and extract their relative phase
Gaeg(T). We then isolate ¢ 4o by removing the independently measured dynamical
phases (Sec. 7.1.3.3) from ¢gee(T'). For this discussion, we continue to use the same

“simple” non-contractible C4e, from Sec. 7.1.3, which crucially employs ZR = 0.

The relative phase ¢qeq(1") of Z(1') compared to Z(0) is given by

Z(T) = e~ "aeD) g(0) (7.6)
N o (T _ p—itac(T) 71(0) (7.7)
z2(T) 22(0)

where in the second step, we expressed the state vectors in the basis of uncoupled mem-
brane modes i.e., (1,0)" as the (3,3) mode and (0,1)" as the (5,2) mode. Subsequently,

we define:

Gaeg1(T) = i Log(z1(T) /x1(0)) (7.8)

Paeg2(T) = i Log(xo(T)/x2(0)) (7.9)
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Figure 7.8: Measurement of real time dynamics in £P; - part Il. (@) ¢qeg,; Vversus duration

of Caeg, T, with j = 1(2) denoting quantities corresponding to the first (second) component of the
state vector (see Egs. (7.10) and (7.11)). Cyan and pink squares: data corresponding to ¢geg,1 and
@deg,2, While the solid curves represent the corresponding no-free-parameter theory predictions. Top
panel: Im(pgeg j (1)) and bottom panel: Re(¢deg,;(T")). Dashed black line in the top panel represents
Im(¢geg) = 0. (b) Same as (a) but illustrating a parametric plot of complex @qeg,;(T"). Curved black
arrows indicates increasing T'. (c) Same as (a) but illustrating e (1,2} = @deg,j — PLD,deg Versus T'.
Top panel: Im(Bqeg, {1,23(T")) and bottom panel: Re(Bgeg, {1,21(7)). Dashed black curves in the top
and bottom panel represents V27w RT and 7, respectively. Gray vertical line denotes T* = 7 /2R with
ZR = 0 (see Sec. 7.1.3). (d) Same as (c) but illustrating a parametric plot of Im(SBaeg ;(T))/VT
versus Re(Baeg,;(T')) for j € {1,2}. Gray star: estimated value of {¢p deg, V2T R} (see Sec. F.4), gray
fences around the gray star (not visible): error in estimating {¢ 5 deg, V2T R} (see Sec. F.4), gray disk:
theory prediction: {¢p deg = 3.18,V271R = 24.82 (2rHz)}, dashed black line: Re(f4eg) = 7. Curved
black arrows indicates increasing T'. For this measurement, we used the same membrane modes and the
control parameters that tune it to the same EP; as in Figs. 7.4-7.7.
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7.1. Measuring @B deg

They are conveniently re-written as:
Pacg.1(T') = 1 Log(Vi(T)/V4(0)) (7.10)

Paeg2(T) = i Log(Va(T') /V2(0)) (7.11)

where V;(t) = o;x;(t) is the heterodyne signal measured near w§0): the bare resonance

frequency of j™ membrane mode with j € {1,2}, z; the motional amplitude, and «;
the motion-to-voltage transduction factor. Since it is the ratio of heterodyne signals that
appears in Egs. (7.10) and (7.11), «; has no role in ¢geg ;, and is left un-measured in
these experiments. Fig. 7.8(a,b) illustrates the complex-valued ¢qes as a function of 7.
For large T, the phase of the motion evolves linearly with 7" as shown in Re((deg, {1,2})
(lower panel) while the amplitude of the motion displays intriguing features (upper panel:
Im(@aeg,11,21)). Nevertheless, it decays at large 7" highlighting the overall damping of the
system at this £ P;.

To empirically isolate ¢p geg, We define Bueg j (1) = Pdegj(T) — P aeg(T) for j €
{1,2}. For our particular choice of ZR = 0, Re(faeg(1’)) (defined modulo 27) is
expected to be 7 for T > T* = 7/2R. This is explicitly demonstrated in the lower
panel of Fig. 7.8(c) where Re(Baeg,1,2)(T > 2T%)) ~ m. For the region 7" < T <
2T, Re(faeg,{1,2)(1")) displays a transient behavior consistent with the fact that the
fidelity with which the initial state Z(0) is prepared as the least-dissipative eigenvector
of H'(s = 0,T) is still not “good enough”; and this interpretation is corroborated by

theoretical simulations. We shed more light on this feature in Sec. F.1.2.

The imaginary part of Bqcg (1,2)(T) illustrated in the top panel of Fig. 7.8(c) displays
a ~ /T behavior for ' > T*. This feature agrees with the theoretical prediction. We

investigate this novel dynamical phase further in Sec. 7.4.

Fig. 7.8(d) shows a parametric plot of Im(Bueg ;(T))/VT versus Re(Baeg ;(T)) for
j € {1,2}. Crucially, it also shows the value of {¢5 ez, V2T R} estimated from measured
Baeg,{1,2}, as a gray star (see Sec. F.4). We estimate ¢p 4o = 3.10 £ 0.08 which
compares favorably to the expected value of 7. Additionally, the estimated value of

V2rR = 2459 + 0.08 (27Hz) is in good agreement with the theory prediction of
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7.1. Measuring @B deg

24.82 (2mHz). This concludes our discussion of measuring ¢ qes for this particular Ceg,
and all subsequent measurements of ¢p 4e; are subject to this protocol, with possible

modifications in analysis techniques indicated therein.
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7.2. Topological and geometric character of ¢p deg

7.2 Topological and geometric character of ¢p geg

In this section, we describe measurements that demonstrate that ¢p 4. depends solely
on the topology of control paths Cges in the degenerate subspace £P;. These include
measurements where we: (I) perform “simple” Cye, that belong to distinct homotopy
classes (Sec. 7.2.1), (1) vary the shape of Cg4e, that belongs to a particular homotopy
class (Sec. 7.2.2), and (I11) vary the manner in which we traverse a Cgee (Sec. 7.2.3). For
clarity, we note that (I) and (Il) probe the topological character of ¢ 4eq, While (111)

probes the geometric character of ¢p geg.

7.2.1 Part I: Homotopically distinct Cqeg

In this section, we reveal via our measurements that ¢ 4¢, depends solely on the homo-
topy class of Cgeg in EP5. As has been described previously (Sec. 2.2.4.1), the space of

EP2 2 RP? x R and consequently all Cqeq belong to one of two homotopy classes.

Homotopy class |I: C4, is non-contractible; these correspond to an odd winding number
(Fig. 7.2(b)).

Homotopy class Il: Cq4, is contractible; these correspond to an even winding number

(Fig. 7.2(c)).

For this investigation, we continue to utilize the same E' P, with /R = 0 asin Sec. 7.1,
and consider “simple” Caey given by Yp (as in Eq. (7.1)) and 635(s) = —2nms mod 2,
varied in real time for a duration 7', with 0 < s = ¢/T < 1 and n € N. Intuitively,
it corresponds to rotating Bgf(flm at a constant rate n-times around the z-axis (see also

Secs.2.2.4.3 and 7.1.2).

Measurements of ¢qee ;(1") for j € {1,2} and dynamical phases {¢1.p deg: Psqrt.deg }

were carried out in the same manner as in Sec. 7.1. However, for this exercise we

define Bdeg,{l,Q} (T) = ¢deg,{1,2}(T) — PLD,aeg (1) such that the range Re(Bdeg7{172}) is no
longer constrained to be within [0, 27]. Fig. 7.9 illustrates 6;5(s) for various Cqe, and

corresponding measurements of Bdeg,{l,Q} (T') for n = {1,2,3,4}.

Re(gde&m) (T)) is expected to be +nm for T* > nn /2R, and is shown in the top
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Figure 7.9: Topological character of ¢p qeg - part IA. (@) Cqeg for which 605 is ramped from 0
to —27n mod 27 for 0 <t < T, for n = {1,2,3,4}. For =T, <t < 0, 012 corresponds to Cp deg
that corresponds to initial state preparation. (b) Top (bottom) panel: Re/Im(83,, 1(T')) corresponding
to the first component of the state vector. Gray, cyan, red and orange squares: data corresponding to
n = {1,2,3,4}, respectively. Solid curves: no-free-parameter theory predictions for each n. Dashed
lines correspond to nm for top panel and v2nwRT for the bottom panel. Solid vertical lines indicate
T* = nm/2R. Straight black arrow indicates increasing n. (c) Same as (b) but for Re/Im(f3 4.4 o(T))
corresponding to the second component of the state vector, and horizontal dashed lines in the top panel
correspond to —nm. (d) Same as (b) but a polar plot of Im(Bdng(g)(T))/\/T versus Re(Bdng(g)(T)).
Curved (straight) black arrows indicates increasing T'(n). For this measurement, we used the same
membrane modes and the control parameters that tune it to the same EP, as in Figs. 7.4-7.8.
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Figure 7.10: Topological character of ¢p deg - part IB. (a) Polar plot of ¢p geg versus n. Stars:
estimated value from data corresponding to Re(Bqeg 1,23(7)) (Sec. F.4). Error bars are smaller than

the data symbol. (b) The coefficient C' versus n that governs Im(Bdeg,{l,Q} (T)) =~ V/CT for large T.
Stars: estimated value from corresponding data (Sec. F.4), disks: theory prediction. (c) R estimated
from C/2mn are shown as stars. Black solid line indicates the theory prediction of R while dark-orange
solid line flanked by orange shaded region corresponding to mean and standard deviation of | R| obtained
from spectroscopy measurement at EP,. For this measurement, we used the same membrane modes
and the control parameters that tune it to the same EP; as in Figs. 7.4-7.9.
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panels of Fig. 7.9(b,c), respectively. Independently, Im(gdeg’m) (T")) is expected to evolve
as v2nwRT for T* > nm/2R. This is corroborated by our measurements shown in the
bottom panels of Fig. 7.9(b,c) which appear to asymptote to the expected value. Finally,
we conclude this initial analysis by showing a parametric plot of Im(Bdng(z)(T))/\/T
versus Re(Bdng(Q) (T)) in Fig.7.9(d).

To isolate ¢ geg (always defined modulo 27), we analyze Re(gde&m)) as prescribed
in Sec. F.4 and the results are illustrated in Fig. 7.10(a). They demonstrate ¢p 4eg =
(n mod 2)m. Further analysis of Im(gdegvm)) (Sec. F.4) reveals that it is indeed given
by VCT = v/2nnRT for large T. This analysis is illustrated in Fig. 7.10(b,c).

7.2.2 Part Il: Varying the shape of Cgee

To study the effect (or lack thereof) of the shape of C4ey, We consider three examples
below. The first example (Sec. 7.2.2.1) continues with “simple” but non-contractible Cgeq
that correspond to E'P, with ZR = 0, but for several distinct E' P, locations. Intuitively,
this corresponds to simply rescaling the lengths of BdRi%Im while keeping their common
orientation in R? fixed. The second example (Sec.7.2.2.2) relaxes the /R = 0 constraint.
Here we consider “simple” non-contractible Cyeg that correspond to E'P, with constant
ZR that is systematically perturbed from 0. Intuitively, this corresponds to tweaking
the common orientation of BdRZg’Im in R3 from its ZR = 0 orientation. In the final
example (Sec. 7.2.2.3), we consider “simple” Cyeg that correspond to E P, with arbitrary
but constant R. In the picture of Bf{flm, this corresponds to them having any arbitrary

common orientation in R3.

7.2.2.1 Cgep with ZR =10

For these measurements, we systematically located several distinct £'P, with ZR =
0, subsequently performed “simple” non-contractible Cqeq and measured ¢p oo, all in
the same manner as described in Sec. 7.1. These measurements continue to employ
the (3,3) and the (5,2) membrane modes Floquet-coupled using two red-detuned tones
{Py, P3,8,n,012} and their damping reduced by the blue-detuned tone {Pj, As}. In

particular, we stepped the control parameter 7 to various values and correspondingly
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Figure 7.11: Topological character of ¢ B deg - part l1A(i). (a) Re(Baeg(T")) for a variety of “simple”
non-contractible Cqes. Bottom to top correspond to candidates A to H. Colored squares and disks: data
corresponding to state vector component 1 and 2; solid black curve: corresponding no-free-parameter
theory prediction; dashed gray line corresponds to 7 while the vertical gray line indicates T* = 7 /2R
for each candidate; colored stars: ¢ qeq estimated from data corresponding to Re(fqes(T")) data (see
Sec. F.4). We note that all panels shown here share the same X and Y axes as the bottom-most
panel. (b) Same as (a) except we illustrate Im(SBaeg)(T)/VT. Dashed gray line: V27 R from theory
prediction; colored stars: corresponding estimated value of v27R from Im(fqeq)(T) data (see Sec.
F.4). We note that all panels shown here share the same X and Y axes as the bottom-most panel. (c)
Left: (¢B,deg — ™) estimated from data corresponding to Re(B4eg)(T") for each candidate. Right: R
estimated from data corresponding to Im(fqeg) (1) for each candidate. For this measurement, we used
the (3,3) and the (5,2) membrane modes. Control parameters that tune to corresponding E P; for each
candidate are listed in Table 7.2.
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Figure 7.12: Topological character of ¢p deg -
part 11A(ii). Parametric plot of Im(Bacg(T))/VT
versus Re(Baeg(T")) for a variety of “simple” non-
contractible Cgeg. Bottom to top correspond to can-
didates A to H. Colored squares and disks: data
corresponding to state vector component 1 and 2;
solid black curve: corresponding no-free-parameter
theory prediction; dashed gray line: Re(faeg) = T;
colored stars: {@p, deg, V2T R} estimated from Syeg
data (see Sec. F.4). Curved black arrows indicates
increasing T'. Each candidate except A is shifted
up by 10 units compared to the preceding one. For
this measurement, we used the (3,3) and the (5,2)
membrane modes. Control parameters that tune to
corresponding E P, for each candidate are listed in
Table 7.2.
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E P, coordinates
Candidate | P =P, P, | 6/2n | \/P/P, | n/2m | Py | Ay/2m
A 3.84 0.281 1.2 -12 8 2.888
B 4.30 0.275 0.68 -17 8.3 3.031
C 4.28 0.2801 0.75 -19 5.45 2.985
D 4.789 0.2954 0.4 -20 12 3.048
E 5.695 0.2837 0.4 -24 13 2.981
F 6.5 0.289 0.4 -25 16.9 2.964
G 7.285 0.2872 0.4 -30 16.9 2.925
H 8.087 0.2895 0.4 -35 17 2.886

Table 7.2: Coordinates of E P, candidates accessed in Sec. 7.2.2.1. The coordinates P =
VP Py (units: pW) and § (units: 2mxMHz) represent coordinates of the vortex of ZD obtained from
corresponding spectroscopy measurements (see Sec. 7.1.1). Other coordinates \/Pi/Ps, n ((units:
27 xHz)), Py (units: pW) and Ay (units: 2mxMHz) are held fixed to access EP, with ZR = 0. Note:
(i) candidate B is also studied in Sec. 7.2.3; (ii) candidate G is also studied in Secs. 7.1, 7.2.1, 7.2.2.2
and 7.3; (iii) candidate F is also studied in Sec.7.4.

tweaked {P;, A4} to locate EP, with ZR = 0. Intuitively, changing 7 approximately
corresponds to changing the length of BdRZ%Im via changing | R| while tweaking { Py, A4}
maintains its common orientation commensurate with ZR = 0. The coordinates and
spectroscopic properties of all distinct £ P, accessed in these measurements are given in
Tables 7.2 and 7.4, respectively. Measurements of B4, (1') and ¢p 4eq that correspond to
each E'P, are illustrated in Figs. 7.11 and 7.12. The measurements are supplemented with
no-free-parameter theory predictions which continue to be in good agreement. Finally for
this example, the measured value ¢ 4o ~ 7 for all cases corroborates its independence

from the shape of non-contractible Cgeg.

7.2.2.2 Cgqee With ZR systematically perturbed from 0

As a simple extension to all previous cases where we access F P, with ZR = 0, we now

relax the ZR = 0 condition. For these measurements we continue working with the
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Candidate Parameter Measured Theory
Agp/2m (Hz) | —5.68 £0.15 — (7.33 +0.12)i —5.40 — 7.77i
A dA/2m (Hz) —214+04—(1.24+04)i 0
R/2m (Hz) 7.88 £0.10 + (0.24 £ 0.07)i 8.19
App/2m (Hz) —6.67 +0.16 — (9.75 + 0.13)i —7.14 — 10.08:
B dA/2m (Hz) —-1.6+1.4—(03+0.8)i 0
R/2m (Hz) 8.75+0.09 — (0.02 + 0.06): 8.98
Agp/2m (Hz) | —7.18 +£0.24 — (13.08 £ 0.17): —6.98 — 13.46:
C dA/2m (Hz) 0.3+1.9+ (0.4+1.5) 0
R/27 (Hz) 8.57 £0.11 — (0.13 £ 0.08)i 9.16
Agp/2m (Hz) | —11.74 £0.22 — (11.59 £ 0.20); | —12.18 — 11.86¢
D dA/2m (Hz) —0.6 £1.74 (0.2+1.5)i 0
R/27 (Hz) 9.79 £0.15 — (0.11 £ 0.16)i 10.24
Agp/2m (Hz) | —14.97 £0.21 — (13.20 £0.19)i | —14.82 — 13.22;
E oA/2m (Hz) 09+15+ (0.5+1.7)i 0
R/27 (Hz) 11.44+0.07 — (0.10 £ 0.11)7 11.55
Agp/2m (Hz) | —17.12+0.17 — (10.82 £0.19)i | —17.33 — 11.19;
F oA/2m (Hz) —09+12—-(0.1+1.3)i 0
R/27 (Hz) 13.73+0.13 — (0.18 £ 0.14)i 13.57
App/27 (Hz) | —19.92 £0.24 — (13.65 £ 0.24); | —20.10 — 14.30i
G oA/2m (Hz) —1.3+1.6+ (0.0£1.2) 0
R/27 (Hz) 15.15+0.12 — (0.10 £ 0.11)3 15.60
Agp/2m (Hz) | —23.08 £0.32 — (16.58 +-0.29)i | —23.35 — 16.84:
H dN/2m (Hz) —0+£12—(0.3£1.4)i 0
R/27 (Hz) 16.70 £0.12 — (0.09 £ 0.14)i 16.30

Table 7.3: Spectroscopic properties of E P, candidates accessed in Sec. 7.2.2.1. Agp: the
degenerate eigenvalue at EP,, d\: non-degeneracy of eigenvalues, R: parameter that characterizes the
rate at which any state vector of the degenerate system approaches the unique right eigenvector at
EP; (Eq. (7.4)). Measured value is reported as mean =+ one standard deviation. Theoretical values
are obtained by fitting the spectroscopy data used for locating this EP,. Note: (i) candidate B is also
studied in Sec. 7.2.3; (ii) candidate G is also studied in Secs. 7.1, 7.2.1, 7.2.2.2 and 7.3; (iii) candidate
F is also studied in Sec. 7.4.
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Figure 7.13: Spectroscopically locating EP, with a variety of ZR. (a) ZD(P,§,Ay) with
P = /P, P, for five 2D-sheets that provide EP, with distinct ZR. Each sheet shows a color map
of measured and filtered ZD with colored stars as experimentally identified EP» location flanked by
corresponding ZR value. Dashed lines connecting the sheet corners indicate the corresponding value
of Ay. (b,c) Spectroscopic properties of identified E P locations. Panel (b) shows R for each EP;
candidate identified in (a). Data obtained from spectroscopy at E P, are as shown as colored disks with
gray error bars. Corresponding theory predictions are shown as gray disks with same edge color flanked
by expected ZR values. Panel (c) and its inset shows Agp and 0, respectively for each E P, candidate
identified in (a). Data from spectroscopy at EP, is shown as colored disks with gray error bars and
corresponding theory prediction as gray disks with same edge color. For this measurement, we used the
(3.3) and the (5,2) membrane modes. Control parameters that tune to corresponding E P, with distinct
ZR are listed in Table 7.4.

(3,3) and the (5,2) membrane mode. We systematically perturb ZR by tweaking the
detuning of the blue control tone A, combined with P, search in the P x § plane, while
holding other control parameters i.e., {\/Pi/Ps,n, Py} fixed. The result of this exercise
is illustrated in Fig. 7.13 where Z R corresponding to an E P, is stepped over a set values:
{-0.1,-0.05,0, 0.05, 0.1}. The EP, coordinates and its spectroscopic properties are
listed in Tables 7.4 and 7.5, respectively. Note that the /R = 0 dataset corresponds to
the first /P, candidate we studied in Sec. 7.1 as well as in Secs. 7.2.1, 7.2.2.1 and 7.3.

Following our recipe in Sec. 7.1, we measure S4eq (1) for “simple” non-contractible

Caeg constructed using the above E'P, candidates. Fig. 7.14 (first column) illustrates
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E P, coordinates
/R | P=+PP, | §2rr | /P /P, | n/2m | Py | Ay/27
-0.1 6.599 0.165 0.4 -30 16.9 3.31
-0.05 7.103 0.2301 0.4 -30 16.9 3.075
0 7.285 0.2872 0.4 -30 16.9 2.925
0.05 7.375 0.3475 0.4 -30 16.9 2.793
0.1 7.401 0.415 0.4 -30 16.9 2.676

Table 7.4: Coordinates of E P, candidates accessed in Sec. 7.2.2.2. The coordinates P =
VP P> (units: pW) and § (units: 27 xMHz) represent coordinates of the vortex of ZD obtained from
corresponding spectroscopy measurements (see Sec. 7.1.1). Other coordinates \/Pi/Ps, n ((units:
27 xHz)), Py (units: pW) and Ay (units: 2mxMHz) are held fixed to access EP, with ZR = 0. Note:
the candidate corresponding to ZR = 0 is also studied in Secs. 7.1, 7.2.1, 7.2.2.1 and 7.3.

Re(Baeg(T)) for each of them. For candidates with ZR # 0, we observe that at large T,
Re(faeg) systematically deviates from 7 - the expected value of ¢ ge¢ for non-contractible
Caeg, and as such, they constitute our first example for which Re(f4e5(1")) additionally
contains the novel-y/T" dynamical phase. It also highlights that without further process-
ing!, @5 deg is not directly available from Re(B4eq(T)) when LR # 0.

The presence of /T dynamical phase in Re(B4.4(T)) does not represent a funda-
mental impediment, and in order to extract ¢p4e; We extend our analysis along two
independent routes. They are as illustrated in Figs. 7.14 (second column) and 7.15(a),
respectively. Succinctly, both methods are expected to isolate the /7' dynamical phase
given by V27 RT from Baeg(T), thereby providing ¢p qes. The first method utilizes the
value of R obtained from spectroscopy at EP, (see Sec. F.3), while the second method
fits the asymptote of complex Sues (") with ¢ 4ee and R as fit parameters (see Sec. F.4).
The result of analyzing the data using the first and the second method are shown in Figs.

7.14(third column) and 7.15(b,c). The estimated ¢p 4es are both ~ 7.

We note that compared to their ZR = 0 counterparts, the ZR # 0 candidates have

a larger deviation and uncertainty in their estimated ¢p 4cs. While the measurements

li.e., beyond the scope of Sec. F.4.1 which is only applicable for ZR = 0 cases.
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/R Parameter Measured Theory

App/2m (Hz) | —14.194£0.22 — (15.98 +0.29)i | —14.61 — 15.67

0.1 | 6x/2n (Hz) —024+2.7— (0.4 +1.6)i 0
R/27 (Hz) 12.85 & 0.14 — (1.52 4 0.14); 12.98 — 1.31i
App/2m (Hz) | —17.59+£0.20 — (14.75+0.25)i | 17.74 — 15.14;
0.05 | 6)A/27 (Hz) —134+2.1—(1.3+15) 0
R/27 (Hz) 14.15 4 0.14 — (0.98 & 0.14); 14.56 — 0.73i
App/27 (Hz) | —10.92 4 0.24 — (13.65 + 0.24)i | —20.10 — 14.30i
0 5A/2m (Hz) ~134+1.6+ (0.0 +1.2)i 0
R/27 (Hz) 15.15 4 0.12 — (0.10 4 0.11); 15.60
App/2m (Hz) | —22.2140.29 — (12.78 +0.24)i | —21.91 — 13.42
0.05 | 6X/2r (Hz) 1.0+ 1.6+ (0.3+£0.7)i 0
R/27 (Hz) 15.64 & 0.12 + (0.58 4 0.17)i 15.28 + 0.77i
App/2m (Hz) | —24.23+£0.20 — (12.22 +0.30)i | —23.87 — 12.84i
0.1 | 6A/27 (Hz) —02+3.4—(0.2+1.1) 0
R/27 (Hz) 15.62 & 0.19 + (1.25 4 0.19); 15.42 + 1.56i

Table 7.5: Spectroscopic properties of EP, candidates accessed in Sec. 7.2.2.2. Agp: the
degenerate eigenvalue at £ P, d\: non-degeneracy of eigenvalues, R: parameter that characterizes the
rate at which any state vector of the degenerate system approaches the unique right eigenvector at
EP, (Eq.(7.4)). Measured value is reported as mean + one standard deviation. Theoretical values are
obtained by fitting the spectroscopy data used for locating this £ P,. Note: the candidate corresponding
to ZR = 0 is also studied in Secs. 7.1, 7.2.1, 7.2.2.1 and 7.3.

shown here were done under similar conditions as others and are of similar quality, one
may anticipate such an outcome. As a starting point of this discussion, we expect
Re(Baeg (T > T*)) = ¢paeg for ZR = 0 thereby providing a direct access to ¢p deg-
That fails to be the case when /R # 0. In particular for ZR # 0, Re(Baeg(T)) o VT
at large T'. Since this diverges, isolating a finite ¢p 4es therein represents a substantial
challenge. The second of half Sec. 2.2.4.3 and references therein provide additional

insight to this discussion.
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Figure 7.14: Topological character of ¢ deg - part I1B(i). First column: Re(Baeq(T")) for “simple”
non-contractible Cqeg constructed using E P, with distinct ZR values. Top to bottom panels correspond
to ZR = {-0.1,-0.05,0, 0.05, 0.1}, respectively. Colored squares and disks: data corresponding to
state vector component 1 and 2; solid black curve: corresponding no-free-parameter theory prediction;
dashed gray line corresponds to 7 while the vertical gray line indicates expected T* = 7/2|R| for each
candidate. We note that all panels shown here share the same X and Y axes as the bottom-most panel.
Second column: Same as the first column but now showing Re(Baeg(T)) = Re(Baeg(T) — V27 RT)
where the value of R is obtained from spectroscopy measurements at F P, as listed in Table 7.5 and
shown in Fig. 7.13(b). We note that all panels shown here share the same X and Y axes as the
bottom-most panel. Third column: ¢p 4o — 7 estimated from data corresponding to Re(Baeg,1(T))
(Sec. F.4) for each case shown in first and second columns. Colored stars: mean value of estimated
®B,deg — T; gray fences: standard deviation of estimated ¢p qeg; black line: 0, the expected ¢p geg — 7
for non-contractible Cqeg as used in this study. For this measurement, we used the (3,3) and the (5,2)
membrane modes. Control parameters that tune to corresponding E P, with distinct ZR are listed in
Table 7.4.
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Figure 7.15: Topological character of ¢p deg - part 1IB(ii). (a) Baeg(T) for “simple” non-
contractible Cqep constructed using E P, with distinct ZR values. Top to bottom panels correspond
to ZR = {-0.1,—0.05,0, 0.05, 0.1}, respectively. First (second) column shows the real (imaginary)
part of SB4ce Colored squares and disks: data corresponding to state vector component 1 and 2; solid
black curve: fit to the asymptote of Sqeqs(T" > 2T*) (Sec. F.4); dashed gray line in the first column
corresponds to 7 while the vertical gray line indicates expected 27" = 7/|R| for each candidate are
demarcates the data used for asymptote analysis. We note that all panels shown in the first and the
second column share the same X and Y axes as their respective bottom-most panels. (b) ¢p.deg — 7
estimated from the asymptote analysis of (84eg(T)) (Sec. F.4) for each case shown in (a). Colored stars:
mean value of estimated ¢p qoc — m; gray fences: standard deviation of estimated ¢p geg; black line:
0, the expected ¢ geg — ™ for non-contractible Cqeg as used in this study. (c) R obtained from the
asymptote analysis of (f4eg(1")) for each case in (a), are shown as colored stars with gray error bars.
They are overlaid on panel (b) of Fig. 7.13 alongside the theory expectation (gray disks with same edge
color) and corresponding value obtained from spectroscopy measurements at E P, (colored disks with
gray error bars). For this measurement, we used the (3,3) and the (5,2) membrane modes. Control
parameters that tune to corresponding E P, with distinct ZR are listed in Table 7.4.
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7.2.2.3 Cgyeg with arbitrary R

In this section, we describe measurements of ¢p 4o for “simple” Cqeo that correspond to
E P, with arbitrary but constant R. For these measurements we switch over to using the
(3,3) and the (5,3) membrane modes. They continue to be tuned and Floquet coupled
using two red-detuned tones with parameters { Py, P», 9,7, 012} as well as a blue-detuned
tone with parameters {Py, A4} to reduce their damping rates. For this exercise, we
located several E'P, candidates as described previously (Sec. 7.1.1) with corresponding
R taking arbitrarily chosen values. Their coordinates are listed in Table 7.6 and the

corresponding spectroscopic properties are listed in Table 7.7 and illustrated in Fig. 7.16.

E P, coordinates
Candidate | P =P, P; | §/2n | /P /P, | n/2m | P, | Ay/27
(i) 5.738 0.038 0.5 -30 15 3
(ii) 8.454 -0.04 05 50 | 15 3
(iii) 9.451 -0.103 0.5 -50 20 3.25
(iv) 20.83 -0.418 1 -35 45 4
(v) 37.16 -0.484 15 -45 | 35 35
(vi) 33.6 -0.565 2 -25 35 3.5

Table 7.6: Coordinates of EP, candidates accessed in Sec. 7.2.2.3. The coordinates P =
V/P1 P, (units: pW) and ¢ (units: 2 xMHz) represent coordinates of the vortex of ZD obtained from
corresponding spectroscopy measurements (see Sec. 7.1.1). Other coordinates /Pi/ P2, n ((units:
2w xHz)), Py (units: pW) and Ay (units: 2w xMHz) are held fixed to access EP, with arbitrary R.

Measurements of real time dynamics were carried out in a similar fashion as described
in Sec. 7.1. As an exemplary measurement, we illustrate candidate (ii) in Fig. 7.17.
Similar to Sec. 7.2.1 we show the quantity Bdeg(T) panel (a) measured for a “simple”
non-contractible and contractible Cqe, indicated by n = 1 and 2, respectively. Recall
that Re(Bye, (1)) is not constrained within [0, 2] range. While the data for Re(By,(T))
(square and disk symbols) agree reasonably to the corresponding theory prediction (solid
black curves), we observe a significant but expected contribution of v/ T-dynamical phase,

indicated by dashed black curves. The imaginary component has a similar behavior for
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Candidate Parameter Measured Theory
Agp/2m (Hz) | —23.9140.14 — (9.97 £ 0.13)i | —23.59 — 9.90i
(i) dA/2m (Hz) —0.99+£0.35+ (1.5+0.6)i 0
R/27 (Hz) 12.52 +0.16 — (2.76 + 0.20)3i 11.69 — 2.62:
Agp/2m (Hz) | —35.32 £0.25 — (18.28 £ 0.22)i —35.3 -18.8:
(i) oA/2m (Hz) —12+08+(0.2+1.1)i 0
R/27 (Hz) 17.12+0.21 — (5.30 £ 0.21)7 16.98 — 5.24¢
Agp/2m (Hz) | —36.65 £ 0.24 — (18.82 £0.25)i | —36.21 — 19.11¢
(iii) oA/2m (Hz) 08+1.1+ (1.1+1.7)i 0
R/27 (Hz) 17.76 £ 0.21 — (6.82 £ 0.24)i 17.56 — 6.73¢
App/2m (Hz) | —23.76 £0.20 — (15.54 £ 0.16); | —23.17 — 15.88i
(iv) oA/2m (Hz) —0.4+0.6+(0.0+1.8): 0
R/27 (Hz) 13.99 £ 0.17 — (9.88 £ 0.17)i 13.19 — 8.97¢
App/2m (Hz) | —37.32£0.21 — (21.10 £ 0.29)i | —36.30 — 21.46i
(v) oN/27 (Hz) 0.4+£1.0+ (0.6 +£2.2)i 0
R/27 (Hz) 15.29 £ 0.19 — (12.02 £ 0.18)3 14.36 — 11.25¢
App/2m (Hz) | —28.44 £0.14 — (13.12+£0.13)7 | —28.03 — 13.12;
(vi) dN/27 (Hz) —1.0+£0.7+0.7+1.3)i 0
R/2m (Hz) 9.76 £ 0.13 — (8.02 £ 0.13)i 9.33 —7.62¢

Table 7.7: Spectroscopic properties of E P, candidates accessed in Sec. 7.2.2.3. Agp: the
degenerate eigenvalue at EP,, d\: non-degeneracy of eigenvalues, R: parameter that characterizes the
rate at which any state vector of the degenerate system approaches the unique right eigenvector at
EP, (Eq. (7.4)). Measured value is reported as mean + one standard deviation. Theoretical values are
obtained by fitting the spectroscopy data used for locating this EP5.
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Figure 7.16: Spectroscopically locating EP. with arbitrary R. (a) Top panel: Re(Agp) and
bottom panel: Re(res.) = Re(dA) corresponding to EP, candidates with arbitrary R. Colored disks:
data, grey disk with colored edge: corresponding theory prediction and gray fences: error bars. (b)
Same as (a) but showing Im(Agp) and Im(res.) = Im(d\). (c,d Same as (a) but showing |R| and
ZR, respectively. For this measurement, we used the (3,3) and the (5,3) membrane modes. Control
parameters that tune to corresponding E P, with distinct ZR are listed in Table 7.6.

to all previous cases at large 7T, i.e, Im(Bdeg(T)) o /T. This further illustrated in the
bottom half of Fig. 7.17(b) as Im(Bdeg(T))/\/T, which visually asymptotes to expected
value of Im(iv2nmR) shown as dashed black line. Note that we do not quantify this

asymptote, and leave it as a leftover analysis.

In order to isolate ¢p geg from Re(Bdeg(T)), we apply the first analysis method from
Sec.7.2.2.2, wherein we utilize the spectroscopically measured value of R to eliminate the
v/T-dynamical phase, and subsequently apply asymptote analysis (Sec. F.4.2) to estimate
®B deg- The top half of Fig. 7.17(b) shows the real part of Edeg(T) = Baeg(T) —VonxRT
for n € {1,2}, which visually asymptotes to expected ¢p 4es, Shown as a dashed black
lines. The quantified asymptote is shown in Fig. 7.18, and as such they demonstrate that
®B.deg Corresponding to a non-contractible and a contractible Cg4eq is consistent with a

value of 7 and 0, respectively.
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Figure 7.17: Topological character of ¢p deg - part HC(i). (@) Saeg(T) for “simple” non-
contractible (n = 1) and contractible (n = 2) C4eg constructed using E P, with arbitrary R corresponding
to candidate (ii). Top (bottom) panel show real (imaginary) parts. Colored squares and disks: data cor-
responding to state vector component 1 and 2; solid black curve: corresponding no-free-parameter theory
prediction; dashed black curve: corresponds to Re(iv2nm RT') —nm in the top panel and Im(iv2nw RT)
in the bottom panel. The vertical gray pink and red lines indicate expected T* = x/2|R| and 2T,

respectively. (b) Same as (a) but showing real part of gdeg(T) = Baeg(T) — V2nmRT in the top panel,
and Im(Bdeg(T))/\/T in the bottom panel. The dashed black lines here represent nm and Im(iv27 R)
in the top and bottom panel, respectively, the expected asymptotes.
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Figure 7.18: Topological character of ¢ g qeg - part IIC(ii). Polar plot of ¢ ey estimated for
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Figure 7.18: Topological character of ¢p qeg - part IIC(ii). continued from previous page
candidates with arbitrary R values. For each candidate, a “simple” non-contractible and contractible
Cdeg Was performed. The corresponding estimated ¢p ges (Sec. F.4.2) are shown as triangle and diamond
symbols, respectively, and they are consistent with a value of 7 and 0, respectively.

7.2.3 Part Ill: Varying the manner of C4., traversal
For this investigation, we consider a non-contractible Cqeg.

1. Similar to “simple” non-contractible Cqee, hold the control parameters that tune to

an EP2 i.e. {PEPa(SEPa T],P4,A4} fixed.

2. Contrary to “simple” non-contractible Cgeg, vary the beat-note phase 615(s) with a
different functional form i.e., not a linear ramp 015(s) = —27s with 0 < s < 1.
However, one must vary 65(s) strictly monotonically from 0 to —27 to ensure the
requirement for the existence of a unique least-dissipative eigenvector of H’, which
is amenable to adiabatic evolution in the large-T" limit (see Sec. 2.2.4.3 and Refs.
[88, 89]).

Intuitively, it corresponds to rotating B‘Efflm, once around the z-axis but at a variable
rate, contrary to its “simple” counterpart, which has a constant rotation rate. For these

measurements, we chose the following functional form of 6;5(s):
012(s) = —2ms — A Sin(7s)? (7.12)

where A is a real-valued parameter. To preserve the strict monotonicity of 15 in
Eq. (7.12), |Ad| < 2 is necessary. We chose Ap € {—1.5,—1,-0.5,0, 0.5, 1, 1.5}
for these measurements, of which all but A¢ = 0 correspond to a “non-simple” non-

contractible Cyee. These functions are shown in the first column Figs. 7.19 and 7.20.

For these measurements, we employ a different P, location given by: P = /P, P, =
4.30 uW, \/P,/P, = 0.68,5/2r = 0.275 MHz, /27 = —17 Hz for the red-detuned
laser tones and P, = 8.3 uW, A,/271 = +3.031 MHz for the blue-detuned laser tone,
while still using the (3,3) and the (5,2) membrane modes. This choice of parameters yet
again ensures ZR = 0. We note that this £'P, location appeared as ‘Candidate B’ in

Sec. 7.2.2.1, and the corresponding spectroscopic quantities are given in Table 7.2.
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Figure 7.19: Geometric character of ¢p deg. First column: solid curves show the seven 62(s =
t/T) described in Sec. 7.2.3. For comparison, the dashed gray line shows 015(¢/T) = —27t/T that
constitutes a “simple” non-contractible Cqes. Second column: Cyan (pink) squares show measured
Re(Baeg,1(2)(T)), respectively for the corresponding 612(t/T'); solid blue and red curves: corresponding
no-free-parameter theory predictions; gray vertical line represents T* = w(1 + |Ad|/2)/2R for each
612(t/T) with ZR = 0; dashed black line: , the expected ¢p deg for all 612(t/T"). Third column:
®B,deg — m for each 015(t/T'), estimated from data corresponding to Re(Bqeg, 11,21 (1)) (Sec. F.4). Black
stars: mean value of estimated ¢p qcg — 7; gray fences: standard deviation of estimated ¢p qeq; black
line: 0, the expected ¢p geg — 7 for all 812(¢/T). For this measurement, we used the (3,3) and the (5,2)
membrane modes with control parameters that tune it to an EP, with ZR = 0 (see Secs. 2.2.4.3, 7.1.3
and 7.1.4): P =+/P P, = 430 uW,/P,/P, = 0.68,§/2r = 0.275 MHz,n/2r = —17 Hz for the
red-detuned laser tones and Py = 8.3 uW, A4/27 = +3.031 MHz for the blue-detuned laser tone.
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Figure 7.20: /T dynamical phase for distinct traversals of a Cdeg. First column: solid curves
show the seven 613(s = t/T) described in Sec. 7.2.3. For comparison, the dashed gray line shows
612(t/T) = —2mt/T that constitutes a “simple” non-contractible Cges. Second column: Cyan (pink)
squares show measured Im(Bgeg,1(2)(T)), respectively for the corresponding 612(t/T'); solid blue and
red curves: corresponding no-free-parameter theory predictions; gray vertical line represents 7* = m(1+
|Ad|/2)/2R for each 615(t/T) with ZR = 0; dashed black line: v/27RT, the expected v/T dynamical
phase for all 612(t/T"). Third column: R estimated from data corresponding to Im(fBgeg, {1,2}(T))
(Sec. F.4), for each 612(t/T'). Black stars: mean value of estimated R; gray fences: standard deviation
of estimated R; black line: R from theory predictions; dark orange: |R| obtained from spectroscopy
measurements at EP; (see ‘Candidate B’ in Table 7.2); orange shaded region: standard deviation of | R|
obtained from spectroscopy measurements at EP,. For this measurement, we used the same membrane
modes and the control parameters that tune it to the same EP» as in Fig. 7.19.
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7.2. Topological and geometric character of ¢p deg

Measurements of [4eq (1) for j € {1,2} were carried out in the same manner as in
Sec. 7.1 and its real and imaginary parts are illustrated in the second panel of Fig. 7.19

and 7.20, respectively. These measurements demonstrate that:

1. The manner in which Re/Im(Bqeg,{1,2}) evolve as function of loop duration 7', depends

on the functional form of 05(s) i.e., how Cqeg is traversed.

2. ¢p.deg is predicted to depend solely on the topology of Cge, Via its homotopy class. In
particular, for this non-contractible Cqeg, @.deg is predicted to be 7. This is explicitly
shown in the third column of Fig. 7.19 which illustrates ¢p4es ~ 7 as estimated
from data corresponding to Re(Baeg,11,23(T")) (Sec. F.4) for all non-contractible Cyeq

discussed here.

3. In addition, for large T, Im(@deg,{m})/ﬁ is expected to asymptote to V27 R, inde-
pendent of the choice of 015(s). This is explicitly shown in the third column of Fig.
7.20 which illustrates that R is approximately independent of 0;5(s). The values of R
shown here were estimated from data corresponding to Im(faeg {1,2(7")) (Sec. F.4)
for all 612(s), which agreed well with the theory prediction as well as with the value

obtained independently from spectroscopy measurements at E'P, (see ‘Candidate B’
in Table 7.2).

4. Following up on our focused discussion about the special case of /R = 0 in Sec.
2.2.4.3, we expect T for which Re(Baeg {1,23(T" > T*)) = 7, to depend on the
choice of #15(s). In particular, T*(Ad) = 0s012(S)max/4R and using Eq. (7.12), we
have T*(Ad) = 75 (1 + @) They are indicated as gray vertical lines in second
column of Figs. 7.19 and 7.20, for each 65(s) Similar to Sec. 7.1.4, we observe
Re(Bacg 1,2y (T > 27*)) = m and that Im(fBaeg,¢1,2)(1" > 1)) asymptotes to a VT

dependence.
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7.3. Robustness of dynamics in EP

7.3 Robustness of dynamics in £P5

In this section, we address an important question:
How robust are the features in the dynamics of a system tuned in £P5?

The topological character of ¢ 4o demonstrated for a variety of Cyeq (Sec. 7.2) can be
construed empirical evidence of its robustness, along with the focused discussion in Sec.

2.2.4.2, here we discuss two additional important aspects. They are:
l. Robustness of ¢p 4cs Mmeasurement for a given Cqeg.

Il. Applicability of the current description for control loops that systematically deviate

from the £P5 subspace.

We now proceed to elaborate both of these aspects below in Secs. 7.3.1 and 7.3.2,

respectively.

7.3.1 Robustness of ¢p 4o Measurements

The majority of the measurements reported in this chapter took place over a month!. The
key ingredients that make this effort possible, are discussed in Chapter 4, in particular
Secs. 4.5.4, 46.2 and 4.6.3. Here we quantify our ability to precisely, reliably and
repeatably: (i) locate an EP,, (ii) transport the system along a C4e, and (iii) measure

®B.deg (see Sec.7.1).

Fig. 7.21 illustrates twelve consecutive measurements of [4es(7") and the correspond-
ing estimated values of {¢p qeg, R} (Sec. F.4). These measurements utilized the same
EP, and “simple” non-contractible Cg4eg as in Sec. 7.1, and were carried out non-stop for a
total duration of ~40 hours without any manual interventions. Taking the mean and the
standard deviation of all estimated ¢ ez Values, we obtain EB’deg =3.127+0.022 =~ 7.
Additionally, error bars reported for individual measurements of ¢p 4o, have a mean and
standard deviation of 0.06540.010. A similar level of repeatability is observed for the
measurements of R which show reasonable agreement with the theory value, and also

with the value independently obtained from corresponding spectroscopy measurements.
1September 05, 2024 - October 06, 2024
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Figure 7.21: ¢pB,deg measured repeatably for over 40 hours. (a) Parametric plot of

Im(Baeg(T))/VT versus Re(Baeg(T)) corresponding to twelve consecutive and non-stop measurements
of the same “simple” non-contractible Cqes. Cyan and pink squares: data; solid curves: corresponding
no-free-parameter theory predictions; Gray star: estimated value of {¢p des, V2T R} (see Sec. F.4), gray
fences around the gray star (not visible): error in estimating {¢ 5 deg, V2T R} (see Sec. F.4), gray disk:
theory prediction: {¢p deg = 7, V2rR = 24.82 (2wHz)}; dashed black line: Re(B4eg) = m. Curved
black arrows in bottom left panel indicates increasing T and it applies to all panels. We note that all
panels shown here share the same X and Y axes as the bottom left panel. (b) ¢p qeg — 7 estimated
from each measurement of Re(B4cg(7")) shown in panel (a). Black stars: mean value of estimated
®B,deg — T; gray fences: standard deviation of estimated @ p geg; black line: 0, the expected ¢pp geg — 7.
(c) R estimated from each measurement of Im(fBqeg(T")) shown in panel (a). Black stars: mean value
of estimated R; gray fences: standard deviation of estimated R; black line: R from theory predictions;
dark orange: |R| obtained from spectroscopy measurements at EPs; orange shaded region: standard
deviation of | R| obtained from spectroscopy measurements at EP5. See Sec. F.4 for details of estimating
¢B,deg and R. For these measurements, we used the same Cqeg as in Sec. 7.1.
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7.3. Robustness of dynamics in EP

In addition, we note that the measurements shown in Figs. {7.9, 7.10} and {7.19, 7.20}
were acquired non-stop over a duration of 16 and 30 hours respectively, and as such,

they also illustrate the stability of the setup.

7.3.2 Stepping off EP

In this section, we investigate real time dynamics when traversing control loops C that
systematically depart from the £P, subspace. In particular, we are motivated by the

following conceptual puzzle:

» The specific form of adiabatic phase ¢qes(7") we derived for adiabatic transport in

EP; (Eq.(2.57)), depends on the quantity R that is seemingly defined only at E'Ps.

» Does the adiabatic phase vary discontinuously when we step off £P5 or is it continuous,
i.e,.

baeg(T) — &(T) (7.13)

= [f it is continuous, then what takes the role of R when off £P,, and what is the

smooth mapping between ¢, (1) and ¢(1)?

To elucidate this puzzle further, we note that the theoretical prescription used in Sec.
2.2.4, and in this chapter up until now, uses the Jordan decomposition of Hge,, the
degenerate dynamical matrix corresponding to £P,. Mathematically, the Jordan decom-
position varies discontinuously when Hge, is perturbed off £P,, to a non-degenerate H.

However, it turns out to be a pitfall of the Jordan decomposition itself.

The above issue can be remedied, such that Hge, transforms smoothly when per-
turbed, via other decompositions such as Jordan-Arnold decomposition [96] or Schur
decomposition [260]. We theoretically elucidate this matter in Sec. F.2, and experimen-

tally explore the consequences of adiabatic transport off £P5, below.

7.3.2.1 Systematically deviating from EP-

For this exercise, we continue to utilize the first £ P, candidate as in Sec. 7.1 and consider

the region around it. Fig. 7.22(a) illustrates the discriminant D on a 2D plane in P x §
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Figure 7.22: Stepping off EP,. (a) D(P,¢) with P = \/P1Ps. Left column: filtered data, black
star: experimentally predicted E'P» location; right column: fit, black cross: theoretically predicted E P,
location. Top row: |D| (units: (27 x Hz)?), bottom row: ZD (units: radians). Directional triangles
in this panel showing filtered data of ZD indicate the locations off EP, studied in Sec. 7.3.2. (b)
dA = Ap — A_ with {\,A_} sorted in their increasing order of real parts, corresponding to EP;
and locations off the EP,. Data: star corresponds to F P, and directional triangles correspond to the
locations off EP,. Gray disks show the corresponding theory predictions. (c) Same as (b) but showing
A= (Ay +A_)/2. Note that for EP,, A = Agp. For this measurement, we used the same membrane
modes and same the fixed control parameters that tune it to the same EP» as in Figs. 7.4-7.10 and 7.21.
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7.3. Robustness of dynamics in EP

with the E'P, location: {Pgp,dpp} identified by a star and cross symbol in filtered data
and theory, respectively. To systematically step off the P, we consider the locations
marked with directional triangle symbols in ZD filtered data panel. Specifically they

correspond to { Pyert; dpert  as given by:

Left triangles:
{PEP —0.3 LLW, 5Ep}, {PEP —0.6 },LW7 5EP} and {PEP —0.9 },LW, 5EP}

Right triangles:
{PEP + 0.3 }/LVV, (5Ep}, {PEP + 0.6 HW, (5Ep} and {PEP + 0.9 }/LVV, 5Ep}

Down triangles:
{PEP;5EP_27T x 10 kHZ}, {PEP;5EP_27T x 20 kHZ} and {PEP;5EP_27T x 30 kHZ}

Up triangles:
{PEP75EP+27TX 10 kHZ}, {PEP,(SEP—l—Qﬂ'X 20 kHZ} and {PEP,(SEP—l—Qﬂ'X 30 kHZ}

and are the focus of this study alongside the E'P,. Panels (b) and (c) of Fig.7.22 show
measured A = Ay — A_ with {\, A\_} sorted in their increasing order of real parts
and A = (\; + A\_)/2 as directional triangles corresponding to the marked locations
in the P x & plane above, respectively. We note that for the EP, A= dgp. All
measurements are supplemented with corresponding theory prediction and they are in

reasonable agreement.

The next step is to construct the control loops Cp. that systematically deviate from

the £P5 subspace. This is done in a similar fashion as for Cqes. Specifically, we consider:

—

Ypert = {Pperta 5pert7 7, 9127 P47 A4} (714)

and realize “simple” Cper by the holding the parameters { P, ds, 1, Py, Ay} fixed and
varying 615(s) = —2ms, in real time for a duration 7', with 0 < s =¢/T < 1. In Chapter
5 we referred to such loops as “simple” control loops in the “backward” direction. For
comparison, these “simple” Cpe are studied alongside a “simple” non-contractible Cgeq

given by Yip with 012(s) = —2ms.
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7.3. Robustness of dynamics in EP

7.3.2.2 Measuring real time dynamics

We now analogously follow the steps outlined in Sec. 7.1.3 to prepare an initial state #(0)
that corresponds to the least-dissipative eigenvector of H'(s,T) = Hpert(s) — Apert(s) /T,
transport Z(0) along Cper¢ in real time for a duration 7" and obtain Z(7"). The state vectors
continue to be measured in the basis of uncoupled membrane modes i.e., (1,0)T as the

(3,3) mode and (0,1)" as the (5,2) mode. Subsequently, we compare Z(T') to 7(0).

The comparison between Z(7") to Z(0) is done as described in Sec. 7.1.4 and corre-

sponding to each component of the initial and final state vector we have:
¢1(T) = i Log(21(T)/21(0)) = i Log(Vi(T') /V1(0)) (7.15)

¢2(T) = i Log(w2(T)/22(0)) = i Log(V2(T') /V2(0)) (7.16)

where the subscript i € [1,2] denotes the i*" component of the state vector and V;(t) =
a;x;(t) denotes the heterodyne voltage measured near wEO): the bare resonance frequency

of i*® membrane mode. Subsequently, we define the quantity 3(T) as:
Bi(T) = ¢:(T) — AT (7.17)

Bo(T) = ¢o(T) — AT (7.18)

For the rest of this discussion, we focus on the behavior of 5(T") as a function of the

amount by which C,e, deviates from the £P, subspace.

7.3.2.3 Qualitative features of dynamics off £P,

For the specific case when Cpe does not deviate from the &P, subspace, we have
Cpert = Caeg and (1) = Paeg(T") by construction. This is shown as a reference in the
first column of Figs. 7.23 and 7.24 as real and imaginary parts of B4es(T), respectively.
We note that the EP, being accessed here has its corresponding ZR = 0 (see Sec.
7.1) and as result, for ' > T* = 7/2R, we expect Re(faeg(1")) = m for this non-
contractible Cyes. The corresponding data and its analysis corroborates this fact. In

addition, we expect Tm(fues(T))/VT to asymptote to v/27 R, and corresponding data
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7.3. Robustness of dynamics in EP
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Figure 7.23: Measuring of real time dynamics off £P; - part I. First column: Re(B4cs(T))
for Cacg, shown as a reference for upcoming measurements off £Py. Cyan and pink squares: data
corresponding to state vector component 1 and 2, respectively; solid curves: corresponding no-free-
parameter theory prediction; gray vertical line: T* = 7/2R with ZR = 0; dashed black horizontal line:
7, the expected @ _deg for this Cyeg; gray star: ¢p ges estimated from data corresponding to Re(Baes (1))
(see Sec. F.4). Second column: Same as first column but showing Re(5(T')) corresponding to Cpert
identified by {Pgp + AP,dgp}, with dashed gray lines indicating corresponding T,q = 27/|6A|. The
value of AP is indicated for each panel. We note that all panels shown here share the same X and Y axes
as the bottom-most panel. Third column: Same as second column but for Re(8(T")) corresponding to
Cpert identified by {Pgp,d0gp + Ad}. The value of Ad is indicated for each panel. We note that all
panels shown here share the same X and Y axes as the bottom-most panel. For this measurement, we
used the same membrane modes and same the fixed control parameters that tune it to the same EP,
as in Figs. 7.4-7.10, 7.21 and 7.22.
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Figure 7.24: Measuring of real time dynamics off P - part Il. First column: Im(Baee(T))/VT
for Cqeg. shown as a reference for upcoming measurements off £P5. Cyan and pink squares: data
corresponding to state vector component 1 and 2, respectively; solid curves: corresponding no-free-
parameter theory prediction; gray vertical line: T* = 7/2R with ZR = 0; dashed black horizontal
line: V27R, the expected asymptote of Im(Baeg(T))/VT; gray star: v/2mR estimated from data
corresponding to Tm(Baeq(T))/VT (see Sec. F.4). Second column: Same as first column but showing
Im(ﬁ(T))/\/T corresponding to Cperq identified by {Prp + AP, dgp}, with dashed gray lines indicating
corresponding Toq = 27/|0A|. The value of AP is indicated for each panel. We note that all panels
shown here share the same X and Y axes as the bottom-most panel. Third column: Same as second
column but for Im(B(T"))/VT corresponding to Cpert, identified by {Pgp,dpp + Ad}. The value of
Ad is indicated for each panel. We note that all panels shown here share the same X and Y axes as
the bottom-most panel. For this measurement, we used the same membrane modes and same the fixed
control parameters that tune it to the same EP, as in Figs. 7.4-7.10 and 7.21-7.23.
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7.3. Robustness of dynamics in EP

and its analysis is consistent with this expectation.

The second and the third column of Figs. 7.23 and 7.24 show [(7T") corresponding
to Cpert constructed out of various { Ppert, Opert } Values. Qualitatively, Re(3(T")) deviates
from Re(Baeg (1)) = m by an amount roughly proportional to the size of the deviation from
{Pgp,dpp}, a representative point in £P, subspace. For Im(5(T))/v/T corresponding
to Cpert constructed using {Ppert, gp}, show a similar trend as its real counterpart.
However, for Im(ﬂ(T))/\/T corresponding to Cpet constructed out of { Pgp, Opert }, the
difference is less apparent. Additionally, we note the various time scales estimated for
these measurements. For all cases, we highlight 7% = 7/2R, a prediction for the non-
Hermitian degenerate case and T,q = 27/|0 )|, a prediction for the non-Hermitian non-
degenerate case!. It is indeed interesting to note that for T ~ T*, ReS(T) ~ m. We

now turn to some quantitative analysis of this data.

7.3.2.4 Quantitative analysis of dynamics off £P-

For a systematic analysis of 3(T"), we refer to the theoretical discussion in Sec. F.2.2.3 and
utilize the analytical expression of ¢(7") (Eq. (F.28)) that appears in the evolution of the
state vector initialized as the least-dissipative eigenvector of H' i.e., Z(T) = e~ D) #(0).

For our case, we re-adapt ¢(7T) as:

2
ot =30 ifota it - ()

where we replaced complex-valued A with A, 4+ iA; where (A,, A;) € R, set n =1, and

factored out i from the radical, when compared to Eq(F.28). Consequently,

2
. Z\/ 2(A, + AT — 7 — (&TT) (7.20)

For 6A = 0, which corresponds to EP,, Eq. (7.19) reduces to Eq. (2.57) with

'For EP;, the measured 6\ = 0 results in an empirically estimated T,q =~ 4s, well beyond the displayed
plot range.
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7.3. Robustness of dynamics in EP

A, +iA; = R (see '‘Case I' in Sec. F.2.2.3). For this case, since R is real, it is present
only in Im(Baeg(T")) = V27 RT.

For 6\ # 0, which correspond to perturbations off £P5, at intermediate time scales
we expect a /T like behavior for 3(T') characterized by /27 (A, + iA;)T (see ‘Case III
in Sec. F.2.2.3), which signifies that the role of R is taken over by A, + iA;. We also

note that with decreasing 0, i.e., approaching an E P,, above time scale is expected to
increase as o< 1/dA\%. Finally, in the adiabatic limit (large T'), 5(T) is expected to be
O(T), the well-known “dynamical phase” result for non-degenerate case [87] (see also:

‘Case II' in Sec. F.2.2.3).

Fig. 7.25(a,b) illustrate quantitative analysis of 3(7"). Here we fit the data corre-
sponding to B(27" < T < Tpaq) to Eq. (7.20) with {A,, A;} as two real-valued fit
parameters. 0\ is independently obtained from corresponding spectroscopy measure-
ments as shown in Fig. 7.22(b). The fits capture the data reasonably well and Fig.
7.25(c) illustrates the fit parameters {A,, A;} corresponding to each 5(7T') dataset, as
directional triangles. The corresponding theory prediction are shown as disks, and the

agreement is reasonable.
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Figure 7.25: Analysis of real time dynamics off £P,. (a) Top panel: Re(8(T > 2T*)) for Cpert
constructed using {Ppert, dgp}. Brown to orange squares: data for AP = P,ey — Prp = (-0.9, -0.6,
-0.3, 0, 0.3, 0.6, 0.9) uW; solid black lines: fit to Eq. (7.20) for AP # 0; dashed black line: fit to
Eq. (7.20) for AP = 0; black arrow indicates increasing AP. Bottom panel: same as top panel of
(a) but for Im(B(T > 2T*))//T analysis. (b) Top panel: same as the top panel of (a) but for Cpert
constructed using { Pgp, dpert }, With brown to orange squares: data for Ad = dpery — 0pp = 27 x(-30,
-20, -10, 0, 10, 20, 30) kHz and black arrow indicates increasing Ad. Bottom panel: same as top panel
of (b) but for Im(B(T > 2T*))/v/T analysis. (c) Polar plot a, 4 ia;. Fit value: star corresponds to
E P, and directional triangles correspond to the location off EP,. Gray disk shows corresponding theory
predictions. For this measurement, we used the same membrane modes and same the fixed control
parameters that tune it to the same E'P; as in Figs. 7.4-7.10 and 7.21-7.24.
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7.4 A novel v T-dynamical phase and a v T-amplifier

In this section, we detail the v/T-dynamical phase that is unique to the adiabatic evolution
of a degenerate N = 2 mode system, and provide some intuition in Sec. 7.4.1. We observe
that such a dynamical phase contributes to a “stretched exponential” gain of the state
vector amenable to adiabatic evolution and can be of utility in the form of an amplifier
(Sec. 7.4.2). Subsequently, we combine the machinery developed in this chapter and
Chapter 6 to tune-up this amplifier (Sec. 7.4.3) and demonstrate an analogue of SSGG
from Chapter 6 - “steady state v/T-gain” (SSV/TG) (Sec. 7.4.4), for an intrinsically

damped degenerate harmonic oscillator.

7.4.1 The v/T-dynamical phase

In this section, we provide some intuition about the v/7T-dynamical phase that appears
in the evolution of a degenerate N = 2 mode system as predicted in [88, 89], derived
in Secs. 2.2.4.3 and A.3.1.2, and its measurements are illustrated in Figs. 7.8-7.12, 7.15,
7.17, 7.20, 7.21 and 7.27.

For an N mode system tuned to N*® order degeneracy, it is predicted [88, 89] that
the phase ¢qes(1"), acquired by a state vector amenable to adiabatic evolution in EPy

can be expressed as a Puiseux series. For simplicity, we rewrite Eq. (2.11) below:

N

aelT) = ST [ (s + 0T (7.21)

r=0

where a,.(s) are complex functions of H'(s) = Jy—.A;(s)/T, which governs the real time
evolution, with 44, the matrix of Berry connection and 0 < s < 1. The state that is
amenable to adiabatic evolution is the one initialized in the least-dissipative eigenvector

of H'. The notable terms in ¢4e,(7") as given by the sum in Eq. (7.21) include:

(@) r=0
This term corresponds to the linear dynamical phase i.e., O(T'), characterized by ay,

which is simply Tr(Hgeg ).
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(b) r=N
This term corresponds to the geometric phase ¢p geq i.€., O (TV), characterized by ay,

which is shown to be equal to Tr(Ages)/N (Sec.2.2.4.1).

(c)1<r<N

These terms correspond to dynamical phases of fractional order in 1", diverge in the T" —
oo limit, and can be considered as giving ¢4 a “stretched exponential” dependence
on T [88, 89]. Since N > 2, r = 1 is the dominant order term i.e., O(Tl_l/N),

characterized by a;, and has been noticed previously in Ref. [261].

(d) The O (1/T"") terms and higher are dynamical phases of fractional order in 1/T,
and asymptote to 0 in the 7" — oo limit. Sec. A.3.1.2 provides further details about

these dynamical phases for the N = 2 case.

For N = 2, we expect a v/T-dynamical phase from Eq. (7.21), which persists
in the large T' limit, alongside the linear dynamical and geometric phase. Using the
parameterization in Sec. 2.2.4.3, the coefficient that characterizes v/T-dynamical phase
corresponding to a control loop in EPy (Caeg) is given by ifol V2nmRds, and we have
used this result at various points throughout this chapter, most notably for the case when
R is a constant and ZR = 0. We now provide some physical intuition about the quantity
R.

7.4.1.1 Physical intuition for the quantity R

The quantity R appears as a scalar multiple of the traceless part of Hge, in Eq. (2.51).
For simplicity, we rewrite it below.
1 pe? T

Hiw=R| TR (7.22)
¢ —e Y/ —1 2

and under a similarity transformation, M‘lHdegM = T1/2+ Jy, where Js is a single
Jordan block of order 2, and the columns of M are composed of the unique right eigen-
vector of Hgye, at EP; given by @) = (1,—ei9/p)T and @, = (¢, (1/R - c)ei‘)/p)T as

the generalized right eigenvector of Hgye, with ¢ € C. Intuitively, R appears as a rate
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defining quantity in Hgeg, alongside 7 /2, albeit with distinct characteristics. To gain
further insight, we consider real time evolution in £P5 without any parameter variation,
below. For such a case, H = Hge, and analytic solutions to i¢ = HE = HegC are

available.

Starting with
icy = (TL/2+ 1) &y (7.23)

where ¢; = M !¢ Expanding Eq. (7.23) using &; = (c17,co7)T, we have:

: T/2 1
i) — |7/ a (7.24)
éQJ 0 T/Q Cag

itry =Tcrr/2+ cay
= (7.25)

’iC'QJ = TCQJ/2

Note that (1,0)T is the unique right eigenvector of 7 1/2+ J5, while any vector  (a,1)T
with a € C is a generalized right eigenvector. Substituting, c(1.2)7(t) = C(1,2)s(t)e~ 7>
into Eq. (7.25) we have:

iCry = Cay, iCoy =0 (7.26)
which gives
Coy(t) = Coy(0), C15(t) =C15(0) — it C25(0) (7.27)
and consequently,
C]_J(t) = EU(O)e_iﬁ/Q —at EQJ(O)Q_iTt/Q (728)
CQJ(t) = EQJ(O)@iiTt/Z (729)
- —iTt/2 S —iTt/2 1
=cy(t)=e c7(0) —itcay(0)e (7.30)
0
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L of a state vector  initial state

where we suggestively curated Eq. (7.30) as the sum
vector and a state vector o< (1,0)", the unique right eigenvector of (7 (s)/2)I + Js.

Finally, using ¢ = M¢;, we have
&(t) = e T2F0) — iRt (c1(0) + €?ey(0))e T4, (7.31)

where the final state is still the sum of a state vector o< initial state vector and a state

vector o 11, the unique right eigenvector of Hgeg With ¢ = (1, ¢2)7T.

The result of Eq. (7.31) explicitly furnishes another prediction of non-Hermitian
adiabatic theorem for degenerate systems [88, 89]: At large T', ¢(T') o u;, the unique
right eigenvector of Hge,. It also highlights two important facts about real time dynamics
in £Py:

1. Real time dynamics in £Ps is governed by two rates. They are given by the degenerate
eigenvalue 7/2 o< Tr(Hgeg) and R, each performing distinct tasks. Note that both
the rates are complex, describing how both the amplitude and the phase change in

—iTt/2 _ which is an

time. The rate 7 /2 governs the “trivial” dynamics i.e., via e
overall factor, whereas |R| governs the rate at which any initial state that is linearly
independent of the unique right eigenvector, approaches the unique right eigenvector
of Hgeg. Said in another way, the time scale Tyeg aa < 1/|R| ensures that the system's

dynamics are compatible with the notion of non-Hermitian adiabaticity.

2. For any state vector which is linearly independent of the unique right eigenvector at
t = 0, there is part in its evolution (Eq. (7.31)) that is proportional to the unique
right eigenvector @; of Hges, Whose amplitude grows linearly for small time ¢ i.e.,

|Uy - €(t)] o< |R|t, where U is the unique left eigenvector of Heg.

Finally, one can draw an analogy between R and the quantity 6\ = A, — A_ for
non-degenerate systems, where AL are the two non-degenerate eigenvalues. Recall that
the adiabatic timescale for the non-degenerate case is given by Txpaq o 1/|dA|, and
we note the apparent similarity of how R and d\ feature in their respective adiabatic

timescales. Now we motivate that R indeed takes a role similar to d\, when we consider

1This method also furnishes the solutions of a simple damped harmonic oscillator undergoing critically
damped motion.
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time evolution in £Py with parameter variation (Secs. 2.2.4.3 and 7.1). For this case,
the eigenvalues X, of H' = Jo — A;/T (see Eq. (2.53)) appear symmetrically split as
N —A_ o< \/R/T in the large T limit.

7.4.2 Defining SSV'TG

In this section, we utilize the gain from the v/T-dynamical phase to describe another
amplification technique, complimentary to SSGG in Chapter 6. The analysis reveals that
a pair of linear but lossy elements when tuned in their degenerate subspace i.e. in £Ps,
can produce continuous gain if the tuning is done “slowly” enough, and we refer to this

mechanism as steady-state v/7T-gain (SSv/7'G).

To focus this discussion, we consider an N = 2 mode degenerate system parameter-
ized by Eq. (7.22) as Hyeg(R,p,0,T), and it is repeatedly tuned around a control loop
Caeg.amp IN EP2. Each traversal of Cyeg amp is constrained to have: (@) the same winding
number W (i.e., same homotopy class in £P5) via the same time dependence s(t/7),

and (b) the same duration T. The following four conditions define SSv/T'G.

(1) There is a unique least-dissipative eigenvector of the dynamical matrix that gov-

erns evolution around Cgeg amp-

(2) When the system is initialized in this least-dissipative eigenvector at s = 0 i.e, at
the starting point of Cyeg amp, its state after a single traversal of Cgegamp USING
s(t/T) in a duration T is given by the initial state multiplied by e~#®4=(T) where
the complex phase ¢qeq (1) is given by:

(bdeg(T) = (bLD,deg - ¢B,deg + (bsqrt’deg + @ (%) (7.32)

where we expanded Eq. (2.55) in the large 7" limit. See also Secs. 2.2.4.3 and
A3.1.2.

(3) For each such traversal, this state's linear dynamical phase contributes loss i.e.,

Im(Prp deg) < 0.

(4) For each traversal, this state’s total gain Im(¢geg(7")) lies in the region K, which
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is bounded by:
(i) T>1T
(i) Im(daes(T)) > 0
(iii) Im(Paeg(T")) < Im(¢rp,deg) + Im(sqrt,deg)
We now elaborate upon each of these conditions.

For any N mode system, the set of conditions that guarantee the existence of a
unique least-dissipative eigenvector of the dynamical matrix that governs evolution in
EPy, is given in Sec. 2.2.4.1. We adapt these conditions for the N = 2 mode case by
examining arbitrary parametric variation of Hues(R,p,0,7T) (Eq. (7.22)), in Sec. A.3.2.
For completeness, we note that the measurements for various Cqe, in this chapter utilized
constant {R,p, T} with Re(R) > 0 while varying 6 = 6, + 65 via constant 6, and
012 = —2n7k(s) with n € N, 05k > 0 for 0 < s <1 and k(0) = k(1).

Subsequently, if condition (1) is met, condition (2) is met for sufficiently large 7. We
take 7' > T™ as the threshold for this condition (see Sec. A.3.2). For the cases studied
in this chapter, it reduces to T* = nmw0sk|max/2Re(R).

Condition (3) requires that the system's linear dynamical phase contributes loss.
This condition is included because otherwise the system can serve as steady-state am-
plifier without the v/7T-dynamical phase (i.e., just by using large T' and relying on
the linear dynamical phase). For case consider here, condition (3) is satisfied when
Im (T fol 7'(S)ds> <0=1Im (fol ’T(s)ds) < 0.

2

Condition (4) identifies the features that Im(¢ges(7")) must exhibit upon a single
traversal of Cyeg amp Using the time dependence s and duration 7', for the system’s gain
to be attributed to the v/T-dynamical phase. Each of its sub-conditions has a straight-

forward physical interpretation.

= Condition (4(i)) ensures that the system’'s dynamics are compatible with the notion

of adiabaticity, and hence described by Eq. (7.32).

= Condition (4(ii)) ensures that the state vector experiences net gain upon each traversal
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of Cdeg,amp-

= Condition (4(iii)) ensures that the net gain can be attributed to the v/7T-dynamical
phase. Specifically, it requires that v/T-dynamical phase accounts the majority of
the difference between the linear dynamical loss Im(¢p,p geg) and the net gain. This
ensures that the net gain is not attributable to the higher-order terms i.e., O (1/\/T>
in Eq. (7.32).

For a given Cyeg.amp and s(t/1’), the conditions (4(i) - 4(iii)) can be visualized by
noting that they each bisect the plane spanned by Im(¢ge(7')) and T. Together they
define a region K with the following interpretation: for this Caeg amp and s(t/T), SSVTG
results iff 7" is chosen such that Im(¢qeg(7")) lies within the K. Fig. 7.26 illustrates the

region K.

Finally, we extend SSv/T'G to arbitrarily large 7. This is simply accomplished by
repeating a Cgeg,amp With a given winding number W, time dependence s(t/7yy) and
duration Ty, n times. This results in a new control loop Cgeg amp,n With winding number
nW, time dependence s(t/T,) and duration T),y, and the time over which gain is
expected to be maintained, is given by T,,,,», = n11y = nT)y. This can be seen easily
by considering the largest duration for which SSv/T'G may occur (rightmost point on the
boundary of K), for a “simple” non-contractible Ceg amp (defined by fixed {R, p, 7'} and
6 = 2ms). It is given by Im(¢aeg(7.)) = To.Im (T /2) + /T, Im <zx/ﬁ> = 0 with
i (iv2rR) \

e\ T

(7.33)

Repeating this Cyegamp, 7 times (fixed {R,p, T} and 6§ = —2n7ws mod 27), the
largest duration T for which SSVTG may occur is given by
2
Im (i\/ 2n7rR) Im (i\/ 27TR>

T = o (AT e 34
c Tm (7/2) "\ T (T/2) nie (7.34)

We note that this prediction does not contradict the fact that the linear dynamical
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IM(¢aeg)
Ad : Im((bsqrt,deg)

\
0+ > T

T* Tc |m(¢|_D,deg + d)sqrt,deg)

|m(¢LD,deg)

Figure 7.26: Conditions for achieving SSVTG. For a given control loop Cgegamp in EP2 with
winding number W, its time dependence s(t/T") and its duration 7', SSv/T'G occurs iff Im(¢qeq (7)) lies

in the periwinkle shaded region K. ¢1,p dce: the linear dynamical phase, ¢sqrt,deg: the \/T—dynamical
phase and T the threshold time duration for ¢ges(T) to be given by Eq. (7.32), T.: solution to

Im(PLD,deg + Psqrt,deg) = 0, the largest duration for which SSVTG may occur, with corresponding gain
= 0dB.

phase (O(T")) dominates the v/T-dynamical phase (O(v/T)), at large T'. This is because
the prediction applies to a given Cgeg amp, and each choice of n corresponds to a distinct
Cdeg,amp- Since there is no limit to how large n maybe, T,y = nTy can be arbitrarily

large i.e., in the steady state.

7.4.2.1 SS\/TG versus SSGG

In this section, we briefly compare the two independent amplification techniques identified
and developed in this thesis, SSv/T'G and SSGG.

Similarities
(a) In both cases the amplification of O (TOS‘Kl) competes against the linear dynamical

loss of O(T'). Thus, in the T" — oo limit, linear dynamical loss dominates.
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(b) Despite the above condition, one sustains steady state gain i.e., for arbitrarily large
T, by simply repeating the corresponding control loop n times, and for both cases, the

duration of amplification T, o< n.

Differences
(a) SSVTG is applicable to N = 2 mode degenerate non-Hermitian systems. SSGG is

applicable to non-Hermitian non-degenerate systems.

(b) SSV/T'G uses the imaginary part of v/T-dynamical phase as the source of amplifica-
tion. SSGG uses the imaginary part of the geometric phase as the source of amplification,
which is O (T°).

We also note that SSv/T'G defined here could be adapted to any N mode degener-
ate non-Hermitian system as SS V/T'G which utilizes the T7~Y/" stretched exponential

dynamical phase, and that its gain is stronger for larger N.

7.4.3 Tuning up a v T-amplifier

In this section, we combine the techniques developed in Secs. 7.1 and 7.4.2 with those uti-

lized in demonstrating SSGG (Sec. 6.3), to establish a platform to demonstrate SSv/T'G.

For this tune-up, we start by locating an EP, as described in Sec. 7.1.1. Fig.7.27(a)
illustrates this search. This E P, appeared as ‘Candidate F' in Sec. 7.2.2.1, and its
location is given in Table 7.2. Fig. 7.27(b) illustrates its spectroscopic properties, which
are also listed in Table 7.3. Crucially, we note that the degenerate mode corresponding
to this E'P, is damped, thus Im(¢rp deg(7')) < O (condition 3 for SSVTG, Sec. 7.4.2),
and that ZR = 0 for this EP,. This choice simplifies the discussion as the topological
®B,deg and V/T-amplification appear as independent features of adiabatic evolution in
EPs. However, it does not represent a fundamental constraint. As noted above (Sec.

7.4.1), v/ T-amplification is a general feature of adiabatic evolution in EPs.

As a next step, we perform real time dynamics in £P5 as described in Secs. 7.1.2,
7.1.3. In particular we choose a “simple” non-contractible Cgeg amp, and subsequently
measure Pqeg(7T"). These measurements of ¢qes(7") are shown in Fig. 7.27(c), and

specifically Im(¢ges(7')) - the gain experienced by the state vector, initialized as the
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Figure 7.27: Setup for demonstrating SSv/TG. (a) D(P,§) with P = /P, P;. Left column: filtered
data, black star: experimentally predicted EP, location utilized for demonstrating v/T-amplifier; right
column: fit, black cross: corresponding theoretical prediction of the EP, location. Top row: |D|
(units: (27 x Hz)?), bottom row: /D (units: radians). (b) Spectroscopy at the EP, utilized for
demonstrating v/T-amplifier. Blue disk: Agp; black disk: R; red disk: 6\, which is expected to be 0
at EP,. For each quantity, the theoretical prediction is given by a gray disk with same edge color, the
individual measurements are represented as smaller disks with a lighter color shade and the gray fences
indicate corresponding error bars. Note: This E'P, candidate appears as candidate F in Sec.7.2.2.1 and
with corresponding ZR = 0. (c) Top panel: The gain of state vector initialized as the least-dissipative
eigenvector of H': Im(¢qeg (1)) corresponding to “simple” Ceg,amp When traversed once. Cyan and pink
squares: data corresponding to state vector component 1 and 2, respectively; solid curve: corresponding
no-free-parameter theory predictions; periwinkle region: the region K that produces v/T-amplification;
gray vertical line: 7% = 7/2R with ZR = 0; lower black line: linear dynamical loss Im(¢1,p deg(T")) of
the state vector; upper black line: sum of linear dynamical loss Im(¢1,p,deg (7)) and V/T-dynamical gain
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Figure 7.27: Setup for demonstrating SSv/'T'G. continued from previous page
Im(psqre,des(T')) = V2 RT of the state vector; dashed black line: Im(¢1,p deg(T)) + Im(¢?, (1)),

sqrt,deg

where Im(¢* (T)) = Im(in/2nR(T — T*)). Blue, green and orange dashed vertical lines: values of

sqrt,deg
T used in Fig.7.28. Bottom panel: same as the top panel but showing corresponding Re(dqeg(1')). (c)

Same as (b) but showing corresponding SBueg (1) = @des(T) — PL.D,deg(T). Top (bottom) panel shows
real (imaginary) parts. Dashed black curve in top (bottom) panel shows expected ¢p deg (V21RT).
(d) Same as (b) but showing a parametric plot of Im(Baes(T))/VT versus Re(Baeg(T)). Gray star:
{¢B,deg = 3.18+£0.08,v2rR = 23.09 £+ 0.06 (27rHz)} estimated from [S4ey (see Sec. F.4); gray disk:
theoretically predicted {¢p geg = 7, V27 R = 23.15 (2wHz)}, dashed black line: Re(Bgeg) = 7. Curved
black arrows indicates increasing T'.

least-dissipative eigenvector of H’, in the top panel. We observe that despite the loss
contributed by Im(¢rp aeg(7")) < O (lowest black line), the state vector’s amplitude expe-
riences a net gain for 23 ms < 7" < 88.5 ms. Furthermore, Im(¢ges(77)) > 0 lies entirely
within K (periwinkle region in Fig. 7.27(c)), and thus we are guaranteed that the gain is
attributable to the corresponding v/T-dynamical phase (condition (4) for SSv/T'G, Sec.
7.4.2). We expect Im(¢rp qeg) to dominate at large T', and results in net loss for 7" >
88.5 ms i.e., Im(pgeg(7 > 88.5 ms)) < 0.

Finally, we show Baeg(T) = ¢deg(T) — ¢LD,deg(T’) in Fig. 7.27(d,e) which isolate
the \/T-dynamical phase via Im(Baeg(T)) and ¢p.aee Via Re(Baeg(T)). In particular,
we estimate {¢p a0 = 3.18 +0.08,v/27R = 23.09 + 0.06 (27Hz)} (gray star in Fig.
7.27(e), see Sec. F.4), which compares favorably to the theory prediction {¢p 4o =
m,V2rR = 23.15 (27Hz)} (gray disk in Fig. 7.27(e)).

7.4.4 Measuring SSVTG
In this section, we utilize the setup described above (Sec. 7.4.3) to demonstrate SSv/T'G.

As discussed in Sec. 7.4.1, to obtain net gain via SSv/T'G for arbitrary large times (i.e.,
in the steady state), one simply repeats Cegamp Multiple times. This is demonstrated
in Fig. 7.28(a,b), which shows the state vector's amplitude while Cyeg amp is repeated
for n = 17 times (corresponding 7' ~ 1.5 s). In particular, the choice of “simple”
Cdeg,amp €nsures that the amplitude stays constant for its entire duration. This “break-
even” condition occurs because Cgeg amp Of duration 7' = 88.5 ms is chosen to provide a

near-exact balance between the dynamical loss and the v/T-gain produced by traversing
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Figure 7.28: Measuring SSv/'TG. (a) 012(t) corresponding to Cp deg || Cdeg,amp,n- (P) Cyan curves:
data corresponding the amplitude of the state vector initialized as the least-dissipative eigenvector of
H', as inferred from its first component when traversing Cgeg amp,n for T = 88.5 ms corresponding
ton € {1,23,4,5,6,7, 11, 13, 17}; for T = 82 ms corresponding to n = 6+; for T = 93 ms
corresponding to n = 6—, respectively. Each curve is vertically onset by 2 mV for clarity. Black
curves: fit to ringdown data (Sec. F.3.2). (c) Same as (b) but showing the amplitude of the state
vector initialized as the least-dissipative eigenvector of H’, as inferred from its second component. (d)
Summary of gain resulting from traversing Cycg amp,n. Via the first component of state vector. Diamonds:
gain from Cgegamp,n for n € {1, 2, 3, 4, 5, 6, 7, 11, 13, 17} with T' = 88.5 ms; up-triangle: gain from
Cdeg,amp,n for n = 64 with T' = 82 ms; down-triangle: gain from Cgeg amp,n for n = 6— with T' =
93 ms. (e) Same as (d) but showing gain inferred from the second component of state vector. For this
measurement, we used the same membrane modes and the control parameters that tune it to the same
EP, as in Figs. 7.27.
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it (dashed vertical green line in Fig. 7.27(c-top panel)). For smaller (larger) values of
T (dashed blue and orange vertical line in Fig. 7.27(c-top panel), respectively), each

repetition of Cyuyp results in net gain (loss).

The measured state vector amplitude corresponding to choosing 1" as a multiple of
“break-even”, net gain and net 0ss Ceg amp durations (formally Cyeg amp,n, With homotopy
class given by their winding number n mod 2.) are illustrated in Fig. 7.28(b,c), as cyan
(for the first component of state vector) and pink curves (for the second component
of state vector), respectively. The gain obtained by traversing each Cuyp, are plotted
in Fig. 7.28(d,e), corresponding to the first and second component of the state vector,
respectively. Finally, in Fig. F.11 we show the phase of the state vector corresponding to

Cdeg,amp,n Which provides some insight into the phase coherence of the motion undergoing

SSVTG.
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Chapter 8

Conclusion and outlook

In this thesis, we studied a variety of exclusively non-Hermitian features that arise in a
system of a few coupled harmonic oscillators, whose parameters are tuned statically and

in real time. These include:

1. For a system of N > 2 oscillators, we showed theoretically how topology arises their
eigenvalue spectrum (or eigenspectrum) in Sec. 2.1 and observed a transition in the
complexity of the topology when N increases past 2. In Chapter 3, we experimentally
demonstrated these features for an N = 3 oscillator system, wherein we accessed the
full control space that contains a threefold degeneracy E P;, the twofold degeneracies
E P, which form a trefoil knot, and varying the control parameters in a loop in the
non-degenerate subspace resulted in braiding of eigenvalues, with the braid determined
by how the loop encircles the trefoil knot. These braids are shown to form non-Abelian
braid group Bs. Finally, using our description, we clarified a number of surprises and
anomalous past results regarding eigenvalue permutation resulting from encircling

multiple £ P»s, when the encircling is constrained to a 2D control space.

2. In Chapter 5, we measured the complex geometric phase ¢ in the adiabatic evolution
of a non-degenerate N = 2 oscillator non-Hermitian system. While the real part of ¢p
maybe thought analogous to its Hermitian counterpart, the imaginary part represents
a geometric loss/gain which unique to non-Hermitian systems, and is well-defined for

open control paths. In Chapter 6, we utilized this geometric gain to demonstrate a
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novel form of amplification in the form of ‘Steady State Geometric Gain' (SSGG).
In particular, we demonstrated a counterintuitive idea that a system of coupled lossy

elements subject to “slow” modulation can produce useful gain via SSGG.

3. In Chapter 7, we tuned an N = 2 oscillator non-Hermitian system in its degenerate
subspace (£P2), and measured the topological and discrete geometric phase ¢p deg
in its adiabatic evolution. In addition, we measured a novel \/T—dynamical phase, a
characteristic feature of adiabatic evolution in £P,. This v/T-dynamical phase was
subsequently cast into another novel form of amplification in the form of ‘Steady State
VT Gain’ (SSv/TG). Similar to SSGG, SSv/T'G reiterates that a system of degenerate

coupled lossy elements subject to “slow” modulation can produce useful gain.

These demonstrations were made possible by the Membrane-in-the-Middle (MIM)
optomechanical platform, and Chapter 4 details the construction and operation of one
such system. We benefited greatly from its arbitrary tunability, precise in-situ readout,
and it conforming to a well established optomechanical theory [175]. As such it continues

to be a formidable system of choice to study non-Hermitian physics.

8.1 Possible future directions

We conclude this chapter by listing a few possible directions one may explore with our
present MIM platform. To keep this section succinct, we restrict our ideas to those that

can be explored with the MIM platform at hand, except for the first entry in this list.

1. Devices based on principle guiding SSGG and SSvVTG

We start this list by noting that our demonstration of SSGG in Chapter 6 has spawned
a new experiment in the Harris lab under the alias of ‘Non-Hermitian Photonics’ which
seeks to demonstrate and develop practical optical devices using the principle guiding
SSGG. To add to this endeavor, we warmly recommend utilizing SSv/T'G as well, when

possible.
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2. Additional insight into non-Hermitian adiabatic evolution.

For a non-Hermitian system, the adiabatic theorem predicts the adiabatic evolution of its
unique least-dissipative eigenvector, if such an eigenvector exists (Sec. 2.2.2). Further-
more, during adiabatic evolution along a generic control loop, the system's state tends
to transition into the least-dissipative eigenvector (conditional on its existence), for an
arbitrary initial state. However, what remains unclear is the specific manner in which this
transition happens, and if there are any interesting features in such an evolution, such as

a geometric component to it?

Our discussion of non-degenerate non-Hermitian geometric phase for an N = 2 mode
system suggests a possibility of a complex-valued geometric component in this transition
during adiabatic evolution, as illustrated in Figs. 2.6(e), 5.11 and Sec. 5.4, and as such
could be explored further both in theory and in experiments. In parallel, one may consider
evaluating its similarity or lack thereof, to the effect known as ‘geometric component of

the transition probability’ for their Hermitian counterparts [262-266].

In addition to isolating the corresponding geometric component in the non-degenerate
non-Hermitian case, an interesting question could be: At what time scale of such adiabatic
evolution, does this geometric component appear as the asymptote? This is motivated

by two observations:

(i) 5-—(T') in Fig.5.11 visually appears to asymptote at longer time than 3, _(T") and
S_.(T), which in turn take longer (visually) to asymptote than 3, (T) = (7).

(ii) Refs.[262, 263] do not seem to provide a model-independent time scale for the

Hermitian case.

3. What is the metric tensor for the non-Hermitian case?

Studies of geometric phases often invoke another quantity with geometric character.
It is known as the ‘quantum metric' [267, 268]. Briefly, while geometric phase is a

measure of how an eigenvector “twists” and “turns” in the parameter space, the metric

!We note that quantities with a ‘quantum’ prefix are simply due to the conventional terminology in
literature and they may not necessarily reflect uniquely quantum features. However for this section, we
conform to the popular terminology.
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as its name suggests, is a measure of distances along paths in the parameter space,
and the measurement is done using eigenvectors. Formally, the ‘quantum metric’ is a
tensor (g;;) and the corresponding ‘quantum distance’ (s12) between two points X; =
(1,22, ...,xx)1 and Xo = (21, Z9, ..., xx )2 along a path finite C (that is not necessarily

close) in parameter space is given by (also Eq.(33) of Ref. [267])

N N

S12(C) = / ds (Z > gijasxiasxj) (8.1)
¢ i=1 j=1

and the combined ‘quantum metric’ tensor g;; and the Berry curvature (V;;) appear as

the ‘quantum geometric tensor’ T;; = g;; + iVi; [269)].

For the Hermitian, case both g;; and Vj; are real-valued. In particular, since g;; is
involved in providing a measure of distance (which is by definition a positive number),
it has positive semi-definite structure. However, when we consider the non-Hermitian
case, we have seen that Vj; is complex-valued (Eq. (2.28)). What about g;; in the

non-Hermitian case?

We conclude this section by noting that there has been a surge in activities involving
measurements of the ‘quantum geometric tensor’ in Hermitian systems [270-275], and
Ref. [276] for a non-Hermitian system, as well as several theoretical proposals have
appeared recently for the non-Hermitian case [277-281]. A possible route to investigate
this topic could be similar to that of Ref. [270]', wherein we consider an N = 2 mode

system tuned in real time as follows:
(i) Prepare an initial state Z(0).

(ii) Tune the system in real time “through” an E'P, in duration T', for a given value

of 6 (Cy), as shown in Fig. 8.1(a).

(i) Measure Z(T') and compute S(0,T) = 1 — |Z(T) - Z(0)|?, a form equivalent to
‘quantum distance’ (Eq.(31) of Ref. [267]).

(iv) Repeat steps (i), (ii) and (iii) as a function of 7.

In particular, this was suggested by Charles D. Brown (the lead author of Ref. [270]) himself during
Frontiers conference 2024, in Monte Veritd. See Fig.8.1(b).
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(a) Filtered data (b)
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Figure 8.1: A possible route to measure metric tensor for the non-Hermitian case. (a) Schematic
for tuning system “through” E P (black star) along Cy (red path; not closed in this case) for a duration
T with its starting and end points indicated by s = 0 and s = 1, respectively with corresponding initial
and final states as #(0) and Z(T'), respectively. In the background we show a 2D sheet of measured D
from Fig. 4.19(d), as a reference. (b) The actual photograph of the napkin used to sketch the idea in
(a), that was borne out of discussing Ref. [270] with its lead author, Charles D. Brown.

(v) Repeat step (iv) as a function of 6 (See Fig. 8.1(a)).

In addition, one may even consider trying the above scheme with an N = 3 mode system
(say using the (3,3); (5,2) and (5,3) membrane modes simultaneously, as described in
Sec. 2.3.3 and Chapter 3), involving both EP, and E P; degeneracies. Finally, one may
consider examining a recent work in Ref. [282] about monitoring system’s states when

control loops “go through” an E P, in real time, in light of the above proposal.

4. Measuring the structure of £P- via static spectroscopy.

The demonstrations in Chapter 7 were solely based on real time dynamics in £P5. How-
ever, one may desire to measure the structure of £P5 via static spectroscopy. Such an
undertaking is similar in spirit to the work described in Chapter 3. In particular, it could

be of interest to measure the RP? portion of EP = RP? x R for traceless Hyeg.

For such a measurement, for all points in &Py have A\, = 0, by construction,
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Figure 8.2: A possible route to measure eigenvectors. A screenshot of ZI-HF2 LIA (Sec. 4.6.1.1)
during a spectroscopy data run which used susceptibility measurements. Magenta data: amplitude
of heterodyne signal measured near the (3,3) membrane mode, using a demodulator (Demod 5) at a
fixed frequency near w:g?;; green data: amplitude of heterodyne signal measured near both (3,3) and
(5,2) membrane modes, using a demodulator (Demod 3) in “sweep” mode [241]. The sweeps are
done in an interleaved fashion, by alternatively switching between frequency ranges near the (3,3) and
the (5,2) membrane mode i.e., ~ w:(,,o and ~ wéog) Three features are highlighted using dashed red
rectangles. Leftmost rectangle: prowdes a sense of the relative location of the two normal modes within
each ‘quasi-frequency’ band near w3’3 (magenta data) and near wéz) (green data), respectively. Middle
rectangle: illustrates what we affectionately call a “drive here, look there” measurement, wherein a
sweep measurement near wéQ) (green data) results in characteristic signal near wé% (magenta data).
Analyzing data of this kind will provide eigenvectors. Rightmost rectangle: a redundant measurement
of susceptibility near wég by both demodulators. However, the green (magenta) data corresponds to
the upper (lower) sideband of the AM modulated heterodyne signal (see ‘Heterodyne detection’ in Sec.

46.1.1).

while the unique right eigenvector u; varies as function of location in £P5. Therefore,
spectroscopy measurements that provide access to eigenvectors are required (and perhaps
not limited to an eigenvector indicator like £ in Chapters 3, 4 or R in Chapter 7).
Although not included in this thesis, one can show that spectroscopy performed using
susceptibility measurements of Floquet-coupled non-degenerate membrane modes provide
corresponding right eigenvectors. Briefly, this ability comes from measuring susceptibility
of Floquet-coupled membrane modes simultaneously at more than one ‘quasi-frequency’
[283, 284]. In particular, all susceptibility measurements reported in this thesis measure
only at one ‘quasi-frequency’ (which corresponded to the drive frequency), thus precluding
this result. However, we include Fig. 8.2 below, that show semi-systematic measurements
which if analyzed could provide corresponding eigenvectors alongside eigenvalues. It also
remains to be shown if this technique can be adapted when the system is restricted to

the &P subspace.
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5. Exploring correlated thermal noise in coupled harmonic oscilla-

tors.

Continuing in the spirit of studying non-Hermitian systems via spectroscopy measure-
ments, our system would be fairly suitable to characterize the thermal baths to which the
individual modes of the system are coupled to. Briefly, for a single damped oscillator in
equilibrium with its thermal bath, the Fluctuation-Dissipation theorem (FDT) links the
oscillator's damping, its temperature (which is same as the thermal bath’s temperature

in equilibrium), and thermal force noise [234].

For a collection of damped oscillators, the FDT is usually applied naively “mode-
by-mode”, with the thermal force noises on each mode taken to be uncorrelated. In
practice, this works well for damped systems in which the normal modes (eigenvectors)

are sufficiently orthogonal [285, 286].

However, as seen in Chapters 3 and 7, such multimode systems if tuned over their
full parameter space, generically contain /P degeneracies. As a result, for such a system
when tuned, their eigenvectors are no longer orthogonal and as such N of them are
parallel at an E Py. It will be interesting to study the effect the thermal force noise when
this non-orthogonality has a significant contribution. Theoretical work dealing with such
multimode systems suggest a modification of the FDT [235], wherein that the thermal
baths for each mode can no longer be considered independently, and as such they are

correlated. See Ref.[287] for a corresponding experimental study.

In addition to experimentally studying these correlations, an interesting possibility
may arise via the following example. Consider an N = 2 mode system that is under the
influence of the said correlated thermal baths. In such a case, one of the modes can be
used as a spectator for the correlated portion of the thermal noise. The correlated portion
can be thought as a “common background” for both modes, which can be subtracted

from the other mode, thereby gaining an improvement in the sensitivity of thermal noise.
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6. Shortcuts-to-adiabaticity (STA) schemes to execute eigenvalue

braiding in real time.

As described in Sec. 2.1.1 and Chapter 3, control loops encircling double degeneracies
affect eigenvalues to braid. It is natural to ask what role the braids can play in the system's
dynamics. A control scheme where one prepares the system in one of its normal modes,
and then evolves it along the smoothly connected braid strand would be of considerable
interest, as the final state is determined solely by the homotopy class of the control loop,

i.e., its topology.

From the outset, real time dynamics involving a system with non-trivially braided
eigenvalues (i.e., not identity) is not compatible with non-Hermitian adiabatic evolution,
as the identity of least-dissipative eigenmode is not guaranteed to be unique. As a result,
during real time evolution, the system undergoes diabatic transitions and the final result

cannot be attributed solely to the topology of the control loop [32, 61].

To remedy this situation, one may employ ‘shortcuts-to-adiabaticity’ (STA) schemes
[149]. Recipes such as counter-diabatic driving aim to cancel diabatic transitions by
applying additional control parameters [141, 142, 147, 148]. The range of tunability
afforded by the MIM platform can be an ideal setting to explore such schemes and affect
a truly real time topological operation when eigenvalues braid non-trivially. We note that
recently such a scheme was applied to a non-Hermitian system of a single dissipative
qubit [76], and it was successful for a range of control loop duration [288]. In addition to
STA, one may consider schemes that involve control schemes with tailored non-linearity
[64, 289, 290].

7. Adding more tunability to the MIM toolkit.

Our current use of the MIM platform has restricted it to be a linear dispersively-coupled
optomechanical system with a single optical mode (in this case TEM, (); which does not
do justice to the rich bounty optomechanical features it possesses. In addition to linear
dispersive coupling, one may envision bringing in: (i) linear dissipative coupling with a sin-

gle optical mode, (ii) nonlinear dispersive coupling with a single optical mode, (iii) linear

303



8.1. Possible future directions

dispersive coupling with multiple transverse optical modes i.e., TEM,, ,, (iv) non-linear
dispersive coupling with multiple TEM,, , optical modes, and so on. Loosely speaking,
each of these configurations can bring in new control knobs, in principle, that may allow
alternate routes to explore ideas such as STA and studying non-Hermitian systems in new
regimes. For example, option (i) has the effect of turning the optomechanical coupling
rate go from purely real (in the linear dispersive case) to a complex-valued parameter
given by the position on the band-structure (see Fig. 4.11(c,d)) [79, 291-294]. We also
note that although not mentioned in this thesis, we spent ~1 year exploring STA with our
MIM system in configuration given by option (iii). In particular we coupled to a TEM o
and a TEM, ; optical mode and tuned the (4,3) and the (3,4) membrane modes®. While
we did not accomplish the ultimate goal, our measurements were sense-making and illus-
trative. Options (ii) and (iv) are worthy to be explored as just optomechanical systems
in their own right, let alone exploring non-Hermitian physics in such a setting. Histor-
ically, option (ii) has been plagued with the small magnitude of coupling which maybe
require substantially larger control powers for its effects to manifest [78], or a redesign
based on Refs.[228, 295, 296]. Option (iv) is configured to have several optical modes
that are nearly degenerate [80, 208, 212], and as such is generally a harder experiment
to undertake. We recommend testing and characterizing the present MIM platform first,

to evaluate its feasibility.

The above list by no means exhaustive, shows a plethora of things one may pursue
with system at hand. They may improve our understanding of various non-Hermitian
phenomena, which then in turn may give rise to new practical devices, novel control and
sensing techniques. In parallel, we do expect the experimentalists as well as the theorists

to have fun with the MIM platform!

Finally, as the author of this thesis, | hope to have conveyed some aspects of non-
Hermitian physics which were previously under-appreciated, and possess a clearer under-
standing now, along with the fact that some of those ideas can be of practical utility, as

well as the utility of the MIM platform to explore them.

LFor this work, we had not figured out a controlled use of the blue detuned control tone, which as shown
in Chapters 5, 6 and 7 is a vital control knob.
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Appendix A

Methods for Chapter 2

A.1 Numerical simulations of N-mode spectral flow

Here we provide details about numerical simulations of spectral flow for the N = 2 and

3 cases, as illustrated in Sec.2.1.2.

All N=2

For this case, the characteristic polynomial is given by p2(\) = A2+ ~,, where we applied

the tracelessness condition (Sec. 2.1.3.1). The corresponding eigenvalues are roots of
p2(A) = 0, which are given by A = {++/—72, —/—2}-

The control loops used for demonstrating spectral flow, as shown in Fig. 2.1(a) are

parameterized as:

Re(y2(s))
Im(72(s))

(d —r) Sin(#) + r Sin(8 — 27s)
(d—1) Cos(#) +r Cos(f — 27s) (A1)

where {d, 0} denotes the control loop’s basepoint in polar coordinates, r its radius and
0 < s < 1 parameterizes the position along the loop, with s = 0 and s = 1 both
correspond to its basepoint. For the control loops shown in Fig. 2.1(a), {d,0} = {1,7/4}
and r = 0.3, 0.7 for the red and the blue control loop, respectively. The corresponding A
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are evaluated numerically for 101 values of s ranging from 0 to 1. They are represented
on the complex plane, indicated by Re(A) and Im()) in Fig. 2.1(b,c). Their evolution as
a function of s is shown by stacking a copy of the complex plane for each s. The black
crosses highlight A at s = 0 (the bottom of each plot), which by construction is identical
to A at s = 1 (the top of each plot). Finally, the braids are colored using a coloring
algorithm described in Sec. B.6.1 and also in Refs. [43, 91, 95].

Al2 N=3

For this case, the characteristic polynomial is given by p3(\) = A\* + Y\ + 73, where
we applied the tracelessness condition (Sec. 2.1.3.1) and its corresponding discriminant
D = —4~,3 — 2732 For these simulations, we used the following parameterization:
Yy = —72, T = 3. We begin with a detailed procedure for obtaining and subsequently
representing the eigenspectrum degeneracy given by D = 0 as shown in Fig. 2.2(c-e).
We follow it up with details about the control loops and corresponding eigenvalue braids

that illustrate N = 3-mode spectral flow as in Figs. 2.3-2.5.

A.1.2.1 Representing the trefoil knot K in Fig. 2.2(c-e)

The space spanned by = and y can be viewed as R* and can be labeled with the Cartesian
coordinates (Re(z),Im(z), Re(y),Im(y)). As described in Sec. 2.1.2, any 3-sphere cen-
tered at the origin (i.e., at the point (0,0,0,0)) contains two-fold degeneracies (E Pss),
and they form a closed curve that is a trefoil knot K. Fig. 2.2(c-e) shows this structure
explicitly for three distinct choices of 3-spheres with radii: » = {0.5,1, 1.5}, respectively
using the standard stereographic projection onto R? [107]. In particular, this projection
uses the point (—r,0,0,0) as its pole, so that the coordinates X,Y,Z in Fig. 2.2(c-e)

are defined via:

T2—X2—Y2—Z2
Re(x)zr<r2+X2+Y2+ZQ>

I ( )= 227

m{z _7"2+X2+Y2+Z2
2r2 X

Re(y) =

2+ X24Y2 4 22
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B 2r2Y
24+ X24Y24 72

Im(y) (A.2)

The red, blue and yellow curves in Fig. 2.2(c-e) show locations of the degeneracies
within 3-spheres with radii: » = {0.5,1, 1.5}, respectively. It is determined by the two
constraints |z|> + |y|* = r? (which defines the 3-sphere) and 4y — 2722 = 0 (which

defines the vanishing of D). It can be seen to form the trefoil knot K.

A.1.2.2 Control loops and eigenvalue braids in Fig. 2.3

The control loops used in Fig. 2.3(a) are parameterized in the cartesian coordinate system
(X,Y,2)" as:

X(s) = (d—r) Sin(f) Cos(¢) + r Sin(# + 27ws) Cos(¢)
Y (s) = (d —r) Sin(#) Sin(¢) + r Sin(6 + 27s) Sin(¢)
Z(s) = (d—r) Cos(0) + r Cos(0 + 27s) (A.3)

where {d, 0, ¢} denotes the basepoint of the control loop in spherical polar coordinates,
7 is the loop's radius, and 0 < s < 1 parameterizes the position along the loop (i.e.,

s =0 and s = 1 both correspond to the loop's basepoint).

The loops shown in Fig.2.3(a), have the same basepoint at (d = 2.5,0 = 47/9, ¢ =
—77/9)T, which is shown as the black sphere. Control loops from distinct homo-
topy classes are realized by using » = 0.12,0.4 for I, r = 0.74 for 04y and r = 1.2
for 0y09. To show the eigenvalue braids in Fig. 2.3(b-e), we first use Eq. (A.2) to
convert the loop coordinates from (X,Y,Z) as given in Eq(A.3) to the coordinates
(Re(x),Im(x),Re(y), Im(y)). We then find the three roots of p3(A) = 0 for 101 values
of s ranging from 0 to 1. For each value of s the three roots (which comprise A) are
plotted in the complex plane. Their evolution as a function of s is shown by stacking a
copy of the complex plane for each value of s. The black crosses highlight A at s = 0
(the bottom of each plot), which by construction is identical to A at s = 1 (the top of
each plot). Finally, the braids are colored using a coloring algorithm described in Sec.
B.6.1 and also in Refs. [43, 91, 95].
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A.1.2.3 Control loops and eigenvalue braids in Fig. 2.4

The control loops used for showing the non-Abelian character of Bs as in Fig. 2.4(a) are

parameterized in the coordinate system (X,Y, Z)T as:

X(s) = (d—r) Sin(#) Cos(¢) — r Sin(0 + 27s) Cos(¢)
Y (s) = (d —r) Sin(0) Sin(¢) — r Sin(d + 27s) Sin(¢)
Z(s) = (d—r) Cos(0) +r Cos(0 + 27s) (A.4)

with basepoint ((d — 2r) Sin(#) Cos(¢), (d — 2r) Sin(#) Sin(¢), d Cos(0))T in cartesian
coordinates, r is the loop’s radius, and 0 < s < 1 parameterizes the position along the

loop (i.e., s =0 and s = 1 both correspond to the loop’s basepoint).

The blue (red) control loop were constructed using in Fig. 2.4(a) used d = 0(2),60 =
w/2(m/2),¢ = 2w /9(117/9),r = 0.5(0.5), respectively and subsequently concatenated.
The eigenvalue braids in Fig. 2.4(b,c) are shown in a similar fashion as in Fig. 2.3.
However, the braid corresponding to blue (red) portion of concatenated control loops are

colored with blue (red) shades, respectively.

A.1.2.4 2D plane B, control loops and eigenvalue braids in Fig. 2.5

The 2D plane B used in Fig. 2.5(a) is chosen such that it has four points of transverse
intersections and one point of non-transverse intersection with the trefoil knot K. This
B is given by Y + m(Z — Zy) = 0, with m = tan(—177/36) and Z, ~ 0.284, and
it is a plane in the coordinates X,Y, Z. The non-transverse intersection is a result of

fine-tuning the parameters m and Z;, and is included for illustrative purposes.
The three control loops shown in Fig. 2.5(a), Il of which lie in 5 and share a common

basepoint. Each loop is described by:

X (s) = Xp + r[cos(¢) — cos(2ms + ¢)]
Y (s) =Y, + r[sin(¢) — sin(27s + ¢)]
Z(s)=Zy—Y(s)/m (A.5)
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where 0 < s < 1 parameterizes position along a circular path of radius r that starts
and stops at the basepoint (X3, Y}, Zg — Y, /m). The angle ¢ sets the orientation of the
circle’'s center with respect to the basepoint. The three loops in Fig. 2.5(a) all have
their basepoint at X;, = 0.25, Y, = 0.3, radii = {0.325,0.6, 1.1}, and orientations
¢ ={—7Tn/18,157 /36, —137w/36} (for the green, red and blue loop respectively).

Fig. 2.5(b) shows the plane B (i.e., the space spanned by X and Y with Z =
Zy —Y/m), along with the five intersections between B and K and the three loops just

described. These loops can be seen to enclose zero, one, or two of the five intersections

between B and K.

Finally, the eigenvalue braids in Fig. 2.5(c-e) are shown in a similar fashion as in Fig.
2.3.

A.2 Relation to studies of non-Hermitian band struc-
ture

Eigenvalue braiding and knot-like structures corresponding to (eigenvalue) degeneracies
have been considered in the context of a non-Hermitian band structure (NHBS) [39, 297—
307]. However, there are several qualitative differences between NHBS and the non-
Hermitian oscillators considered above: in the physical systems being described, the
mathematical concepts relevant to the description, and the generic-ness of the resulting

topological structures. We elaborate on these qualitative difference below:

The physical system under consideration in NHBS is a wave propagating in an L
- dimensional lattice (in which L is typically 1, 2 or 3) that possesses a combination
of non-reciprocity, gain and loss. Propagation in such a lattice can be characterized by
bands whose dispersion is given by the complex eigenvalues of a matrix (which plays
the role of H). A central question in NHBS is how these eigenvalues depend on the
quasimomentum k (whose vector components play the role of the control parameters).
Theoretical [299, 304, 305] and experimental [39, 306] work has shown that varying & in a
closed loop may result in non-trivial eigenvalue braids. Theoretical work has shown that,

for some lattices with L = 3, two-band systems described by 2 x 2 matrices may exhibit a
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trefoil knot of two-fold (eigenvalue) degeneracies within the Brillouin zone [301, 302, 307].
However, we emphasize that these results are distinct from those discussed in previous

sections.

This is because in NHBS, the number of control parameters is limited to L, and
the control space they span (the analogue of control space Ly in previous discussions) is
topologically non-trivial by assumption, as the Brillouin zone is an L-torus. In contrast, for
non-Hermitian oscillators the control space Ly is topologically trivial, and the number of
controls, given by the dimensionality of Ly, is sufficient to span the full space of complex
eigenvalues. This results in the direct connection between non-Hermitian oscillators and
general complex polynomials (i.e., the characteristic polynomial of H). In particular, the
non-trivial structure of the degenerate subspace (of eigenvalues) is a generic feature of
N x N matrices and establishes the correspondence between control loops and the non-
Abelian group of eigenvalue braids. This is in contrast to NHBS, in which these features

are not generic, but only appear on fine tuning.

Finally, we note that experiments on NHBS so far [39, 306] have been limited to
braids realized by two eigenvalues, which correspond to the N = 2 case, for which the
subspace of (eigenvalue) degeneracies has a trivial geometry (i.e., just a point), and the
group formed by the eigenvalue braids B, is Abelian. In contrast, the work described
here provides description for any N, and for N > 2, the subspace of such degeneracies
has a non-trivial geometry, and the eigenvalue braids form a non-Abelian group and

experimentally demonstrate these features for N = 3 in Refs. [43, 91] and in Chapter 3.

A.3 Further remarks on Non-Hermitian geometric

phase

Here we provide additional details that supplement our description in Sec.2.2, and some

context for other work in this field.
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A.3.1 Asymptotic form of the adiabatic phase

In this section, we shed further light on the asymptotic form of the adiabatic phase
acquired by the least-dissipative eigenvector! for both: (i) the non-degenerate (as in
illustrated in Sec. 2.2.3), and (ii) the degenerate (as illustrated in Sec. 2.2.4) cases, for
N =2

A.3.1.1 Non-degenerate case

The derivation outlined here is similar in principle to the one in Sec. 2.2.4.1. We start with
a time dependent dynamical matrix H(t), with a non-zero trace which is diagonalized by

a time dependent change of basis Sp(t), i.e., Hp(t) = S;,' (t)H (t)Sp(t) where

oy 0 (A.6)
0 A (D)

We require the column vectors of Sp(t) to be normalized (see discussion in Sec.

2.2.3.4) and that A, (t), Sp(t) are T-periodic. In this diagonal basis, Eq. (1.1) becomes
i€0sC(s) = (Hp(s) — eA(s))é(s) (A7)

where s = t/T,e = 1/T and A;; = it;(s).05u;(s) for i,j € {+,—} with ¥; and u; the

left- and right-eigenvectors of H, respectively. A denotes the matrix of Berry connection.

We now consider a control loop where Im(A;(s)) > Im(A_(s)) for all s € [0, 1],
and correspondingly, @ (s) decays slower than @_(s). The non-Hermitian adiabatic the-
orem then guarantees that if a state is initialized in @ (0), it will remain in @, (s) for
all s € [0,1] as e — 0 [11, 89]. For ¢ — 0, and we may use time-independent pertur-
bation theory to find the eigenvalues X, (s) of Hp(s) — eA(s) at every s. Note that
N (s) = Ai(s) as € = 0. In this case, the phase ¢ accumulated by a state vector is

given by Eq. (2.6) (with ¢(0) = @, (0)), and can be expressed as a power series in e:

IThroughout this appendix, the phrase ‘least-dissipative eigenvector’ implies the least-dissipative right
eigenvector.
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The first term in this expression is the linear dynamical phase ¢p; the second term
is the geometric phase ¢p; and the subsequent terms approach 0 in the adiabatic limit
(e — 0). In general, the M®™ term is proportional to ¢~2 and to a sum of products

involving M — 1 components of A;;, its M — 1 derivatives.

We now consider ¢ for two cases: ¢..,, when the control loop is reversed and ¢,
when the control loop is repeated n € N times. In the first case, we have s —+ 1 —s. For
this substitution, each derivative in each term of Eq. (A.8) acquires a factor of (-1) but is
otherwise unchanged. Thus each odd-¢ order terms of ¢, is equal to the corresponding
term in ¢, while the even-e order terms of ¢, are the corresponding terms in ¢ multiplied

by -1.

The second case is straightforward as substituting s — ns and applying the T-

periodic condition on A, (s),4(s) and ¥(s), the entire equation gets multiplied by n, i.e.,

A.3.1.2 Degenerate case

As shown in Sec. 2.2.4 and in Refs. [88, 89], the phase ¢4es(7") acquired by the least-

dissipative eigenmode of H' = Jy — Az /T upon traversing a control loop Cyeg in EP N
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is given by:

1 N - omipr/N  pl
T(S> e T/ 1
=1

T

N eZwiur/N 1 1

where 7 = Tr(Hgeg) = ao, a,>1 are given by the elements of A; = iM‘lE’a—]‘f, the matrix
of Berry connection and M is an N x N matrix whose columns are given by the unique
right eigenvector of Hge, and N — 1 generalized right eigenvectors. p € (1,2,...,N)

such that it ensures \_is the least-dissipative eigenmode of H’.

Subsequently, we identified the r = N term of Eq. (A.9) as the T-independent phase

that provides ¢p 4cs. Below we shed some light on the remaining T-dependent terms of
¢deg(T)-
(@) r=0

This term corresponds to the usual linear dynamical phase of O(T'), and is characterized

by T = Tt (Haeg)-

(b)1<r<N

These terms correspond to dynamical phases that fractional powers of 1/7" that is
unique to adiabatic transport in £P y, and can be considered as providing the “stretched
exponential dependence” of ¢qes(7") [88, 89]. The r = 1 term at has been noticed
previously in Ref. [261].

(c) The O (1/T'Y) terms and higher can be thought analogous to the O(1/T’) and
higher order contributions for the non-degenerate case as in Egs. (2.7) and (A.8), that
asymptote to zero in the limit 7 — co. Since N > 2, convergence of O(1/T*/N) (for

the degenerate case) is slower than O(1/T) (for the non-degenerate case).
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We now characterize these dynamical phases for the N = 2 case as illustrated in
Sec. 2.2.4.3. For this exercise we consider “simple” Cges in EP2. Specifically, we focus

on ¢4eg(1") given by Eq. (2.57) and expand it in the large-T" limit. This results in

1
baeg(T) =T / T;S)ds +nrw 4 i (2rnR)2 T/
0
{1 nm\3/2 1 C(nm)®? 1 1
—t (R1/2> <7> T2 227/2R3/2 T3/2 +0 T5/2 ) (A-11)

which shows all the expected features discussed above.

A.3.2 Most general control loops for adiabatic transport in EP,

In this section, we examine the case when all the parameters of the matrix Hgyc, that
corresponds to £P5, are allowed to vary, and then retrieve the most general control loops
in EP3 (Caeg) that allow for adiabatic evolution as prescribed in Sec. 2.2.4. For simplicity,
we rewrite the corresponding Hge, as given in Egs. (2.51) and (7.22).

1 peie

Hyee = R , + I I (A.12)
_6—29/]9 -1 2

with complex-valued parameters {R # 0,7 } and real-valued parameters {p, 6}.

Setting up the problem

To be concrete, here we are interested in Cyes that are beyond the cases studied in
Chapter 7, i.e., which solely considered Cge, with fixed {R,p, T} and varied 6 in a loop.
In this exercise, we allow {R,p, 7,60} to vary simultaneously and filter out those Cgeq
that possess a unique least-dissipative eigenvector of the matrix H' that governs evolution
along Cqeg, and thus are amenable to adiabatic transport. By construction, this exercise
provides us the set of requirements that a Cge, must fulfill to satisfy condition (1) of

SSVTG (Sec. 7.4.2). Finally, these results supplement those obtained in Sec.2.2.4.3.
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Calculating H’

The first step is to calculate H'(s,T) = T (s)I/2+ Jo — A (s)/T with 0 < s < 1, where
the system is varied along a Cyeg Vvia its parameters W(s) = (R(s),p(s),0(s), T(s)) such
that TW (s = 0) = W (s = 1) for a duration T. A is the matrix of Berry connection given
by A, = z'Mfl%—]‘f where columns of M are composed of the unique right eigenvector
t; and a generalized right eigenvector @y of Hyee. If we express u; = (1, —e‘w/p)T,
Uy is constrained by two relations: (i) (Haeg — Adegl)Ua = 11 Where A\geg = T /2 is the
degenerate eigenvalue of Hyeg, and (ii) M ' HyeeM = T (s)I/2 + Jo. This results in
iy = (¢, (1/R — c)e*w/p)T with ¢ € C. Finally, H'(s,T) is given by

1 | cR(8)(0s0 —id;Log(p)) icdsLog(R) + c(cR(s) — 1)(0:0 — i0sLog(p))
T _—R(s)(@ﬁ —i0sLog(p)) —idsLog(R) — (cR(s) — 1)(0s0 — i0sLog(p))
A.13)

—~

where we note the manner in which variations in p and R appear in A i.e. as d;Log(p)

and J;Log(R), respectively, while the trace remains absent, as before (Eq. (2.52)).

Constraining Ay, and thereby Cgc,

To identify the conditions that guarantee the existence of a unique least-dissipative eigen-
vector of H' for all s € [0, 1], we examine the term corresponding to Ay = A, _,,. For

this case,

Ao(s) = —R(s)(0s0 — i0sLog(p)) (A.14)

where note the absence of terms o J;R and that complex valued nature of Ay solely

comes for R, as both 0,0 and 0;Log(p) are real valued quantities.

Adapting the condition on A, from Sec.2.2.4.1 to guarantee a unique least-dissipative

eigenvector of H' and Refs. [88, 89], we have:
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1. (060 —i0sLog(p)) # O for all s € [0,1]. Note that R # 0 needs to be satisfied

by-default or else Hg., does not correspond to EPs.

2. —R(s)(0s0 — i0sLog(p)) does not make a full circuit around the origin as s varies
from 0 to 1 via the constraint |Z(—R(s)(0s0 —i0sLog(p)))| < 7, and as such it does

not touch or cross the negative real axis.

Calculating X\’

With the above conditions, we now identify the unique least dissipative eigenvector by

examining the eigenvalues A’ of H'. They are:

T(s) 0,0 —iLog(p) — iLog(R)]

! — —
—4R(s)T0s|0 — 1L 0s | L Log(R) + i6])?
L ;V—AR(5)T0,[0 — iLog(p)] + (9 [Log(p) + Log(R) + if]) (A.15)
2T
where '+ is chosen to denote the least-dissipative eigenvector and '—' denotes the other

mode.

Calculating ¢geg(T'), isolating ¢p deg, and the v/T-dynamical phase

Consequently, if a state were prepared as the unique least-dissipative eigenvector of H’
conditional upon its existence for all s € [0, 1], and then evolved adiabatically along Cdeg:
we expect the final state to be given by &(T") = e~*®¢(T)Z(0), where the complex valued

Gaeg(T') is exactly given by

Paeg(T) = T/0 N, (s)ds

LT (s) 19, [0 — iLog(p) — iLog(R)]
= T/o Tds — /0 5 ds

ds (A.16)

L / V/—4R(s)T0,[0 — iLog(p)] + (9; [Log(p) + Log(R) + if])?
0 2
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where we used X, from Eq. (A.15). Upon integrating the T° part of ¢qee(7) above, Eq.
(A.16) reads

Gdeg (T’ / T(s ds + nm mod 27

+i / VEARGITO0 — Log(p)] + (0, [Log(p) + Log(R) + #1721y

2

where we have fol Log(R)ds = 0 as R does not wind around the origin via constraints
on Ay with R(s = 0) = R(s = 1). We also have fo Log(p)ds = 0 as p is real with
p(s =0) =p(s =1). As aresult, Eq. (A.17) shows that regardless of how “non-straight”

a Cyeg is, with its “non-straightness” being encoded by { R(s),p(s)}, @5 deg is solely given
by half the number of times 6(s) winds by 7 (modulo 27), while 6(s)/27 denotes the

winding number of Cyes in EP5.

We also note that the above facts which are specifically derived for an N = 2 mode
system, are consistent with the prediction for any N mode system tuned in its EPy

subspace (See Sec.2.2.4.1 and Refs. [88, 89]).

Finally, we note that in the large T' limit, the third term of Eq. (A.17), the leading
order contribution is oc O (ﬁ) and is characterized by variations in {R,p,0}.

Defining T* for SSVTG

Notice the integrand in the third term of Eq. (A.17). To define T, we express it as Z

given by

=T (s)T + Iy(s) (A.18)

where Z; = —R(s)0,[0 —iLog(p)] and Z, = (9; [Log(p) + Log(R) + i0])? /4. We define
T* as

:|IQ(S)/11(S)|maX (Alg)
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evaluated for a particular s € [0, 1] that maximizes T*. As a result, for 7' > T, it allows
the third term in Eq. (A.17) to have dominant O(v/T) (complex-valued) contribution.
Subsequently, its real part may produce SSv/T'G. Notice that T* o |1/R)|, similar to our
discussion in Sec. 7.4.1.1, and as such this definition is compatible with the notion of

non-Hermitian adiabaticity.

A.3.3 Geometric phase for control loops that encircle EP;

In this section, we review the results of geometric phase for control loops that encircle
EP,.

For any N-mode non-Hermitian system, control loops that encircle an EP; will
result in an eigenvalue braid (Sec.2.1.1), and to be precise, such an eigenvalue braid will
necessarily swap the identity of the least-dissipative eigenvector. As a result, such loops

are not in the domain of non-Hermitian adiabatic theorem?.

Despite this restriction, work on real time evolution along such control loops have
developed a notion of “quasi-adiabatic” evolution, that is slow, but not asymptotically
slow [28-30]. For concrete examples of such “quasi-adiabatic” evolution, the reader is
referred to Chapter 3 of Ref. [94] and Chapter 2 of [188]. In this regime, for a certain class
of loops and a particular choice of initial state, the system may end up in a final state
that is approximately given by the eigenvalue braid. Most of these works have focused on
how the system's energy is transferred between eigenmodes [31, 32, 61, 308, 309]. While
a limited number of studies have focused on system’s phase [69, 77], a clear picture for
geometric phase acquired by a state vector for such control loops, when performed in

real time, is yet to emerge.

In parallel to real time evolution, geometric phases for such loops have been inves-
tigated via static characterization of system’s eigenvectors, both in theory [22, 24, 194,
310, 311] and in experiments [72, 73, 75, 312]. While Ref. [22] theoretically predicts

a complex valued geometric phase with a special emphasis on the case that result in a

1One may ask: “What if we perform the loop that encircles an EP» twice ?” It is an indeed an intriguing
question but still falls outside purview of non-Hermitian adiabatic theorem. This is because the strict
requirement of the existence of a unique least-dissipative eigenmode was not followed. See Chapter 8
for further discussion.
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value of 7/2, the remainder conclude the following: For the N = 2 case, control loops

that encircle an E P, twice, the geometric phase is calculated to be 7.

A.4 Mapping the control loops in £P, to RP?

This section illustrates the control loops Cgeg in EP5 in RP3, the real 3-dimensional
projective space. For this illustration, we take £P; to be parameterized by Hye in Eq.
(2.51), and for simplicity, we set the trace of Hgeg to be zero. The contents of this

section are adapted from Refs. [313, 314].

The starting point for this discussion are two facts about RP?, the real N-dimensional

projective space [315], which allow us to construct an illustration of RP?. They are:

1. RPY has the topology that is obtained by identifying antipodal points! of the unit
N-sphere, Sy, in RV,

2. Alternatively, one may restrict themselves to the “upper hemisphere” of Sy, and
identify antipodal points on its bounding “equator”. This is done by considering all
points in the “lower hemisphere” a double copy of the corresponding points in the

“upper hemisphere"?.

As a result, RP? is topologically equivalent to the closed
N-dimensional disk Dy, with antipodal point on its boundary, i.e., 0Dy = Sy_1,

identified.

Additionally, these two descriptions of RP? can be mapped onto each other via a stere-
ographic projection. Using these facts, we illustrate a faithful representation of RP? in

Fig. A.1(a,b), and a semi-faithful representation of RP? in Fig. A.1(c,d).

We now turn to representing Cqeg in RP?. To accomplish this task, we first work in
the picture of the equal length and relatively perpendicular vector pair Bre 1, henceforth
referred as B%ﬁm. In particular, we parametrically tune BdRig’Im by changing {R,p, 0},
the parameters that specify Hyeg in Eq. (2.51). We then isolate those smooth parameter

variations that affect a pure rotation, i.e, which change orientation of BdRigIm while keeping

!Diametrically opposite points.

2The terms in “-" are taken to mean the equivalent object corresponding to an Sy, the unit sphere in
R3.
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Figure A.1: Representing RP? and RP>. Top panel: Faithful illustration of RP? using two compli-
mentary representations. (a) RP? represented via Sy in R® whose antipodal points are identified. R? is
spanned by cartesian coordinates (z,y, z), in which resides Sy with its upper hemisphere (cyan), lower
hemisphere (pink), and equator (black circle) identified. The points in the upper hemisphere (here,
la and 2a) are identified with their antipodes in the lower hemisphere (here, 1b and 2b, respectively).
The points on the equator (here, 3a and 4a) are also identified with corresponding antipodes on the
equator (here, 3b and 4b, respectively). (b) RP? represented via the unit disk D? in R? (spanned by
(X,Y)), and is obtained by stereographically projecting Sy in (a). We used the standard stereographic
projection [107], where the south-pole of Sy is taken as the projection pole. D? is composed of the cyan
region representing its interior, and the unit circle (black) represents its boundary with antipodal points
identified. The pink region that extends to oo, represents exterior of D?. The standard stereographic
projection has a one-to-one map between an Sy whose antipodal points are not identified, and R? such
that the upper (lower) hemisphere of Sy maps to the interior (exterior) of D2. However, by constraining
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Figure A.1: Representing RP2 and RP3. continued from previous page

the antipodal points to be identified, the lower hemisphere of Sy (the exterior of D?) is simply a double-
copy of he upper hemisphere of Sy (the interior of D?). Therefore, point-pair (1a,1b) and (2a,2b)
on S, is mapped to the point 1 and 2 in D2, respectively. The equator of S; maps one-to-one to
the boundary of D?, and thus the antipodal point-pairs (3a,3b) and (4a,4b). Bottom panel: Semi-
faithful illustration of RP3. (c) A cartoon illustration of RP? represented by Sz (gray) in R* spanned
by (w,x,y,z), with its antipodal points identified. (d) RP? represented via the unit 3-ball B3 in R?
(spanned by (X,Y, 7)), obtained by stereographically projecting Ss3. The “upper hemisphere” of Ss is
mapped to the interior of B3 (here, the cyan volume), which by definition of RP3, is also a map of
the “lower hemisphere” of S3. The exterior of B? (here, the pink volume) is simply a double-copy of
its interior. The “equator” of S3 is mapped one-to-one to the surface of B3 (here, the gray surface),
and the antipodal points are identified (here, the black points). Note that B® =2 D3. In all panels, the
dashed black lines merely serve as a guide to eye.

their length fixed. These pure rotations are subsequently encoded as unit quaternions ¢
as a function of {R,p,6}. By definition, ¢ reside on the surface of a 3-sphere S3, and
q — —q corresponds to the exact same physical rotation [316]. Therefore, the antipodal
points on S3 given by (¢, —q), are identified, and they subsequently are stereographically
projected to R? as a 3-ball. Tracking such unit quaternion along a closed loop provides
a faithful means represent the corresponding Cyeg in RP3. The procedure is described

below.

We begin by identifying the { R, p, 6} variations that produce a pure rotation. They

are as follows:
(i) Tuning 0 produces a pure rotation of BdR‘Z%Im around the z-axis.
(i) Tuning ZR = p has the effect of rotating Bi%,  about the vector BE® x B,

(iii) Changing p tunes both the length and the orientation of BdRZg’Im. The pure rotation
part amounts to rotating about B by an angle ¢ = Arctan(Sinh(Log(p))).

We now encode these variations into unit quaternions. We begin by choosing an initial
BdR‘;%Im pair with unit norm, and parametrically apply the above three pure rotations, in
reverse order. This provides a way to encode any Hg., parameterized by Eq. (2.51), up
to an overall scalar multiple, and thus the corresponding C4es. For this procedure, we

uniquely chose the initial BdRefIm pair given by

Bt = (0,0,1)"
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B = (1,0,0)" (A.20)
which can be expressed as unit quaternions gy im as
Gre =04+ 0i+0j + 1k

Gim = 0+ 1i + 0j + 0k (A.21)

In this basis, pure rotations of step (iii), (ii) and (i) can be expressed as the unit

quaternion q1, g2 and g3, respectively. They are given by

1 = Cos(¢/2) + Sin(¢/2)i + 0j + Ok (A.22)
q2 = Cos(p/2)qs,0 — Sin(p/2)qe.1i — Sin(p/2)qe2 j — Sin(p/2)qs sk (A.23)
g3 = Cos(6/2) 4+ 0i + 0j + Sin(6/2)k (A.24)

where g5 = g0 + qoai + qo2j + g3k = ¢ 'q_yq, with ¢, = 0 + 0i — 1j + Ok.

Subsequently, we have the full quaternion ¢

0=@ea =g +ai+qj+ak (A.25)

that rotates BdR‘;g,Im as a function {R,p,0}.

At last, we stereographically project ¢ from S3 to R3. Taking g, = —1+0i+0j+ 0k,

i.e., the south pole as the projection pole, we have

T
qi q; gk
X, Y. 2" = J A.26
X.Y,2) (1+qr’1+qr’1+qr) (A.26)

where we note that g, = 0 corresponds to the “equator” of S3, which gets mapped to
the surface of RP3. Additionally, the sign of ¢, specifies which member of an antipodal
pair (g, —q) is naturally mapped to the interior of RP3. Explicitly, for ¢, > 0(< 0), it is
q (—q) that is mapped to the interior of RP3. These features taken together allow us to
plot the corresponding Cqeq in RP?, as in Fig. 2.7(b,d).
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Appendix B

Methods for Chapter 3

Here we provide additional technical details for the measurements described in Chapter
3, which include their modeling (Sec. B.1), visualizing the data (Secs. B.2 and B.3), data
acquisition protocol (Sec. B.4), and data analysis (Secs. B.5 and B.6). We then follow
up with a discussion on data fitting and theoretical calculations in Sec. B.7. Finally, we

provide the system parameters of the experimental apparatus in Sec. B.8.

B.1 Extracting the spectrum from mechanical suscep-
tibility
In this section, we describe the relationship between the system'’s eigenvalue spectrum

and measurements of the mechanical susceptibility. In particular, we derive the functional

form used to fit the susceptibility data as shown in Fig. 3.1(c).

In the frame R (Sec. 2.3.3), the mechanical modes' response to a force f(w) can be

written in the Fourier domain as

where
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where I is the 3 x 3 identity matrix and H is given in Eq. (2.91). The principle behind
the measurements used in this work is to apply a force f(w), measure the mechanical
response ¢(w), and thus infer the susceptibility x(w), which contains information about
the eigenvalue A and the (complex-valued) amplitude of the mechanical response encode

information about eigenvectors and subsequently s;; with 7, j € {1,2,3}.

The measurement of the mechanical response is carried out in the lab frame, where

& (@) a@-a” —n)
é@) = |a@)| =] c@-ao)
& (o) ca(@ — @5 — )

(
(F@-a) (8.3)
(

The force applied to perform susceptibility measurements is sourced from intensity mod-

ulation of the probe tone, and is given by

f(t) et (B.4)

in the lab frame, or equivalently in the Fourier domain,

f(@) o< g d(w — Dam) (B.5)

where g = {g1, g2, g3} is the vector of optomechanical coupling strength between the

mechanical modes and the optical cavity mode, and & denotes the Dirac delta function.
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In frame R, it is given by:

g1 &(w — wan + @go) +n)

flw)oc | gy d(w—dam+a@3) (B.6)

gs 5(&) — wam + (IJéO) + 7})

Thus, driving the membrane with a sinusoidal force results in motion at three different
frequencies. However, for these measurements, the lock-in amplifier was configured such

that it only detects motion at the drive frequency Wayy, i.e.

WAMtE

T (@ant) = a/fm(@ — oa)é(@).g di — a/ é@)gds  (B)

WAM —€

where fr1a(z) is the filter function of the lock-in amplifier, which has an effective band-

width €, and « is the motion-to-voltage transduction factor.

As a result, we have

V(@AM) = agf (X(LDAM — @EO) — n)) /, (Wam)  for Oam =~ (IJ%U)

)

%((DAM) fOI’ (IJAM =~ (IJéU

= ag} (x(@ai — 5" —n))
—ag} (x(@w — 3" = n)) = Va(@an)  foroam~al” (B
so that only the diagonal components of the susceptibility x(w) are measured. Each
of these diagonal components contains A, so in principle it would suffice to measure
V(@am) in just one of the frequency ranges (say, around d)éo)). However, to make the
analysis robust against noise, V(@AM) was measured in all three frequency ranges (i.e.,

around each of the @83) and this nominally redundant data was fit to determine A.

To explicitly see the relation of the susceptibility x(w) to the eigenspectrum of H,

consider its diagonalization H = T' DT !, where

A 000
D=0 X\ 0 (B.9)
0 0 As
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and the columns of T" are composed of right eigenvectors of H. It is straightforward to

show that x = T'(wl — D)~'T~!, where (wl — D)~! is diagonal and is given by

L 0
w—A1
wWl—-D)y'=1 0 —c 0 (B.10)
0 0 1

(0) ~(0)

~ 9 T (T Tio(T ) Ti3(T7 Y3
W—W —N—A @W—@ —N—A W—w —n—2As

~ To (T Too (T Tos3(T71).
‘/2((:}) _ agg 21( 0 )12 + 22( 5 )22 + 23( 0 )32

T (T_1)13 n TSQ(T_1)23 T33(T_1)33 > (B.11)

-0 —n-x -0V —np-x @-oP—n-x

and in order to extract information from the susceptibility measurements, these spectra

can be fit to the sum of nine complex Lorentzians as

. S11 S12 513
Vi(@) = a1 | - 0 T L) ) + b
W—w ' —N—A O—w —N—A @W—@ —1n—2As
T~ 521 S22 523
Va(@) = ag | — "0 R L) + by
W—Wy ' — A W—Wy —Ag ©W—Wy — A3
o~ 531 532 533
Va(@) = as | — 0 RSy T ) + b3
W—Wy —M—A W—Wy —N—XA W—QW3 —nN—A3
(B.12)
where a; = ag? and s;; = T;;(T~");;, and the three additional (complex-valued) con-

stants b; represent the lock-in detection background, with i,j € {1,2,3}. Of the 18
complex parameters in this model (a;, b;, s;j, \;), the amplitudes s;; are constrained by
the fact that TT~!' =T =T"'T,ie, > . Ti;(T"")ji = 1 = > .(T~");iTji, which implies

that >, sij =1=)_,s;;. Therefore, the rows and the columns of the matrix
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511 S12 513

S = |5y S22 Sa3 (B-13)
531 S32 S33
each add up to unity. These are five different complex constraints on nine complex

parameters, leaving behind four independent complex parameters. This is implemented

in the model as:

s13=1— 811 — 512
So3 = 1 — 891 — S22
S31=1— 811 — 891
S30 = 1 — 812 — S22

S33 = S11 1 S12 + S21 + S22 — 1 (B.14)

As a result, the global fit of the measured spectra V;(@), Va(@), V3(@) to nine complex

Lorentzians is implemented with 13 complex fit parameters.

B.2 Projections of the hypersurface S

In this section we describe the two projections of the hypersurface S. They are used for

representing data as shown in Fig.3.6 and Figs.B.1 and 3.8-3.16.

B.2.1 Standard stereographic projection

Stereographic projection is a standard means for representing a sphere (typically of one,
two or three dimensions) in a Euclidean space with the same number of dimensions. For
our purposes, we represent S by first projecting it onto the unit three-sphere S3, and

then applying the standard stereographic projection of S® onto R3.

The map is constructed by first adimensionalizing the control parameters as:

Y 5§ P P P
U= —1= =2 3 % (B.15)
() 5@ plexp) ? plexn)  plexp)

EPs Ep; ‘1,EPy T2,EP, 13EP
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and then normalizing it as U” = U’/||¥’||, where || - || is the conventional L? norm. Note

that we implicitly used the fact that \Il(bf;g) lies inside the four-volume bounded by S.

The next step involves transforming W” under a 4D rotation R, specified below.
The new unit vector RV” = {z, z,w, y} is then stereographically projected onto the 3D
* Y = L,Z = L. The choice
1—w 1—w 1—w
of R corresponds to modifying pole for the stereographic projection, by rotating the

cartesian coordinates {X,Y, 7} as X =

"

standard one: W 1ard pole

= {0,0,1,0}. The specific choice was made to optimize the

" _
new pole —

{0.1,-0.83,0.55,0}, of Wpew pote = {27 x 55 kHz, 22 uW, 596 pW, 304 pW}.

visualization of the experimentally identified trefoil knot, and it corresponds to

B.2.2 *“Rectilinear stereographic” projection

This projection is isomorphic to the standard stereographic projection, but provides a
more intuitive representation of the dimensionful experimental parameters W. lllustrative
animations that describe this projection are shown in Refs. [199, 201]. This projection

consists of the following steps:

1. We select one of the eight cuboids that constitute S, and simply rescale its axes such
that it forms a unit-length cube. This is the central cube in Figs. 3.6(b), bottom
panels of Figs.3.8-3.10 and Fig. B.1(a).

2. Each of the six cuboids adjacent to the first one is also rescaled to form a unit-
length cube, which is then attached to the first cube on their common 2D face. The
resulting 'six-way cross' faithfully represents the connections of the central cube to its

six neighbors.

3. To faithfully represent the connections among these six neighbors, a bilinear trans-
formation (see Sec.6.5.1 of Ref. [95]) is applied to each, deforming each cube into a
truncated square pyramid. The transformation is chosen so that the 2D faces that are
common to any two of these neighbors are made to touch. These seven hexahedrons
(the central cube and the six truncated square pyramids surrounding it) can readily
be labeled by their original dimensionful axes. Together they form the bounding box
as shown in Figs. 3.6(b), 3.8-3.10(bottom panel) and B.1(a).
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4. The final cuboid is mapped to the exterior of the bounding box through a nonlin-
ear mapping, and extends to infinity (as does the standard stereographic projection

described above).

As will be described in Sec. B.4, there are no E'P,s in the two cuboids that correspond
to constant P;. We choose the minimum and maximum P; cuboid to be the interior
cubical hexahedron and the exterior region, respectively. This choice conveniently places
all of the E P,s in the six truncated square pyramids, facilitating a clear view of the knot.

Refs. [201, 202] shows animated views of the data and the fit shown in this projection.

B.3 Description of 2D control spaces used in the case
study

This section describes the three 2D control spaces used in studying the effect of restricted
control spaces as described in Sec. 3.3.1.1. Each of these consists of the union of two or

three of the “sheets” described therein and in Sec. B.4.

The 2D control space shown in Fig. 3.14 (BW) is the union of two sheets. In the
first sheet, P; and 0 are fixed to 78 pW and 27 x 60 kHz, respectively. In the second
sheet, P3 and ¢ are fixed to 78 pW and 27 x 75.6 kHz, respectively. The 2D control
space shown in Fig. 3.15 (B(®) is the union of three sheets. The first two are the same
as for BY, and the third sheet consists of fixing P, and § to 289 uW and 27 x 75.6 kHz,
respectively. The 2D control space shown in Fig. 3.16 (B®)) is the union of two sheets:

the second sheet from B®) and the third sheet from B2,

The three sheets used to form B®Y, B3, and B are shown in Fig. B.1. One of its
views uses the standard stereographic projection (Sec. B.2.1) as in Figs.3.14-3.16. The
other view uses the “rectilinear stereographic” projection (Sec. B.2.2), which provides an

intuitive interpretation of the 2D control spaces in terms of the experimental parameters

\Ij:{(SvPlaPZaPS}-
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(b)

Figure B.1: Sheets that constitute the case study of 2D control spaces. The sheets used to form
the 2D control spaces shown in Figs. 3.14, 3.15 and 3.16. Sheets (2) and (3) are joined to make B in
Fig. 3.14(a). Sheets (1), (2) and (3) are joined to make B in Fig. 3.15(a). Sheets (1) and (2) are joined
to make B in Fig. 3.16(a). (@) The three sheets, shown in the “rectilinear stereographic” projection
of the hypersurface S. (b) The same sheets, shown in the standard stereographic projection as used in
Figs. 3.14, 3.15 and 3.16.

B.4 Rastering the hypersurface S

The hypersurface S described in the main text is the boundary of a 4D hyperrectangle,
which in turn is a union of eight cuboids, which we refer to as “faces”. Each of these 3D
faces is spanned by three components of ¥ (for e.g. {P;, P, P3}) which range from their
minimum value to their maximum value (given below), while the remaining component
of U (in this example it would be §) is held fixed at either its minimum or its maximum

value. As a result, the 3D faces span the ranges:

-10 kHz < ¢§/27 < 105.6 kHz
22 yW < P <240 uW
289 W < P, < 675 uW
78 UW < Py < 702 pW (B.16)

For ease of analysis, eigenspectra were measured by densely rastering U within sixty-
one 2D sheets, each lying within one of the eight 3D faces. The locations of these sheets

are shown in Fig. 3.6, and the actual data from all sixty-one sheets are shown in Ref.
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[200].

As can be seen from Fig. 3.6, no 2D sheets lie within the two faces having constant
P;. This is because the optomechanical model (Sec. 2.3.3) predicts that E'P; lie only in
the other six faces. The absence of E P, in the two faces with constant P, was confirmed
by measuring eigenspectra at several hundred locations in these two faces. They are

however not shown.

B.5 Data analysis I: 2D sheets

In this section, we describe the algorithms used to locate E'Ps in the 2D data sheets
which include their processing in the form of outlier rejection and Gaussian filtering, in

order for the algorithms to perform effectively.

As described in the main text, each measurement of a mechanical spectrum, i.e., with
the control parameters U set to a particular value, is fit to extract the corresponding A
and S. These quantities are then converted to d, D, E and ©, for this value of ¥. The
quantity © is defined as:

0=ux/y=—=" (B.17)

where x, y are the coefficients of the characteristics polynomial for a N = 3-mode system
(Sec.2.1.2) and \; = \; — S2°_ \;/3 for i € {1,2,3}. X denotes the eigenvalues of the
traceless version of H. As described in Sec. 3.2.3, Arg(©) = 9 in Eq. (3.8) provides a

useful coordinate along the trefoil knot.

Almost all the analysis used in this study is based on densely rastering two com-
ponents of ¥ while keeping the other two fixed, resulting in a “2D sheet” in which
d(V),D(V), E(¥) and O(V) are displayed. Analyzing the data in these sheets allows
for identifying E P; and E P, locations. It is usually straightforward to identify F Ps as
vanishing magnitudes of d(¥), D(¥), E(W) or phase-winding of D(¥), E(V) as shown
in Figs. 3.3, 3.7(first column) and in Ref. [200].
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However, to apply a uniform approach to locating these points, we use a minima-
finding algorithm and a vortex-finding algorithm. These algorithms can be adversely
impacted by noise in the data and by occasional outlier data points. The noise we refer
to is the apparently Gaussian random pixel-to-pixel variations visible in Figs. 3.3, 3.7(first
column) i.e., superposed on the smooth behavior similar to the corresponding theory
plots Figs. 3.5, 3.7(third column), respectively. The outliers we refer to are the few pixels
whose values differ drastically from their neighbors in the Figs. 3.3, 3.7(first column). As
a result, we apply outlier rejection followed by Gaussian filtering to each of the quanti-
ties d(V), D(V), B(V) and (), yielding their filtered versions d(¥), D(¥), E(¥) and
@(\IJ) which are shown in Figs. 3.4, 3.7(second column), 3.14-3.16, and also in Ref.
[200]. For the complex-valued quantities D, E/ and ©, the real and imaginary parts are

treated separately and then recombined.

A minima identification algorithm (Sec. B.5.3) is applied to d locate the EP5 point
as described in Sec. 3.2.1. Minima identification is also applied to the magnitudes of
D and E to locate the E'P, points in the hypersurface S. A phase-vortex identification
algorithm (Sec. B.5.4) is applied to the complex arguments of D and E, also to locate
the EP, points in S. Lastly, the complex argument of © at each EP; is the value of ¥
used to color the corresponding point in Figs. 3.8,3.9 and 3.10.

The complete data set consisting of the sixty-one 2D sheets used to search for EP,
points in the hypersurface S is shown in Ref. [200]. The data set of six 2D sheets used
to identify the EP3 point is shown in Figs. 3.3 and 3.4.

B.5.1 CQutlier rejection

Outliers in f(¥) were identified using a Tukey Fence. This algorithm tags a data point
at U as an outlier if the value of f(¥) is outside the range Q1 — ¢ X (Q3 — Q1), Qs +
g X (Q3 — @Q1), where the first ); and the third )3 quartiles are defined over a 5 pixel
x b5 pixel neighborhood of W within the 2D sheet under consideration. For W near the
edge of the sheet, the neighborhood is clipped appropriately.

In order to ensure that only the extreme outliers are tagged, we set ¢ = 6. By way

of illustration, if the data were Gaussian distributed, this value of ¢ would correspond to
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tagging values beyond 8.7 standard deviations as outliers.

Each and every tagged outlier is inspected manually to eliminate the possibility of
a false tag. The value of each “true” outlier is subsequently replaced with the median
of its 5 pixel x 5 pixel neighborhood. In the end, ~200 out of ~27,000 measurements
(i.e. ~0.8%) of {D, E, ©} were rejected as outliers. An illustrative discussion on outlier

filtering our dataset is given in Ref. [95](Pg:151-153).

B.5.2 Gaussian filtering

Following the outlier rejection described above, the data in each 2D sheet is convolved
with a 2D Gaussian kernel with half-width at half-maxima HWHM = 1.87 pixels. The
filter kernel is clipped and re-normalized appropriately for pixels that lie near the edge of

the sheet.

B.5.3 Minima identification

For any quantity f(¥) (which may be d(¥), [D(¥)]|, or [E(¥)|), a minimum is initially
tagged at any value of W at which f is the minimum over its 3 pixel x 3 pixel neighbor-
hood. Since some of these initial tags are caused by noise, we only accept tags at which
the magnitude of the second derivative is larger than a specific threshold. In particular,
we require | f”(U)| > (, where the threshold ¢ is chosen to be (| f”|) 4+ 207+, with the

mean (...) and standard deviation o of |f”|, evaluated over the entire data sheet.

The U that are tagged in this way are reported as the experimentally identified
minima. When this analysis is applied to d(¥), the minima correspond to experimental
estimates of the EP; location. When this analysis is applied to |[D(¥)| and |E(V)],
the minima correspond to the experimentally identified E'P, points. At each identified
minimum of | D| and |E|, the value of Arg(©) at that location is reported as the measured

¥ for that EP,. These points are explicitly shown in Figs. 3.8(a,c) and 3.10(a,c).
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B.5.4 Phase-Vortex identification

For each phase function Arg(D) and Arg(FE), the algorithm starts with a location W
within the sheet and then considers the closed counter-clockwise path defined by the
eight nearest neighbors of W. The point W is tagged as a phase-vortex if the unwrapped
phase along this closed path changes by +2m.

It sometimes happens that this approach tags several neighboring W as phase-vortices.
To determine whether this results from pixelation of the data, or because different portions
of the knot actually intersect the sheet in close-by locations, we algorithmically cluster
any adjacent points identified as phase-vortices based on their value of ¥, which serves
to distinguish different parts of the knot from each other!. For each cluster identified in
this way, the mean value of W is reported as the experimentally identified phase-vortex

EP;. Also, the mean value of Arg(©) for each cluster is reported as the measured ¢ for

that EP,. These points are explicitly shown in Figs. 3.8(b,d) and 3.10(b,d).

It should be noted that all the phase-vortices identified in this work show a winding of
+27 along the closed path constructed above. This is expected for Arg(D) and Arg(E),
as \(¥) ~ (¥ — Wpp,)'/? in the neighborhood of an EP; point at Ugp, [21, 26].

B.6 Data analysis Il: eigenvalue braids

In this section, we discuss a crucial aspect of representing the eigenvalues braids namely
how their strands are colored, both for the experimental data as illustrated in Fig.
3.11(middle row) and Figs.3.12-3.16, and also for the theoretical calculations as shown

in Fig.2.1, Figs.2.3-2.5 and Fig. 3.11(bottom row).

B.6.1 Coloring the braid strands

Coloring individual braids strands of the eigenvalue braids is an important aspect of our

experimental data analysis, as well as for theory calculations. This allows us to represent

1We used “FindClusters” function of Mathematica [317] with method as “Agglomerate” and Chebyshev
distance as the distance function. Prior to clustering we algorithmically ensured that ¢ is interpreted
as 27 periodic quantity.
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P,=78 uW, §/2m = 75.6 kHz | P, =289 pW, §/2r = 75.6 kHz
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Figure B.2: Assembling the control loops for Fig. 3.11 The three control loops in Fig. 3.11(a-c)
were assembled from data taken in the two 2D sheets shown here. The two sheets’ common border
is shown as the dashed gray line. Each small light blue disc represents a value of ¥ at which A was
measured (i.e., a ‘pixel’ in the 2D sheet). The black crosses show the location of the EP, in these
sheets as determined by the minima-finding algorithm.

them unambiguously, and helps discern their braid equivalence classes both visually and

algorithmically.

To describe the algorithm that colors the individual braid strands, we focus on a
particular dataset of experimentally measured braids as a representative example: the
data shown in Fig. 3.11. However, we note that every eigenvalue braid described in
this thesis, both experimentally measured or theoretically obtained, was subject to this
analysis. The data shown in Fig. 3.11 is realized by stepping the control parameters W
around the loops shown in panels (a-c), which in turn were assembled from data taken in
two of the sixty-one 2D sheets. These loops are further elucidated in Fig. B.2, where the
two 2D sheets are assembled around their common edge and each gray disc represents a
value of ¥ at which X is measured. The green, red and blue rectangles show the control
loops that are produced by selecting 21, 59 and 123 of these pixels, respectively and the
black disk represents the common starting point. The discrete variable & indexes the

pixels along the control loop. For e.g.: 1 < & < 59 for the red loop in Fig. 3.11(b).

However, coloring the individual strands is potentially ambiguous. This is a conse-
quence of the fact W is always stepped by a finite amount between measurements, while
the components of A\ at a particular value of ¥ are associated with specific components

of A at some other W only via the fact that A is a smooth function of ¥, so long as ¥

336



is not an EP [21, 26].

Consequently, if the steps in W are sufficiently fine and the corresponding measure-
ments of A have reasonably less noise, then the individual identity of a braid strand would
be evident in each step of W. Conversely, if U is stepped unreasonably coarsely, or the
measurements of X\ are noisy, the identification of each braid strand would not be evident

in a straightforward manner.

We ensured that the steps in ¥ were sufficiently fine as evident in Fig. 3.11(d-f) and
for all other eigenvalue braid measurements, and the system stability and measurement
protocols ensured that the noise in A is sufficiently low. As a result, it may be straightfor-
ward to visually identify, connect and thereby color the individual braid strands. However,
to ensure uniformity in data analysis and avoid potential ambiguities, we implemented
this “coloring” of the braid strands using a simple algorithm. Specifically, with each
increment of ¢ i.e., from £ to & + 1, each component of A(¢ + 1) is associated with a

component of A(&) such that sum of the distances

3
Q= NE+1) =N (B.18)

ij=1
is the minimum with £ > 1. More precisely, () is minimized over the six possible choices
for identifying the components of A(§ + 1) with those of A(£). Repeating this process
for every value of &, the braid strands are tracked and colored. Lastly, for the very first
index i.e. £ = 1, we explicitly specify a ordering given by the increasing order of Im()\;)

for i € {1,2,3}.

B.7 Data fitting and theoretical calculations

In this section, we describe fitting data to the three-mode optomechanical model as
described in Sec. 2.3.3, and using the fitted model to produce theory plots as shown in

Figs. 3.5 and 3.7(third column), and theory curves as shown in Figs. 3.8, 3.9, and 3.11.
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B.7.1 Fitting the E P, locations to optomechanical model

This section describes the fit of the three-mode optomechanical model to the 291 ex-
perimentally identified F P, points shown in Figs.3.8-3.10. These locations are denoted
here as \I/(e pg) ,with 1 < ¢ < 291.

The best-fit parameters g and « for the model are obtained by minimizing the cost

function
291

exp,l h /
Zr%p‘y (g, k)2 (B.19)

where the sums define a distance between the experiment and theory, which is adi-

mensionalized by the experimentally determined EP; coordinates given by \Ifgjif) =

{5%;"),&(6;%)3 PQ(%II’D)B,P;%II’D)S}. In particular, for

exp,? exp,l exp,l exp,l exp,l
lI]SEPz )= {51(5Pp ) Pl(EII)D )7P2(,EI;’2)7P3(,E‘§’2)} (5-20)
and
thy,¢ thy,¢ thy,¢ thy,¢ thy,¢
\I](E'P}; ) = {51(91% )a Pl(,E}}’2)> PQ(,E}I%)? P?E,E?DQ)} (5-21)

this dimensionless distance (squared) is given by

2
. 5(exp€ . 5(thy€ P(exp,é) . P(thy,@)
|\IJ(EeP}2),€) . \I]glllj};,ﬂ) (g7 Ii) |2 _ ( EP + 1L,LEP; 1,EP;

sio) Py
2 2
P(exp,f) B P(thy’e) P(exp,@) . P(thy,ﬁ)
N ( 2,EP; — 2,EP; i 3,EP o 3,BP (B.22)
P2,EP3 P3,EP3

Here, \I/%l;y’g)(g, k) in the E'P, point found numerically as a root of the discriminant
D(¥,g,k) (Sec. B.7.2) in a neighborhood of \If(expg and within its 2D data sheet. For
example, if \IJ( p’ is identified in a data sheet that rasters P, and P, while holding &
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and P; fixed, the numerical root is found in the neighborhood given by
(0.65 P52, 1.35 P90D) x (0.65 P, 1.35 PSG0Y) (B.23)
at the same fixed values of § and Ps. \If%}g’e)(g,/f) is evaluated with r;,/k = 0.267,

and A© held equal to the values determined from single-tone DBA measurements as

described in Sec. 4.4.3 and given in Table B.1.

The minimization of C(g, ) is implemented numerically on a high-performance clus-

ter!. The best-fit parameters so obtained are

g = 27 x {0.1979, 0.3442, 0.3092} Hz
k=21 x 173.84 kHz (B.24)

These parameters are used to produce the ‘best-fit knot' shown as the continuous curve
in Figs. 3.8 and 3.9. This curve is generated by using the best-fit values of g and &
given above to calculate A on 16,000 2D sheets in S. On each sheet, the E P, points
are identified as the roots of the discriminant D, found numerically as described in the
Sec. B.7.2. At each of these E'P, points, ¢ is also calculated. Finally, these points are

colored according to ¢/ and are connected by straight line segments.

The values of the parameters g and k given above are also used to generate the

theory plots in Figs. 3.5, 3.7 (third column) and in Ref. [200].

B.7.2 Theory plots of D and FE

H as given in Eq. (2.91) can be numerically diagonalized at a given ¥ to find the
eigenvalues A(¥). Similarly, we calculate S(¥) from the matrix 7" associated with this
diagonalization (Secs. 2.1.3.2). The theoretical D(¥) and E (V) so evaluated are illus-
trated in Figs. 3.5, 3.7 (third column) and in Ref. [200].

The cyan squares in the theory plots of these figures mark the roots of D, which

correspond to E'P,s. The roots are found numerically. To make the numerical root-

1 Grace cluster in Yale Center for Research Computing
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finding tractable, the E P, degeneracy of H is cast as a system of equations

(B.25)

where D is the discriminant of the characteristic polynomial py of H. Crucially, the
initial guess to the numerical root finding is given by identifying phase-vortices in the
calculated ZD. The theory plots and theory curves are obtained from the three-mode
optomechanical mode and using the best-fit parameters Eq. (B.24) as obtained in Sec.

B.7.1.

B.8 System parameters

This section gives the values of the various parameters in the three-mode optomechanical
model of the experimental three-mode system, as described in Sec. 2.3.3. The parameters
values are obtained from device controllers, cavity spectroscopy (see Refs. [93-95, 188]),
single-tone DBA characterization (as described in Sec. 4.4.3 and illustrated in Fig. B.3),
or by fitting the knot of EP,s (as described Sec. B.7.1). The value and source of each

parameter is explicitly given in Table B.1.
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Figure B.3: Characterizing the optomechanical coupling via DBA measurements. For this
measurement, the cavity is driven with a single control tone, whose detuning (from the cavity resonance)
is A. Each panel shows the measured deviation of the (real or imaginary part of the) mechanical mode's
eigenvalue from its bare value (i.e., from the relevant component of A(© | whose numerical value is given
in each panel, respectively). The error bars show the 1o confidence interval for each data point. A global
fit to standard optomechanical theory gives the bare resonance frequencies A(®) and the optomechanical
couplings g. The identity of each mode is given as {i,j}, each index denoting the number of anti-
nodes of its vibration along its length and width, respectively. A representative colormap its vibration is
provided.

341



Parameter Value Source
A (nm) 1064 Laser controller
k/2m (kHz) 173.8 (189.7) Knot fitting (Single-tone DBA)
/im/27l' (kHz) 46.4 Cavity spectroscopy
/27r (Hz) 3522433 £ 0.1 Single-tone DBA
/27T (Hz) 557216.8 + 0.1 Single-tone DBA
?() /27 (Hz) 704836.7 £ 0.1 Single-tone DBA
§ /27 (Hz) 44 +0.1 Single-tone DBA
/27T (Hz) 38+ 0.1 Single-tone DBA
/27T (Hz) 36 +0.1 Single-tone DBA
g1/2m (Hz) 0.1979 (0.1980) Knot fitting (Single-tone DBA)
g2/27 (Hz) 0.3442 (0.3040) Knot fitting (Single-tone DBA)
g3/2m (Hz) 0.3092 (0.3000) Knot fitting (Single-tone DBA)

Table B.1: System parameters. \: the laser wavelength. k: the optical cavity linewidth. ki,: the
optical cavity input coupling rate. (IJEO): the bare resonance frequency of the i*" mechanical mode (i.e.,
in the absence of any optomechanical effects). 7, ~( ): the bare energy damping rate of the i*" mechanical
mode. g;: the optomechanical coupling rate between the optical cavity and the i*® mechanical mode.
For bare resonance frequencies (w(o)), energy damping rates ('y(o)) and optomechanical coupling rates
(g), the subscript denotes the mechanical mode: 1—(1,1), 2—(2,1), 3—(2,2).
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Appendix C

Methods for Chapter 4

C.1 Mode-matching routine

Here we provide a numerical routine that solves for the distance between the collimator
and the lens (d = x; 4+ y; + x2) and the distance between the lens and the input cavity

mirror (z3), as discussed in Sec. 4.2.2.

in[-]:= ClearAll["Global "]

step1

in[«]:= (*Quick reminder of Gaussian Beam Propagationx )

( q;_OI) - k-MABCD~( Zc)

or( qlc) = % (Magcp) _1-( q;m)

step 2

in[-1:= ( =list all parametersx)

In[-]:= ( *given parametersx )
A = 1550 ~ 107%; (+m, laser wavelength « )
tm = 4 % 1073; ( xm, thickness of both cavity mirrors« )
ROC =50 » 1073; ( *#m, radius of curvature of both cavity mirrors, a symmetric cavity = )
Lc =7~ 1073 ( +m, length of cavity )
n = 1.444; ( xrefractive index cavity mirrors' substratex )
flens = +175 x 1073; ( *m, focal length of convex lens, assuming thin )
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in[-]:= (*measured parametersx )
zRcol = 81.38 « 1073; ( xRayleigh range of the collimator )

in[-]:= ( %derived parametersx )
gcol = + i zRcol; ( xcomplex beam parameter of the collimator at its waist, purely imaginary x )

Lc Lc
zRc = J —_ (ROC - —) ; ( *Rayleigh range of the cavity mode, for symmetric cavity » )
2 2

qc = i zRc; ( xcomplex beam parameter of the cavity mode - at its waist, purely imaginary * )

-ROC
fm =

( *lensing due to curvature of cavity mirrors, here it acts like a convex lensx* ) ;
n-1

step 3

in[-]:= ( *some simplifications: z; +y; + z, =d*)
in[-]:= ( *construct ABCD matrix as follows: M1. Beam travels distance d in air starting from z =
0. Reflections from plane mirrors 1,2 are trivial i.e. Mefiection = lax2,
M2. Beam gets focussed by a thin lens with focal length flens, M3. Beam travels a further distance z3,
in air to reach cavity mirror's flat face, M4. Beam travels in cavity mirror substrate of thickness tm,
M5. Beam gets focussed due cavity mirror's curvature,
M6. Beam travels a further distance Lc/ 2 in air and gets focussed to the size of cavity's waistx )
tm Lc
M1=((1) ‘:);Mz=(i :);M3=(; 213);M4=(; E ;M5=(__11 :);M6=(; E)
flens fm
MABCD = M1.M2.M3.M4.M5.Mé6;

step 4

inl-]:= (*define gf aS(Z{)=MABCD'(ZC)*)

. MABCDI1, 1] qc + MABCDI1, 2]

qr = H
MABCD[[2, 1] qc + MABCDI[[2, 2]

qfRe = ComplexExpand [Re [qf] ];

gflm = ComplexExpand [Im[qf] ];

in[-]:= ( *solve for g = g,/ , @a complex equation (or 2 real equations),
solutions provide values of d and z3 in meters, acceptable values of d and z3 are real and positive * )
sol = Quiet [ NSolve [ gfIm == zRcol && qfRe == 0 &&d > 0 && z3 > 0 &&d € Reals &&x € Reals, {d,z3}11];
prettyprint = Text[Style[ TableForm[{{ "fiens (mm)","d (cm)","z; (cm)"},
{flens » 10%, (d /.sol[1]) %107, (z3 /.sol[1]) % 10°}}], FontFamily - "Source Sans Code"]]

flens (mm) d (cm) Z3 (Cm)
175 62.6194 23.327
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C.2 Membrane modes

Here we illustrate and identify the membrane modes discussed in Chapter 3: section
4.3.These include modes starting from (i,7) = (1,1) , all the way up to (i,5) =
(8,3);(3,8), with all the drumhead modes in-between. Figs. C.1, C.2 and C.3 illus-
trate their Brownian spectra and corresponding fits to the squared modulus of the sum
of N Lorentzians and a constant offset representing the detection background, following
ref.[192]. Here N denotes the order of degeneracy. The fit returns the peak positions
and the widths of the Lorentzians which correspond to the modes' resonance frequen-
cies (f;;) and energy damping rates (7;;), respectively and detailed further in section
4.3. As mentioned before, we cannot distinguish (i, j) from (7,7) mode, representing the

ambiguity in this identification.

345



%i%3

1078

10°° .
10—10 4
lo—ll
107 1 107
10710 { 10
1071t { 10%
1022 { 0%
1.6140 1.6150 1.6160 1.6170
10°° -10
10710 10
10—11
-11 .
10 10°12
10712 1 10
2.057 2.059 2.061 2.063
107 1
lo—ll
10712 .
10—13 .
2. 2.4230 2.4235 2.4240 2.4245
— 10—10 7 T T T T
N -101 4
T 104 1 1ol 3,4-4,3
L 10V T 12
= -13 1 107“f E
3 10 2 : ] 10 _
o . 1 2 ‘) i 1 ° 10’14 et ¢ Yot by . " i
2.5545 2.5550 2.5555 2.8560 2.8565 2.8570 2.8575
frequency [MHz]

Figure C.1: Membrane modes - set |. This set includes modes from (1,1) at ~0.8 MHz to (4,3);(3,4) at ~2.85 MHz. For each panel, data: black
points, fit: red curve, inset: mode profiles calculated using Equation 4.7 at t = 0; ¢ = 0, and mode indices. Note that we cannot identity (i,j) from (j,i)
mode. (3,3) mode is highlighted for its use in Chapters 5, 6 and 7.



L¥E

10—9 T T T
10-10}
107Hr
1077r

?1,5-5,17

10710 10-10
1071 10-1t 1
10—12 10—12 J
10713 10" 1
10-14 A g . . : 10 ]
3.2315 3.2320 3.2325 3.2330
10°10 1071 R
101
10_]_2 10—12 L .
10"
107 a 107 .
3.3300 3.3310 3.3320 3.3330
1071 1071t J
10712 10-12 -
-13
10 1013 .
1074 v !
3.6120 3.6130 3.6140 3.6150 3.6575 3.6585 3.6595 3.6605
N —12] ' i T ]
<=
NE‘ 10712} 10713} . i
a 107 . 5 .
g 10 . . i : 107} puariinn . . i
3.8315 3.8325 3.8335 3.8345 4.036 4.040 4,044 4,048
frequency [MHz]

Figure C.2: Membrane modes - set Il. This set includes modes from controversial (5,1);(1,5) at ~2.9 MHz to (7,1);(5,5);(1,7) at ~4 MHz. For each
panel, data: black points, fit: red curve, inset: mode profiles calculated using Equation 4.7 at t = 0; ¢ = 0, and mode indices. Note that we cannot
identity (i,j) from (j,i) mode. (5,2) and (5,3) modes are highlighted for their use in Chapters 5, 6 and 7.



5123

PSD [V?/Hz]

107
10—13
10—14

107
10—13

1074

10—11
107
10—13
10

107
10713

10—14

10712

10—13

4.1605

4.8820 48830
frequency [MHz]

4.8840

107Hr
107%r

1073
1074}

4.3505

4.3515

1071
107%r
10—13 L
10714F

4.7-1,8-8,1-7

4

4.6085

10 12
10—13

10—14

o0
107124

107

4.9165

Figure C.3: Membrane modes - set Ill. This set includes modes from (6,4);(4,6) at ~4.1 MHz to (8,3);(3,8) at ~4.9 MHz. For each panel, data:
black points, fit: red curve, inset: mode profiles calculated using Equation 4.7 at t = 0;

(j,i) mode.

= 0, and mode indices. Note that we cannot identity (i,j) from



C.3 Non-tunability of (2,5) and (3,5)
membrane modes

Here we illustrate the non-tunability of (2,5) and (3,5) membrane modes via DBA, as
mentioned in Chapter 3: section 4.4.3.

These measurements follow the same protocol as DBA characterization (section
4.4.3) except we measure the Brownian spectrum of these modes along side their nom-
inally degenerate partners as function of control parameters. Here, we fixed the control
laser power P; = 30(33) uW for (2,5)((3,5)) mode measurement, and varied its detun-
ing from cavity resonance A; over a ~4x range: -9 MHz to -0.25 MHz. We infer their
eigenvalues by fitting the spectra to the squared modulus of the sum of two Lorentzians
and a constant offset representing the detection background, following ref.[192]. The fit
returns the peak positions and the widths of the Lorentzians which represent the mode's
resonance frequencies (w;;) and energy damping rates (7;;), respectively. Subsequently,
we have the eigenvalues \;; = w;; — i7,;/2, which then are algorithmically ordered to
depend smoothly on parameters. These ordered eigenvalues are fit to the expected radia-
tion pressure and photothermal DBA and extract several system parameters, crucially the
optomechanical coupling g for the (2,5) and (3,5) modes. The fits to ordered eigenvalues
are illustrated in Fig. C.4 and the fitted system parameters are listed in Table C.1.

The lack of discernible optical spring and damping of (2,5) and (3,5) modes are
corroborated by the their small fitted g. Furthermore, they are separated from (5,2) and
(5,3) by ~0.7 kHz and ~1 kHz, respectively. With such parameters, we expect control
powers of O(1 mW) to possibly 'hybridize' [211]. For all measurements described in
Chapters 5, 6 and 7, used control powers <50 uW. Hence, we can safely ignore (2,5) and
(3,5) in the experiments that involve the pairs: (3,3), (5,2) and (3,3), (5,3), respectively.
In addition, we note that (2,5) and (3,5) have similar fitted photothermal coefficient
A, compared to the (5,2) and (5,3) counterparts, respectively. However, as described
in Sec.4.4.3.1, the photothermal effect simply shifts the mechanical modes’ frequencies
and does not cause 'hybridization’. Formally, they appear only in the diagonal of H in

Eq.(2.81). Thus, we continue to treat it with disdain, as described before (Sec.4.4.3.1).

349



(a) m 52 = 2,5

100 } A
E 80 F 100 T
5 60
= 40 801 1
20F T
= 60-[ .
0f <
>

40 I Egj&%

Sa/2 [Hz]
&
o

ma——
1

i 20}
-100 f
1 1 1 1 I 1 1 1 1 1
-8 -6 -4 2 0 -400 200 0 200 400
A/21 [MHz] /27 - 3.0773x10°[Hz]
(b) ®m53 @35
T T T T T T T T T T
] e\

40} .
30f -

¥/ 2 [Hz]

il “4

1 1 1 il Ok 1 1 1 1 1
-8 -6 -4 -2 0 -500  -250 0 250 500
A,/27 [MHz] ®;/27 - 3.3323x10° [HZ]

Figure C.4: Non-tunability of (2,5) and (3,5) modes. (a) DBA characterization (2,5) and (5,2)
modes, simultaneously. Left top (bottom) panel: modes’ damping (shift in frequency) vs. A;, and
right panel: parametric plot of damping vs. frequency, black arrows indicate the direction of increasing
A;. For all panels, data: gray squares for (2,5) mode, blue squares for (5,2) mode, fit to DBA: black
curve. DBA includes only radiation pressure for damping, while it includes both radiation pressure and
photothermal effect for frequency and its shift. This measurement used P; = 30 uW. (b) Same as (a)
but for (3,5) and (5,3) modes, simultaneously. For all panels, data: gray squares for (3,5) mode, blue
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Parameter Estimated value Parameter Estimated value
k/2m (MHz) 2.26 £ 0.04 k/2m (MHz) 2.24 £ 0.03
925/27 (Hz) | 0.01 £ 0.5 g35/2m (Hz) | 0.50 & 0.20
gs2/2m (Hz) | 4.04 £ 0.04 gs3/2m (Hz) | 2.69 + 0.04
Ass/2m (uHz) | -4.53 + 0.20 As 5 /27 (pHz) | -5.52 + 0.18

As /27 (uHz) | -4.45 £ 0.20 Ass/27 (uHz) | -4.19 £ 0.18
A,/2m (kHz) | -18 £ 19 A,/27 (kHz) | -37 + 13

(a) (b)

Table C.1: Fit parameters obtained from DBA characterization of (a) (2,5) and (b) (3,5)
modes. Also reported are the corresponding fit parameters for their nominally degenerate partners in
(a) and (b), respectively. The estimated value is given as fit value & fit error reported as one standard
deviation.

C.4 Fits to optomechanical model

Here we provide a detailed view of fits to optomechanical model as described in sections
4.5.1 and 4.5.3. The data corresponding to the discriminant D and trace T were fit using
least-square minimization routine [236] and the corresponding fit parameters are given in
Table 4.5. The data and fit corresponding to Figs. 4.15, 4.16 and 4.19 are illustrated in
Figs. C.5, C.6 and C.7, respectively.
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C.5 Instrument calibrations

In this section, we describe various instrument calibrations that are necessary for appro-
priate tuning and tapping of control parameters, as well as setting system parameters.
These include calibrating the VOAs, the AOMs and various photodetectors as shown in
the optical and electrical setups above (Figs.4.21 and 4.22).

C.5.1 VOA calibration

This is accomplished straightforwardly by the experimental setup as shown in Fig. C.8(a).
The calibration involves tuning the DC voltage input (Vpc) to the VOA and monitoring
the power of the output light for given input light power. Fig. C.8(b) illustrates the
result of this calibration for the VOA used in the setup shown in Fig. 4.22 and it matches
favorably with its vendor specification [318]. Three independent VOAs are utilized in our
setup to stabilize the probe, the LO and the overall control powers (Sec. 4.6.2.3), each
calibrated as above. In order to ensure a nominally linear slope of the error signal used

for this stabilization, we set Vpc =~ 1.8 V for all VOAEs.

C.5.2 AOM calibration

For our experiments, we utilize an AOM in the probe path to output a constant probe
power and a separate AOM in the control path to tune control parameters statically and
in real time. The probe AOM is thus driven by a constant RF drive: 2.5 V,,, at 83 MHz
which results in a probe power P,.one = 7 pW measured at the input to the cavity for

all measurements reported in this thesis.

Each of control tones described in Sec. 4.6.1.2 require systematic tuning of their
powers and their corresponding calibrations are dealt on an individual basis. The control

AOM calibration protocol is executed as follows:

1. The protocol begins by calibrating the photodetector used for tapping the control
tones’ powers: PD8 in Fig. 4.22. For this step, we apply an RF drive to the control

AOM at 80 MHz with various drive amplitudes. The corresponding control power is
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Figure C.8: VOA calibration. (a). Schematic of the setup used for characterizing the variable optical
attenuator: VOA. ISO: isolator, DC: power supply that provides DC voltage to tune the VOA, PD:
photodetector. (b) Transmitted power normalized to input power (Tyoa) versus tuning DC voltage
(Vbce). Data: black squares joined by gray straight lines.

measured at two locations: one at the input to the cavity using a power-meter! in
units of power, and the other by PD8 as a voltage. These two measurements provide
a power-to-voltage calibration for PD8 via a linear fit. Fig. C.9(a) illustrates this

calibration.

2. For a control tone say {Ay, P;}, we prepare a rectangular grid of corresponding to
RF drive amplitude (V) and frequency (f.1) values. Typically, we vary {V., fe1}
as: 25 mV <V, <05V in 25 steps and 72 MHz < f.; < 83 MHz in 25 steps,
respectively. The range of these parameters are sufficiently large to provide access to
all {Aq, P} used in this thesis. Each RF drive parameter is applied to the control
AOM for a programmed duration, typically 5 s and the corresponding tap voltage
(Viap,1) is measured by PD8 and recorded via input 1 of PM (see Fig. 4.22) for 1 s
duration at 1000 samples/s.

The aim here is to find the relation between P, and V; as well as between A; and
fe1- By construction, A;/2m = 83 MHz — f.;. So the remaining bit is accomplished
in two steps. We first calibrate out the f.; dependence of the control AOM output.
This is done by fitting V., 1 to a 6 order polynomial as a function of fo; (v1(fe1)),

ITHORLABS S132C and THORLABS PM400
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Figure C.9: Control AOM calibration. (a) Step | of the procedure to calibrate the tap photodetector
(PD8 in Fig. 4.22). The top panel shows measured P; versus tap voltage (Viap1). Data: black squares;
red curve: linear fit to the data. Bottom panel shows fit residuals corresponding to the measurement and
fit in the top panel. (b) Data corresponding to step Il of the calibration procedure. Orange plane shows
Viap,1 versus AOM RF drive amplitude (V1) and frequency (fc1). The data points are connected by
straight lines to their nearest neighbors that form the edges of rectangles, which are subsequently filled
in orange color [319]. (c) Calibrating the AOM's RF drive frequency ( f.1) dependence. Top panel shows
data as a function of f.; using black squares and the red curve shows a 6" order polynomial fit (v(f.1))
to the data. Gray arrow indicates increasing V1. The bottom panel show fit residuals corresponding to
the measurement and fit in the top panel. (d) Calibrating AOM's RF drive amplitude (V) to output
the appropriate control power via Viap 1. Top panel shows Vi as a function of Viap 1 X v(fe1) using
black squares and the red curve shows a 6" order polynomial fit to the data. The bottom panel show
fit residuals corresponding to the measurement and fit in the top panel. This calibration shown here
corresponds to the first control tone: {Ay, P }.
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where Vtam is obtained by normalizing Vi, 1 to its maximum value for a given V.
Subsequently, we fit V; to a 10™" order polynomial as a function of Viap 1 Xv1(fe1). Fig.
C.9(b,c,d) shows data corresponding to Viap1(Ve1, fe1), data and fit corresponding to
Viap.1(fe1) as well as data, and fit corresponding to Vi (Viap1 X v1(fe1)), respectively.
Finally, using the power-to-voltage calibration in the previous step, we can connect

Py to Vi1 via Viap1 and thereby completing the calibration for a control tone, here

{Al, Pl}

. Step 2 is repeated for control tones: {As, P2}, {A4, Py} and {A, Pyi}. The cor-
responding rectangular grid of RF drive parameters stay the same for {A,, P,} and
{Apt, Poi}. For {Ay, Py}, the f; part of the grid is tweaked to 85 MHz < f; < 88
MHz in 25 steps.

. The final step of this calibration is to connect the tap readings of PD8 and the power-
meter to the photodetector that measures transmitted light, PD3 in Fig. 4.22. This
allows for an independent tap measure of the control tone power which tracks the
optical setup beyond PD8. As a concrete example, we note that beyond PD8, the
setup consists of several polarization sensitive parts as well as free space components,
which in turn can be detrimentally affected by changes in experimental condition like
the temperature and by construction, are not recorded by PD8. To mitigate this
issue, we apply the first control tone given by {A;/27 = — 3 MHz, P, = 10 puW}
as reported independently by the power-meter, and record the corresponding PD3
reading Vo (via input 3 of PM in Fig. 4.22). This reading is subsequently utilized in

control power stabilization as described in Sec. 4.6.2.3.
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Appendix D

Methods for Chapter 5

Here we provide additional technical details for measurements described in Chapter 5.
This includes a detailed protocol for measuring 3(T) for a control loop (Sec. D.1), extract-
ing the state vector via ringdown measurements (Sec. D.2), measuring the propagator
matrix U(T") for a control loop (Sec. D.3) and estimating ¢ via the asymptote of 5(7")
(Sec. D.4). Finally, we provide the system parameters of the experimental apparatus in

Sec. D 5.

D.1 Protocol for measuring 3(T)

In this section, we provide details of the protocol used to measure the phase accumulated
by the membrane's oscillations when its control parameters are varied along a path. The
phase is determined from measurements of 5(7), which is summarized in the following

steps:

1. The control parameters are tuned to their values at the beginning of the control path,

setting the system’s dynamical matrix H to its initial value at ¢t = 0 i.e.,H(t = 0).

2. A drive is applied at frequency wq to ring the membrane up to its initial state vector
@,

3. The drive is turned off. This defines ¢ = 0.
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10.

. While the membrane rings down i.e., it evolves under the time-independent dynami-

cal matrix H(0), we record the heterodyne signal demodulated by two oscillators at
frequencies wi"°? = w4 and wi*°d. This measurement corresponds to the first column

of Figs.D.1, D.2, 5.1 and 5.2.

Steps 2 and 3 are repeated. But now once the drive is turned off, the control param-

eters are tuned in real time along a chosen control path for a duration 7" (for e.g.,

by setting 612(t) = 2xt/T'), such that the system evolves under a time-dependent

dynamical matrix H(t). For ¢t > T, the membrane is allowed to ring down (i.e., it

evolves under H(T')), and we record the heterodyne signal demodulated by the same
mod

two oscillators wi™*d = wy and wi°d. This measurement corresponds to the second

column of Figs.D.1, D.2, 5.1 and 5.2.

. We repeat the measurements described above, alternating between free ringdown (step

4) and the control path (step 5). Typically 50 — 500 measurements of each type are

“complex-averaged” (discussed later) to increase the signal-to-noise ratio (SNR).

. We fit the “free ringdown" data to extract the initial state vector ¢(®(0) immediately

after the drive is turned off, and the “control path” data to extract the state vector

c@(T) after a control path of duration T is performed (see Sec. D.2).

In order to determine the four complex components of the propagator matrix U(T)
(defined by ¢@(T) = U(T)c®(0)), we measure the evolution of two linearly in-
dependent initial state vectors. Thus, we repeat steps 2 — 7 above, choosing a
different value for the drive frequency wq, which rings the membrane up to an ini-
tial state vector ¢(®(0) that is linearly independent of ¢(@(0). The state vectors
{¢@(0),c®)(0),c@(T),@(T)} yield sufficient information to determine the prop-
agator in the “forward” direction: Us(T") (see Sec. D.3).

. We repeat the entire series of measurements described in steps 2 to 8, varying the

control path duration 7" to determine U as a function 7.

We repeat the series of measurements described in steps 1 to 9, except that we apply
the “time reversed” version of the control path from the above measurements. For

example, if the “forward” circuit was defined by 015(t) = 27t/T, the “time reversed”
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circuit would be defined by 615(t) = —2nt/T (see Sec. 5.1 and the third column of
Figs. D.1, D.2, 5.1 and 5.2). This measurement gives the “time reversed” propagator
Un(T).

11. From these data, we calculate 5(7') = —i Log(Uy+ 5/Usy.)/2 which (up to a
choice of the branch of the complex logarithm, see Sec. D.4) tends to the complex
geometric phase ¢, at large T'. Here the least-dissipative eigenmode is denoted by

the subscript +.

The entire sequence described above constitutes the measurement of 5(7") for a given

control path.

Prior to performing this measurement sequence, we measure the Brownian motion
spectrum with the control tones off to obtain the bare mechanical frequencies wg (Sec.
4.3.1). We then perform a measurement of the membrane'’s susceptibility with the control
tones on to extract the frequencies A;; for i, 5 € {1,2} (Sec.2.3.2 and Eq. (2.82)). This
static spectroscopy is also performed intermittently during a measurement sequence to
track any drift in the system parameters that may occur during data acquisition. A
typical measurement of 3(T") for a given control path (see for example Figs. 5.3 and 5.4)
lasts ~4 hours, during which the static spectroscopy measurement is performed every 15
minutes. The drive and demodulation frequencies (discussed below) are updated based

on these measurements.

The measured values of A;; are also utilized to set and update the drive frequency
wq and set the demodulation frequency w?"d = wyq and wgwd. Specifically, we choose wq
to be the real part of A;;. Any choice of the four values of Re(A;;) results in a distinct
initialization of the membrane’s state vector. However, to reconstruct the propagator
matrix U for a control path of duration 7', we measure the initial and the final state
vectors for two linearly independent initializations of the state vector. They are the
c@(0) and ¢®)(0) introduced in steps 2 and 8. To ensure that ¢ (0) and &) (0) are
linearly independent to a degree sufficient to accurately determine the propagator, we

initialize ¢(@(0) with wq = Re(Ay;) ~ wio) and ¢®(0) with wq = Re(Ay;) ~ wéo).

Similarly, the demodulation frequency is chosen from among the four Re(A;;) with
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Figure D.1: Complex-averaging for state vectors &(%)(0) and &(®)(T). First column: measure-
ments for &(*)(0) i.e, with no control loop. Second column: measurements for @(*)(T") with control
loop in “forward” direction. Third column: measurements for ¢(®)(T') with control loop in “backward”
direction. For all columns, gray curves: a schematic of the driving force applied to the membrane, which
is switched off at ¢ = 0. Orange curve in second column: a plot of the beat-note phase 6;5(t), for the
control loop in the “forward” direction. Blue curve in second column: a plot of the beat-note phase
612(t), for the control loop in the “backward” direction. Solid green, red, dark-orange and dark-blue
curves: the “complex-averaged” magnitude, the phase, the in-phase and the quadrature part of the
heterodyne signal, respectively and for measurements shown in each column. The faint colored coun-
terparts correspond to the individual traces. For this measurement, we used the same membrane modes
and the same other control parameters as in Figs. 5.1-5.4, 5.9 and 5.11.

one being equal to wy. Specifically, we choose w*d = Re(Ay;) ~ w\” and wined =
RG(AU) ~ wgo)

D.1.1 Complex averaging of ringdown measurements

When averaging multiple records of the heterodyne signal V/(¢) with the i*! record denoted
as V(t), it is important to account for the phase of V(). For each V;(t), we reference
the phase at the end of the drive to zero, i.e. we set ZV;(0) = 0. This ensures that, upon
averaging, coherent motion of the membrane induced by the drive is in-phase for all ¢,
while the incoherent noise will tend to average to zero. It is also important to choose the
same reference time (i.e., the end of the drive) for both the “free ringdown" measurement

and the “control path” measurement, as this ensures that the state vectors ¢(®(0) and
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Figure D.2: Complex-averaging for state vectors &(*)(0) and &(® (T).First column: measure-
ments for (*)(0) i.e, with no control loop. Second column: measurements for &(*)(T') with control
loop in “forward” direction. Third column: measurements for &(®)(T") with control loop in “backward”
direction. For all columns, gray curves: a schematic of the driving force applied to the membrane, which
is switched off at ¢ = 0. Orange curve in second column: a plot of the beat-note phase 6;5(t), for the
control loop in the “forward” direction. Blue curve in second column: a plot of the beat-note phase
012(t), for the control loop in the “backward” direction. Solid green, red, dark-orange and dark-blue
curves: the “complex-averaged” magnitude, the phase, the in-phase and the quadrature part of the
heterodyne signal, respectively and for measurements shown in each column. The faint colored coun-
terparts correspond to the individual traces. For this measurement, we used the same membrane modes
and the same other control parameters as in Figs. D.1, 5.1-5.4, 5.9 and 5.11.

c@(T) have a common phase reference. This averaging protocol is illustrated in Figs.
D.1 and D.1, which correspond to the measurements of state vectors {¢®(0), @ (T)}
and {¢®(0),c®(T)}, respectively, where the individual measurements (faint lines) are
plotted along with the averaged result (thick lines). These measurements correspond to
ones shown in Figs. D.1 and D.2, respectively. This averaging protocol is affectionately

named “complex-averaging"”.
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D.2 Extracting state vector from ringdown measure-

ments

In this section, we describe the procedure to extract the membrane's state vector via
ringdown measurements. In particular, we derive the functional form used to fit the

ringdown data as shown in Figs. 5.1 and 5.2.

When the control parameters are held fixed and the drive is off, the free ringdown
of the membrane modes may be written in the lab frame as a solution of ¢, () in Eq.
(2.75). However, it is more straightforward to first solve for ¢(t) in the frame R as in
Eq. (2.80), and then apply the unitary transformation S5;' (Eq. (2.79)) to convert the

motional amplitudes in the frame R to the lab frame.

In order to solve for ¢(t) in frame R, we rewrite Eq. (2.80) as:
& = —iHpép (D.1)

where we have introduced the state vector in a frame where the system’s dynamical

matrix H is diagonal. Specifically, we have

eo(t) = (e (t),e-(t))" = Sp'e(t)

Ay O
Hp=|"" Nk S5VH S (D.2)
0 A

where ¢;(t) is the complex motional amplitude of normal mode i € {4+, —}, Ay are the
eigenvalues of the system in frame R, and the columns (rows) of Sp(Sg5') are composed
of the normalized right (left) eigenvectors of H. We emphasize that H, Hp, Sp, Sp," are
time-independent because the control parameters are held fixed before the start of the

control path (for state initialization) and at the end of the control path (for post-control
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path ringdown). The solution of Eq. (D.1) is

5D(t) = (D-3)

with ¢;: the complex motional amplitude of normal mode i € {+, —} at the instant when

the radiation pressure drive is turned off. Expanding Sp as

Sp = | 2 (D.4)

U21 U222

gives
— —idgt — —iA_t
. ., UC4€ T+ upac_e
t)=Spep(t) = | N (D.5)
Ug1Cyre M 4 ugoc_e "~
and subsequently, we have
Gan(t) = Sz' (1)E(t) = Sg'(t)Snen(t)
u115+€_i(’\++w§0)+n/2)t + ulzﬁ,e_i(/\—+w§0)+ﬂ/2)t (D.6)
a u215+€_i(/\++w§0)_"/2)t + U225_e_i(’\*+w§0>_77/2)t .
Or, more succinctly via Eq. (2.82)
= —tA14t = —iAj_t
5 U11€4€ + upc_e
C]ab(t) = ) ) (D?)
u216+e—’LA2+t + UQQE,G_ZAQ_t

This motion is transduced onto the optical field, converted into an electronic signal, and
measured by the lock-in amplifier (LIA) as px.(w)g - Clan(t), where p is the transduc-
tion gain!, x.(w) is the optical cavity susceptibility and § = (g1, g2) is the vector of
optomechanical coupling strengths, (-) is the usual dot product and py.(w)g as a whole

represents the detection vector. This signal is then demodulated by the LIA at frequen-

1The transduction gain also depends on demodulation frequency, and is omitted solely for notational
simplicity.
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mod

cies w"°d and wi°d and low-pass filtered with bandwidth BW < |w§0) - w§0)|. See also
Secs.2.3.1.2, B.1 and 4.6.1.1. The corresponding demodulated (complex-valued) signals

at w4 and wirod are:

Vi(t) = pxe(wi®Dgr (W (Are, wi®unere 4 4+ W (AL w0 )urpe_e~H-7)

Va(t) = pxe(ws ) g (W (Aop, wh N ugicpe 24 + W( Ay, w5 ugst_e421)
(D.8)

respectively, where W (A, w) = (1 + i(Re(\) — w)7mpw )™ is the low-pass filter function
for a signal at frequency Re(\) that is demodulated by a local oscillator, oscillating at
frequency w with a low-pass filter whose order, bandwidth and time-constant are given

by n, BW and 7y, respectively. For all the measurements shown in this chapter and
Chapter 6, n = 1, BW = 250 Hz , 75y = (20 BW)~! = 0.637 ms.

Additionally, the LIA has a settling time Tyt (corresponding to the 99% settling
time) that depends on n and 7pyy. For all the measurements in this chapter and Chapter
0, Teettle = 2.934 ms. To accommodate this, we exclude from any fits the data in an
interval 7,11 after the start of a ringdown. 7y 11e is explicitly shown as the light-gray

region in Figs. 5.1 and 5.2.

Both V) 2(t) contain equivalent information about the complex motional amplitudes
€4, up to in-principle known multiplicative factors (x.(w), W(A,w), g, u;5) with i,j €
{1,2} and an overall scaling factor p. Recall that the motional eigenstates ¢, at t = 0
are extracted from measurements of “simple” ringdowns, i.e. ringdowns without a control

path. The signals V) »5(t) recorded in such a measurement (Eq. (D.8)) are fit to:

Vi(t) = b+ W (Are, ) A (0)e ™+ + W (Ar, wp*?) Ay (0)e ™
Vé(t) = b2 + W(A2+, w;nOd)Am (O)G_iAQth + W(Ag_, W?Od)AQQ(O)B_Z‘AQJf (Dg)
respectively. Here, Ay, b;, A;;(0) with i,5 € {1,2} are the eight complex-valued fit pa-

rameters, which denote the system'’s eigenvalues, the heterodyne signal's background,

and the amplitudes of decaying exponentials, respectively. To be clear, A\, appear implic-
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itly in Eq. (D.9) by way of Eq. (2.82). By comparing Egs. (D.8) and (D.9), the complex

amplitudes at ¢ = 0 can be written as

_ A11(0) Az (0)

c.(0) = =

+0) pxe@ gy pxe(w)gaus

c_(0) = A0)  _ A»0) (D.10)

PXc(W§O))91U12 PXc(Wéo))gzum

which underlines the fact that V; 5(¢) contain redundant information about the motional
amplitude. In practice, we simply use the fit parameters obtained from the fit to V;(t)
i.e., A11(0) and A;2(0) in this case and subsequently calculate ¢4 (0). We justify this

choice below.

Expressions similar to Eq. (D.9) are used to extract amplitudes of the motional
eigenstates at ¢t = T i.e., ¢+(7T'), from the data corresponding to ringdown after a control
path. However, for large T', the motion may decay significantly before the completion of
the control path, resulting in low SNR and potentially compromising the quality of the
fit. In practice, we observe that the signal near wio), and correspondingly V;(t), tends
to have a larger SNR than V5 near wéo) after control paths of long duration. Thus, to

obtain the complex motional amplitudes at the end of the control path, we fit only V3 (¢).

Additionally, we use only three complex fit parameters {b;, A11(7T"), A12(T')} in this
fit, while fixing the eigenvalues A1 to the values obtained by fitting the corresponding
initialization ringdown data. We justify the choice of fixing the eigenvalues during the fit
by noting that (@) for all control paths in this chapter and in Chapter 6, the eigenvalues
at the beginning of the control path are equal to the eigenvalues at the end of the
control path, and (b) the individual measurements of “complex-averaged” datasets were
interleaved between initialization and control path ringdowns, which reduces the impact
of systematic errors caused by temporal drifts. Finally from this fit, we obtain the complex
motional amplitudes at ¢t = T as follows:

A1 (T) = (T) — Ap(T)

cy(T)= —————, ¢ =
PXc(Wg[J))glull ch(wgo))glulz

(D.11)
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D.3 Measuring the propagator matrix U (T')

In this section, we describe the procedure to reconstruct the full propagator U(T') via

the state vector measurements as described in Secs. D.1 and D.2.

As described previously (Sec. D.1), in order to reconstruct the full propagator U(T)
for a control path of duration 1", we measure the initial and the final state vectors for two

linearly independent initializations of the state vectors ¢ and ¢®). Thus, for every value
of T', we measure {¢{(0), 2 (0),e(T),(T)} and {c?(0),2®(0), 2 (1), (T)}.

The equation that connects the initial and final complex amplitudes is given by:
(D.12)

where U(T) is the complex-valued propagator matrix. Explicitly,

sy - |V @) U@ 013
U_(T) U__(T)

The two initializations ¢ (0) and &®)(0) result in four linearly independent equations

relating the initial and final complex amplitudes:
(1) = U (T)E(0) + Uy (T)2(0)
(1) = U (T)EP(0) + U, (T2 (0)
&NT) = U_(T)e”(0) + U__(T)2")(0)

&1y =U_(1)e?(0) + U__(1)e® (0) (D.14)

These four equations are sufficient to solve for U(7'), whose elements are given by:
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U (1) ==

U _(T)== ;C (D.15)

Using the relation between the motional amplitude and the amplitudes of the heterodyne

signal (Egs. (D.10) and(D.11)), Eq. (D.15) can be further simplified to:

A1) AL (0) — AD(T)AG (0)\ i (0)
a)

Ui (T) = Ag‘i) (O)Agg)(o) _ Agl’l)(())AgQ (0) u (T)
(a) (b) (b) (a)
U, (T) = Al (T) A1 (0) = AT (T) A (0) | ui2(0)

_ [ AR@AR (©0) — ARTM) AT (0) ) wia(0)
O A0 0a00 — AG0AT0) ) i) o

where A,Ef)(t’) are the motional amplitudes at ' = 0 or ¢ = T that are returned by
fitting the ringdown the heterodyne signal (Sec. D.2) and u;; are given in Eq. (D.4) with
i,j € {1,2}.

Notably, the propagator matrix U(T") depends only on the choice of gauge for the
eigenvectors that compose Sp. Since the adiabatic theorem is only applicable to the mode
with least loss [11], only the diagonal component corresponding to the least-dissipative
eigenmode (denoted by subscript ++) contains information about the geometric phase
¢p. For closed control loops, we choose u;;(0) = w;;(T"), ast = 0 and t = T corre-
spond to the same point in parameter space, and consequently, U, (T) and U__(T)
are independent of u;; (Eq. (D.16)). These measurements are shown in Fig. 5.3. The
off-diagonal elements of U(T') i.e., Us_(T) and U_4(T) use the u;; calculated from the
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optomechanical model, and in a gauge where u;; is real-valued.

While the least-dissipative eigenmode (which is amenable to adiabatic evolution) is
the main focus of this chapter, we note that the absence of an adiabatic limit for the more
damped mode is formally given by U__(T) < U, _(T) for large T This is illustrated in
Fig.5.3(c,d).

D.4 Estimating the asymptote of 3(T)

In this section, we describe data analyses that estimate the asymptote of the measured
B(T) (Sec. D.1) and important features related to the definition of real-valued phases

modulo 27. The theoretical description that guides our analysis is given in Sec. 2.2.3.1

and A.3.1.

D.4.1 The asymptotic form of the accumulated phase

The expected asymptotic form of the accumulated phase for the least-dissipative state
while adiabatically evolving along a control path is given in Eq. (A.8). As a result, in the
large T' limit we can express the phase acquired along each direction i.e., “forward: O"

and “backward: " of a control path, as follows (see also Eq. (2.7) and (D.17)):

1
¢0<T>=2mo+qDT—¢B+@+2+O(ﬁ)

T 712
1
¢ (T) :27TnO+QDT+¢B+q_71_ %‘FO (ﬁ) (D.17)

where n and n,, are arbitrary integers that correspond to the choice of a branch of the
complex logarithm of ¢(T") = —i Log(U,(T)). In other words, they reflect the fact that
(real-valued) phases are defined modulo 27. In the following, we describe our convention

for the choice of the complex logarithm’s branch.

The quantity 3(T) = (¢, — ¢)/2 contains only terms of even order in T" and the
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Figure D.3: Examples of asymptote analysis of Re(a(T)) and B(T). Shaded region: data
excluded from asymptote analysis. (a) An example of a measurement in which 2/3 of the data was
included in the asymptote analysis. This is Option (2) of Sec. D.4. (b) An example of a measurement
in which data corresponding to T' > 8/|A+ — A_| was included in the asymptote analysis. This is
Option (1) of Sec. D.4. (c) An example of a measurement in which 1/3 of the data was included in
the asymptote analysis. This is Option (3) of Sec. D.4. Top row: Re(«(T)), Middle and bottom rows:
Re(B(T)) and Im(B(T)), respectively. Points: data, solid curve: fit, dashed line: fitted asymptote,
which is used to calculate ¢. For Re(a(T)), this asymptote is binned to determine the integer [ as in
Fig.. For these measurements, we used the (3,3) and the (5,2) membrane modes with common control
parameters: P, = Py = P,n/2m = — 50 Hz and Py = 0, thus Ay is not applicable. For panel (a),
P = 175 uW,§/27 = —1.5 MHz. For panel (b), P = 17.5 uW,§/27 = —0.75 MHz. For panel (c),
P = 20 uW,§/2r = —0.25 MHz.

first three terms in the expansion of 3(7'), in the large-T" limit are of the form

B(T) = n(ny —ne) + ¢ — % + 0 (%) (D.18)

Ignoring the first term, this is the fit function used to determine ¢ from the data as
described in Sec. 5.1 and Fig. 5.4, using the complex coefficient ¢; and complex ¢p as
fit parameters. This shows that without further processing, ¢ can only be estimated

modulo 7 from 3(T).

However, ¢ maybe determined modulo 27 by inspecting the quantity a(7") = ¢, +
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Figure D.4: Summary of all ¢ measurements. A collation of all measurements of ¢p for this
chapter and Chapter 6. ¢p are estimated via asymptote analysis of Re(a(T")) and 8(T) as described
in Sec. D.4. (@) The fit parameter ¢y obtained by asymptote fitting Re(a(T)). Its value is binned to
obtain the integer I. Specifically, we take [ = 0 for —m < gg < w and 37 < qp < 57 (gray bands), and
Il =1for7m < qy < 3m. (b,c) The real and the imaginary parts of ¢, respectively. The estimated
values are the fit parameters of the asymptote fit to 3(T") + Im. They are plotted against the no-free-
parameter theory prediction of ¢ . Lower panels: the legend for the upper panels. They indicate the
pair of membrane modes, the value of 7 for “simple” control loops, control loops with varying manner
of traversal, “non-simple” control loops, multiple loops, open control paths and a foreshadowing of the
Geometric amplifier measurements from Chapter 6 (labeled as SSGG).
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®:, which contains only odd order terms in 7"

Re(a(T)) = 2(ne, +n) + 2Re(qn)T + % L0 (%) (D.19)

For every data set that we use to determine 5(T"), we also determine (7). We
then fit Re(a(T)) to large T to qo + 2Re(qp)T" + 2q1 re/T with o and ¢ ge as real fit
parameters and qp = —fol A (s)ds is known from state initialization data (Secs. D.1
and D.2). The measured Re(a(T")) are the corresponding fits are shown in the top row
of Fig. D.3. Rounding the best-fit value of ¢y/27 to the nearest integer then provides
(ne, + n). Since the integers (n;, + n-) and (n;, — ns) have the same sign, we define
I = (n;, + ns) mod 2. All values of the complex Berry phase ¢p shown here are equal

to I plus the T-independent complex-valued fit coefficient of (7).

Fig. D.4 shows the best-fit value of ¢y resulting from fits to Re(a(T")) for every
measurement for complex ¢5. These values of ¢y are binned to [ =0 for —m < gy <7

and 371 < qo < 57 (gray regions) and [ = 1 for m < gy < 37 (white region).

D.4.2 Determining the large-T asymptote of the data

In this section, we describe our protocol to decide what portion of a dataset is used for
asymptote analysis, as described in the previous section. For the power series expan-
sions described above to be valid, the data used for fitting must be sufficiently far into
the adiabatic regime (corresponding to large 7). However, for most control paths, the
membrane’s motion decays. In practice this sets an upper limit to 7' (beyond which the
membrane’s motion is indistinguishable from its thermal fluctuations) which we denote
Tsnr. The value of Tsyr depends upon the control path, as the normal modes’ decay

rate depends upon the control tones’ powers and detuning.

To address this, for each control path we perform asymptotic fits to Re(«(7")) and
B(T) for Tywin < T < Tsnr using one of the three possible options for Tiyy:

Option (1). T = 8/|A\+ — A_|. Here, 1/|A; — A_| is a typical time scale associated

with adiabaticity in non-Hermitian systems.
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Option (2). For those control paths in which Option (1) results in Ty, < Tsnr/3, we

instead use Tiyin = Tsnr/3.

Option (3). For those control paths in which Option (1) leaves insufficient data for the

asymptotic fit, we instead use Ty = 2TsnR /3.

D.5 System parameters

This section gives the values of the various parameters in the two-mode optomechanical
model that describes the experimental two-mode system, as described in Sec. 2.3.2 with
the addition of the photothermal effect (Sec. 4.4.3.1). The parameter values are obtained
from device controllers (Secs. 4.4.3 and 4.6.1), cavity spectroscopy (Sec. 4.2.3.3) and
two/three-tone mechanical spectroscopy characterization (or multi-tone DBA: see Secs.
45.1, 45.3 and Figs. C.5-C.7, 4.15, 4.16 and 4.19). The value and the drift range of

each parameter along with its source is given in Table D.1.
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Parameter Value Drift range Source

A (nm) 1549.95 0.01 Laser controller
k/2m (MHz) 2.32 0.05 Multi-tone DBA

€ 0.85 0.01 Cavity spectroscopy

Kin/K 0.41 0.01 Cavity spectroscopy
&9 /27 (Hz) 2423969 20 Bare Brownian
&\ /27 (Hz) 3076488 20 Bare Brownian
&)éo)/%r (Hz) 3331064 20 Bare Brownian
%0)/27r (Hz) 3.6 0.5 Bare Brownian
5 /o7 (Hz) 16.2 0.5 Bare Brownian
~§0)/27T (Hz) 3.4 0.5 Bare Brownian
g1/27m (Hz) 4.4 0.1 Multi-tone DBA
g2/27 (Hz) 3.9 0.1 Multi-tone DBA
g3/2m (Hz) 2.6 0.1 Multi-tone DBA
Ay /27 (uHz) -2.8 0.5 Multi-tone DBA
Ay /27 (uHz) -4.0 0.5 Multi-tone DBA
As /21 (uHz) -3.6 0.5 Multi-tone DBA
Ao/27 (kHz) -10 10 Multi-tone DBA

Table D.1: System parameters. \: the laser wavelength, its drift range represents three separate
instances of static tuning that were made over time while performing measurements reported in this
chapter and Chapter 6. «: the optical cavity linewidth. e: the cavity-mode-matching efficiency. ki,: the
optical cavity input coupling rate. (:JEO)Z the bare resonance frequency of the i*" mechanical mode (i.e.,

in the absence of any optomechanical effects). ’yi(o): the bare energy damping rate of the i*" mechanical
mode. g;: the optomechanical coupling rate between the optical cavity and the '™ mechanical mode. A;:
the photothermal coupling rate between the optical cavity and the i*® mechanical mode. Ay: detuning
offset of the control tones from the optical cavity resonance(see Sec.4.4.3 and 4.6.1). For bare resonance
frequencies (w(®)), energy damping rates (7(?)), optomechanical coupling rates (g) and photothermal
coupling rates (A), the subscript denotes the mechanical mode: 1—(3,3), 2—(5,2), 3—(5,3). The
best-fit values are given for a typical day. Small drifts in these parameters are tracked throughout the
measurements prescribed in this chapter and Chapter 6, and are included in all comparisons with theory.
The third column gives the extent of the parameters’ drift over several months, while the fourth column
provides the source of these parameter values.
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Appendix E

Methods for Chapter 5

E.1 Additional views of SSGG data

Here we provide additional views of the SSGG data shown in panel (d) of Figs. 6.9
and 6.11. For each complex averaged trace shown in panel (d) of Fig. 6.9 (Fig. 6.11),
Figs. E.1-E.4 (Figs. E.5-E.8) illustrate the corresponding individual traces, showing the
amplitude as well as the phase of the mechanical motion. These illustrations provide a
tangible evidence of phase-coherence of the mechanical motion undergoing SSGG, and

its loss thereof with increasing duration of control loops (Camp») that produce SSGG.
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Figure E.1: Preparation of the initial state vector ¢(*)(0), and its evolution to &(®)(T) along
control loops that produce SSGG - family I, part I. First column: measurements for Z(*)(0) i.e,
with no control loop. Second column: measurements for &(®)(T') for Camp 1 With gain ~ 0 dB. Third
column: measurements for &(*)(T") for Camp,3 With gain ~ 0 dB. For all columns, first row: a schematic
of the driving force applied to the membrane, which is switched off at ¢ = 0; second row: a plot control
power P5(t) and third row: a plot of the beat-note phase 612(t), for the respective initialization/control
loop. Solid green, red, dark-orange and dark-blue curves: the "complex-averaged" magnitude, the
phase, the in-phase and the quadrature part of the heterodyne signal, respectively and for measurements
shown in each column. The faint colored counterparts correspond to the individual traces. For this
measurement, we used the same membrane modes and the same other control parameters as in Figs.
6.8, 6.9, 6.12, 6.14 and 6.15.
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Figure E.2: Evolution to state vector (®)(T) along control loops that produce SSGG - family
I, part Il. First column: measurements for ¢(*(T") for Comp 5 with gain > 0 dB. Second column:
measurements for &(*)(T)) for Comps with gain ~ 0 dB. Third column: measurements for &(®)(T')
for Camp,5 with gain < 0 dB. For all columns, first row: a schematic of the driving force applied to
the membrane, which is switched off at ¢ = 0; second row: a plot control power P(t) and third row:
a plot of the beat-note phase 012(t), for the respective initialization/control loop. Solid green, red,
dark-orange and dark-blue curves: the "complex-averaged" magnitude, the phase, the in-phase and the
quadrature part of the heterodyne signal, respectively and for measurements shown in each column. The
faint colored counterparts correspond to the individual traces. For this measurement, we used the same
membrane modes and the same other control parameters as in Figs. E.1, 6.8, 6.9, 6.12, 6.14 and 6.15.
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Figure E.3: Evolution to state vector &(®)(T) along control loops that produce SSGG - family
I, part Ill. First column: measurements for ¢(*)(T) for Camp, 7 With gain ~ 0 dB. Second column:
measurements for ¢(¥(T") for Camp.11 with gain ~ 0 dB. Third column: measurements for &(%)(T)
for Camp,17 with gain ~ 0 dB. For all columns, first row: a schematic of the driving force applied to
the membrane, which is switched off at ¢ = 0; second row: a plot control power P(t) and third row:
a plot of the beat-note phase 012(t), for the respective initialization/control loop. Solid green, red,
dark-orange and dark-blue curves: the "complex-averaged" magnitude, the phase, the in-phase and the
quadrature part of the heterodyne signal, respectively and for measurements shown in each column.
The faint colored counterparts correspond to the individual traces. For this measurement, we used the
same membrane modes and the same other control parameters as in Figs. E.1, E.2, 6.8, 6.9, 6.12, 6.14
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Figure E.4: Evolution to state vector &(®)(T) along control loops that produce SSGG - family
I, part IV. First column: measurements for &()(T") for Camp 23 With gain ~ 0 dB. Second column:
measurements for ¢(¥(T") for Camp.20 with gain ~ 0 dB. Third column: measurements for &()(T)
for Camp,37 with gain ~ 0 dB. For all columns, first row: a schematic of the driving force applied to
the membrane, which is switched off at ¢ = 0; second row: a plot control power P(t) and third row:
a plot of the beat-note phase 012(t), for the respective initialization/control loop. Solid green, red,
dark-orange and dark-blue curves: the "complex-averaged" magnitude, the phase, the in-phase and the
quadrature part of the heterodyne signal, respectively and for measurements shown in each column.
The faint colored counterparts correspond to the individual traces. For this measurement, we used the
same membrane modes and the same other control parameters as in Figs. E.1-E.3, 6.8, 6.9, 6.12, 6.14

and 6.15.
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Figure E.5: Preparation of the initial state vector ¢(*)(0), and its evolution to &(®)(T') along
control loops that produce SSGG - family I, part I. First column: measurements for ¢(®(0) i.e,
with no control loop. Second column: measurements for &(®)(T') for Camp 1 With gain ~ 0 dB. Third
column: measurements for &(*)(T") for Camp,3 With gain ~ 0 dB. For all columns, first row: a schematic
of the driving force applied to the membrane, which is switched off at ¢ = 0; second row: a plot control
power P5(t) and third row: a plot of the beat-note phase 612(t), for the respective initialization/control
loop. Solid green, red, dark-orange and dark-blue curves: the "complex-averaged" magnitude, the
phase, the in-phase and the quadrature part of the heterodyne signal, respectively and for measurements
shown in each column. The faint colored counterparts correspond to the individual traces. For this
measurement, we used the same membrane modes and the same other control parameters as in Figs.
6.10, 6.11 and 6.13.
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Figure E.6: Evolution to state vector &(®)(T) along control loops that produce SSGG - family
I, part 1l. First column: measurements for ¢(*)(T) for Camp 5 With gain ~ 0 dB. Second column:
measurements for &(*)(T)) for Comp.7 with gain ~ 0 dB. Third column: measurements for &(®)(T)
for Camp,11 With gain > 0 dB. For all columns, first row: a schematic of the driving force applied to
the membrane, which is switched off at ¢ = 0; second row: a plot control power P(t) and third row:
a plot of the beat-note phase 012(t), for the respective initialization/control loop. Solid green, red,
dark-orange and dark-blue curves: the "complex-averaged" magnitude, the phase, the in-phase and the
quadrature part of the heterodyne signal, respectively and for measurements shown in each column. The
faint colored counterparts correspond to the individual traces. For this measurement, we used the same
membrane modes and the same other control parameters as in Figs. E.5, 6.10, 6.11 and 6.13.
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Figure E.7: Evolution to state vector &(®)(T) along control loops that produce SSGG - family
I, part Il. First column: measurements for ¢(®)(T) for Camp 11 With gain ~ 0 dB. Second column:
measurements for ¢(¥(T") for Camp,11 with gain < 0 dB. Third column: measurements for &(%)(T)
for Camp,17 With gain ~ 0 dB. For all columns, first row: a schematic of the driving force applied to
the membrane, which is switched off at ¢ = 0; second row: a plot control power P(t) and third row:
a plot of the beat-note phase 012(t), for the respective initialization/control loop. Solid green, red,
dark-orange and dark-blue curves: the "complex-averaged" magnitude, the phase, the in-phase and the
quadrature part of the heterodyne signal, respectively and for measurements shown in each column. The
faint colored counterparts correspond to the individual traces. For this measurement, we used the same
membrane modes and the same other control parameters as in Figs. E.5, E.6, 6.10, 6.11 and 6.13.
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Figure E.8: Evolution to state vector &(*)(T) along control loops that produce SSGG - family
IV, part Il First column: measurements for é(®)(T') for Camp 23 with gain ~ 0 dB. Second column:
measurements for ¢(¥(T") for Camp.20 with gain ~ 0 dB. Third column: measurements for &(%)(T)
for Camp,37 with gain ~ 0 dB. For all columns, first row: a schematic of the driving force applied to
the membrane, which is switched off at ¢ = 0; second row: a plot control power P(t) and third row:
a plot of the beat-note phase 012(t), for the respective initialization/control loop. Solid green, red,
dark-orange and dark-blue curves: the "complex-averaged" magnitude, the phase, the in-phase and the
quadrature part of the heterodyne signal, respectively and for measurements shown in each column. The
faint colored counterparts correspond to the individual traces. For this measurement, we used the same
membrane modes and the same other control parameters as in Figs. E.5-E.7, 6.10, 6.11 and 6.13.
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Appendix F

Methods for Chapter 7

Here we provide additional technical details for the measurements described in Chapter 7.
These include: (i) a detailed description of initial state preparation (Sec. F.1) following
up on Sec. 7.1.3.1; (ii) elucidating a pitfall of Jordan decomposition used in Chapters
2 and herein, and subsequently remedying it using Schur decomposition (Sec. F.2);(iii)
extracting state vectors, Agp and R by fitting corresponding ringdown measurements
(Sec. F.3), (iv) estimating the asymptote of [4es(7") to obtain {¢p ges, R} (Sec. F.4),
(v) additional views of SSv/T'G data (Sec. F.5), and (vi) list the system parameters of

the experimental apparatus as setup for this chapter in Sec. F.6.

F.1 |Initial state preparation

In this section, we detail the procedure for preparing the initial state that is prescribed
[88, 89] for adiabatic evolution in EP5. We begin by providing intuition for how one
may prepare the initial state as the least-dissipative eigenvector of H’, the matrix that
governs evolution in EP5 (Sec. F.1.1). We then describe and evaluate two protocols that
can accomplish this task (Sec. F.1.2). Finally, we describe measurements to verify the

chosen protocol for initial state preparation (Sec. F.1.3).
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F.1.1 Non-Hermitian Adiabatic theorem is our ally

The intuition for how one may prepare the initial state as the least-dissipative eigenvector
of H' is straightforward. One simply has to recall a key feature of the non-Hermitian
adiabatic theorem (Sec. 2.2.2.2) i.e., during adiabatic evolution along a generic control
loop, the system's state tends to transition into the least-dissipative eigenvector (condi-
tional on its existence). This transition is irrespective of the initial state except for the

trivial case when the initial state is already the least-dissipative eigenvector.

This feature is encoded in Eq. (2.9) and corrections to its right hand side are O(1/7%)
where T' > 1 is the duration of control loop and a > 0. For the non-degenerate case,
a=1[27] and @« = 1—1/N for the N-fold degenerate N mode system [38]. Therefore, a
protocol that incorporates the non-Hermitian adiabatic evolution is guaranteed to prepare

the initial state as the least-dissipative eigenvector of H'.

F.1.2 Two protocols for initial state preparation

In this section, we describe and evaluate two protocols for initial state preparation.

Protocol |

The first protocol applies to any generic control loop Cge, that allows for non-Hermitian
adiabatic evolution. To describe this protocol, we consider a Cg, traversed once in

duration 7. The protocol proceeds as follows:

Steps

(1) At time t = —mTy = —T), prepare an arbitrary initial state Z(t = —m/T}) with
m € N.

(2) For duration mT}, traverse m repetitions of Cge,, While Z(t = —mT}) evolves to

7(0). For large Ty, this step prepares Z(0) as the least dissipative eigenvector of
H'(s = 0) corresponding to Cge, traversed n € N times in duration 7" = n7}, with

sufficient accuracy [11, 88].
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Subsequently, Cge, can be traversed n € N times in duration 7' = nT73, while Z(0) evolves

to Z(T), and the rest of the story follows from the adiabatic theorem.

Evaluation

To systematically evaluate this protocol, we consider the “simple” Cq4e, studied in Sec.
7.1. For this exercise, we take m = 1 such that T); = Tj, and as a first step, we

numerically simulate Z(—T7,; <t < 0) for a specific duration of Cqe, traversal.

The cyan region in Fig. F.1(a) sketches the initial state preparation protocol, while
panels (b) and (c) show Bloch sphere representation [320] of Z(t) corresponding to
Z(=Tp) = (1,0)T and (0,1)T, respectively, for T, = T3 = 100 ms. In both cases,
Z(—T,1), shown as the orange arrow, evolves as the black curve that represents z(—1,; <
t < 0), and approaches the least-dissipative eigenvector of H'(s = 0) corresponding to

Caeg, shown as the green arrow.

To quantify this approach, we calculate the fidelity F of Z(t) being the least-
dissipative right eigenvector @’ (t) of H'(t). It is given by F(t) = [0/ (¢) - Z(¢)|?,
where ¥’ (t) is the corresponding least-dissipative left eigenvector, and we enforce ¢/, (t)-
u! (t) =1 and v’ (t) - u’(t) = 0, where ¢’ (t) and 4’ (t) represent the other left and
right eigenvectors of H’, respectively. Fig. F.1(d-top) shows 1 — F(t) = |0"_(¢) - Z(¢)|?
calculated! for both cases that are illustrated in panels (b) and (c). We take 1 — F(0)
to be the first figure of merit for this initial state preparation protocol. For this protocol,

1—F(0) < 1072, We consider this value to be overwhelmingly small, and quite possibly

beyond our measurement capabilities.

Additionally, we track the amplitude of the state vector during this protocol. All the
work described in this chapter utilizes a system of damped harmonic oscillators, and it is
a practical consideration that the decay of the state vector amplitude be nominally small,
such that the prepared initial state vector has sufficient signal-to-noise ratio, for further
processing and experimentation. Fig. F.1(d-bottom) shows the state vector amplitude
|Z(—=T,n <t <0)| with |Z(=T},1)| = 1. We take |Z(0)| to be the second figure of merit

for this initial state preparation protocol. For this protocol, |Z(0)| ~ 0.2. We consider

IStarting with F = |07, - Z|?, we have 1 - F = 1— |7/, -Z|? = |0/ - &>+ |- 2> - |5/, -T)* = |0 - &|°.
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Figure F.1: Evaluating initial state preparation protocols - part |. Top panel: protocol |. (a) 012(t)
(black curve), with cyan and yellow regions corresponding to initial state preparation (=7, < ¢ < 0)
and Cqeg (0 <t < T), respectively. (b) Bloch sphere representation of numerically simulated Z(t) during
initial state preparation with #(—7},1) = (1,0)™. The curved arrows indicate —T}; <t < 0. (c) Same
as (b) but for #(—T}1) = (0,1)T. (d) Numerically simulated 1 — F(t) (top panel) and |#(t)| (bottom
panel) during initial state preparation. Black and dashed red curves correspond to #(—7}1) = (1,0)T
and (0,1)T, respectively. Bottom panel: Same as the top panel but for initial state preparation protocol
II. For these simulations, T;,; = 100 ms, 7' = 100n ms with n € N, and we used the same C4qg as in

Sec.7.1.
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this value to be insufficient for further processing and experimentation. Refs. [321, 322]

show an interactive view of Fig. F.1(a-d).

As a next step for evaluating this protocol, we repeat the above exercise as a function
of Ty = T'/n. Fig. F.2(a-c) illustrates the protocol, its corresponding parameters and the

resulting figures of merit, respectively. Both figures of merit are show expected trends:

(a) The infidelity 1 — F(0) reduces with increasing 7}, as predicted by Refs. [11, 88].
However, we do not analyze its explicit dependence on T} in this work, and relegate
it for future studies. At large T3, 1 — F(0) is agnostic to the choice of Z(—1),),
in this example. However, this is not a general result, but rather specific given the

choice of Ceg.

(b) The prepared state vector amplitude |Z(0)| reduces with increasing 77. This is
due to linear dynamical loss dominating at large 77. The non-monotonic behavior
at intermediate values of 7T} is due to the interplay between the gain from /7-
dynamical phase and linear dynamical loss. Finally, |Z(0)] is also agnostic to the
choice of #(—1T},), in this example. However, this is not a general result, but rather

specific given the choice of Cyeg.

Result and discussion

In conclusion, we find that this protocol is conceptually simple but has a crucial short-
coming namely the insufficient value of |Z(0)| for large T}, thus making it less practical
for our purposes. The situation exacerbates if we take m > 1, which by construction,
requires m times the preparation duration, which in turn incurs e times the linear dy-
namical loss. One alternative could be to explore C4e, with less linear dynamical loss.
The other alternative could be to try a modified initial state preparation protocol that
requires smaller preparation durations, i.e., small 7},, thereby reducing the effect of linear

dynamical loss. We took the second approach, and it is detailed below.

Protocol Il

This protocol aims to improve on its predecessor by retaining sufficient state vector

amplitude |7(0)| for large T}, while maintaining reasonable values of preparation fidelity.
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Figure F.2: Evaluating initial state preparation protocols - part Il. Top panel: protocol |. (a) 612(¢)
(black curve), with cyan and yellow regions corresponding to initial state preparation (=11 <t < 0) and
Caeg (0 <t < T), respectively. (b) 7,1 (top panel) and k, (bottom panel) versus 71 = T'/n. For this
case, Tp1 = T3 and k, = 1. (c) Numerically simulated 1 — F(0) (top panel) and |Z(0)| (bottom panel)
versus T7. Black and dashed red curves correspond to #(—7}1) = (1,0)T and (0,1)T, respectively, for
all values of T,,;. Bottom panel: Same as the top panel but for initial state preparation protocol II. For
this case, k, and T, are specified by 17 via Eqs. (F.3) and (F.4), respectively. For these simulations,
we used the same Cqeg as in Sec. 7.1.
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We impose |Z(0)] > 0.5 and 1 — F(0) < 2 x 107* as the corresponding thresholds
for a viable candidate. For this protocol, we focus only on the Cg..s utilized in this
chapter. They are parameterized by Yep = {Pgp,0rp,n, 012, Py, Ay} with fixed values
of {Pgp,dgp,n, Py, Ay} and 015(s) = 2nmk(s) mod 27, with 0 < s =t/T <1, n € N,
0 < k(s) <1, 0sk >0 and Osk|s—g = Osk|s=1 = 2mn/T. To describe this protocol, we
consider a Cgeg With n = 1, and denoted by Cyeg,1, Which is traversed in duration 7;. The

protocol proceeds as follows:

Steps
(1) At time t = —T,, prepare Z(t = —T2) as (1,0)T or (0,1)7.

(2) For —T» <t < (k, — 1)Ty, vary 612(t) as

012(t) = L £ F.1
12( ) Tp2 — (1 — kp)Tl ( )
with 0 < k, < 1, while Z(t = —T)5) evolves to Z(t = (k, — 1)11). Intuitively,

this step provides some initial amplification to Z(t = —T)2) via the v/ T-dynamical
phase.

(3) For (k, — 1)T1 <t <0, vary 015(t) as

bralt) = —2m — T (F.2)
1

while Z(t = (k, — 1)T}) evolves to Z(t = 0). Intuitively, this step steers the nom-
inally amplified Z(t = (k, — 1)T3) from the previous step, to the least-dissipative
eigenvector of H'(s = 0) corresponding to Cyeg,1 traversed in duration 77. By con-
struction, this step also prepares the initial state as the least-dissipative eigenvector
of H'(s = 0) corresponding to n > 1 repetitions of Cgee1 traversed in duration
T = nT) with n € N.
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Note that #15(t) in Egs. (F.1) and (F.2) can be succinctly expressed via Eq. (7.2). The

corresponding values of k, and T,,, are specified via

T \° 7 \* 7 \?*
kp(T1) = kpy — (kp1 — kpo) (6 (m) —15 (ﬁ) +10 . (F.3)

and
Tpo(Th, k) = ky(T0)Th + (1 = kp(Th)) To, (F.4)

respectively, where the constants {k,, k,1} denote the minimum and the maximum
value of £, T1 , denotes the largest value of 77 for which Cgeg 1 is traversed, and T, > 0
denotes a constant duration characterizing 7;,,. We note that in this parameterization,

the previous protocol corresponds to k,o = k,; = 1.

Finally, we take the steps (2) and (3) together to constitute a preparation control
loop Cpaeg in EP2 traversed in duration T)5(74, k,), (Sec. 7.1.3.1), and as such it is

uniquely specified for a Cqe, traversed in a duration 7' = nT7.

Evaluation

To systematically evaluate this protocol and compare it with its predecessor, we continue
studying the “simple” Cqcg studied in Sec. 7.1, and repeat the numerical simulations from

the previous case.

The cyan region in Fig. F.1(e) sketches this initial state preparation protocol, while
panels (f) and (g) show Bloch sphere representation of #(—7,2 <t < 0) corresponding
to Z(—T) = (1,0)" and (0,1)T, respectively, for T, = 58 ms. The parameters
that characterize this procedure: k, = 0.3, 71 = T1,, = 100 ms and 7Tj = 40 ms.
In both cases, #(—7,1), shown as the orange arrow, evolves as the black curve that
represents (—T7,; <t < 0), and approaches the least-dissipative eigenvector of H'(s =
0) corresponding to Cyeg, shown as the green arrow. The corresponding values of 1 —F(t)
and |Z(t)| are shown in the top and the bottom panel of Fig. F.1(h), respectively. The
two resulting figures of merit read 1 — F(0) ~ 107° and |Z(0)| ~ 0.67, and both of

these values are considered acceptable. Refs. [323, 324] show an interactive view of Fig.
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F.1(e-h).

We subsequently repeat these numerically simulations as a function of 77 = T'/n.
Fig. F.2(d-f) illustrates the protocol, its corresponding parameters and figures of merit,
respectively. For these simulations, £, = 0.3, k,; = 0.35, 1}, = 111.35 ms and T}, =
40 ms. Both figures of merit indicate favorable outcomes as 1 — F(0) < 2 x 10~ for
Ty > 30 ms, and |Z(0)| > 0.6 for all T}.

Result and discussion

The above simulations indicate that this initial state preparation protocol remedies the
shortcoming of its predecessor albeit with lower but still reasonable state preparation
fidelity. A potential avenue for improvement would be to reduce 1 — F(0) values of 77 <
30 ms, and as such we believe that the inflated value of 1 — F(0) for T} < Ty < 27T%
where T = 7/2R (~16 ms for this C4eg), is the reason for the transient behavior of

Re(B(Ty < Ty < 2TY)) in Fig. 7.8(c) as opposed to a sharp cusp in Fig. 2.8(b).

However, we did not attempt any further improvements and proceeded forward with
this initial state protocol, for studying all C4eg in this chapter. Finally, we also note that
we adapt this protocol studying Cpe in Sec. 7.3.2, simply by replacing Yep with Vpert
given by Eq. (7.14), with 615(t) as in Eq. (7.2).

F.1.3 Experimental verification

The measurements of real-dynamics in £P5 illustrated in this chapter, along with their
reasonable agreement to theory maybe taken as an experimental verification of the initial
state preparation protocol we have employed, i.e, Protocol Il. Regardless, in this sec-
tion, we provide an explicit experimental demonstration of this initial state preparation

protocol.

These measurements constitute traversing Cp, qc¢ in real time, while monitoring the

state vector. Operationally, this protocol reads:

(1) Select a duration 7" for which a Cqe, is to be traversed in real time. By construction,

we have T} = T'/n, the duration of the corresponding Ceg,1. Subsequently, compute
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T,, = T,, the corresponding duration of C, 4¢, as given by Eqs. (F.3) and (F.4).

(2) At time t = —T,, prepare Z(t = —T}) as (1,0)™ or (0,1)". Subsequently, measure
Z(=T,).

3) For a value of t € (—T,,0], traverse C, qes by varying 615(t) as in Eq. (7.2) and
P p,deg

evolve Z(t = —T},) to Z(t). Subsequently, measure z(t).

(4) Repeat step (3) as a function of ¢t € (—T,,0]. For each occurrence of step (3), we
require it to be preceded by step (2).

(5) Repeat steps (1-4) as a function of 7.

In addition, we note that the state vector measurement protocol stays unchanged from

Secs.7.1.3.1, 7.1.3.2 and F.3.2.

Figs. F.3-F.5(b-e) illustrate measurements corresponding to initial state preparation
for Cqeg studied in Sec. 7.1 for twelve distinct values of 7. Note that for this Cgeg,
n = 1 and therefore T'=T}. In each panel, we show estimated Z(t) in the Bloch sphere

coordinates, 1 —F(t) and |Z(t)| corresponding to Z(—T,) = (1,0)", where —T,, <t < 0.

We note that until now, we did not require to fully specify Z(t) = (x(t), z2(t))T,
but rather its components V;(t) oc x;(t), where V; is the measured heterodyne signal and
the proportionality constant is «;: the motion-to-voltage transduction factor (Secs.7.1.4
and F.3.2) with ¢ € [1,2]. This is because we were solely concerned with comparing
B(T) = (21(T), 2o(T))T to Z(0) = (21(0), 22(0))T. As such «; is a common factor, and

none of our results depend on it except for the current case.

To specify Z(t) = (x1(t), 72(t))T completely, we utilize estimated value of @ =

(a1, a9)™ given by (also in Sec. D.2)

a; = pi(wi)Xe(wi)gs (F.5)

where p; is the transduction gain [94, 188, 209] and . is the optical cavity susceptibil-
©

ity at frequency w; ~ w; ) the bare resonance frequency of i*" membrane mode, with

g; denoting the optomechanical coupling strength and i € [1,2]. We note that both
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Figure F.3: Experimental verification of initial state preparation protocol Il - part I. (a) 612(¢)
(black curve), with cyan and yellow regions corresponding to initial state preparation protocol Il (=7}, <
t < 0) and Cqeg (0 <t < T), respectively. (b) Bloch sphere representation of Z(t) (left), 1 — F(¢)
(middle) and |Z(t)| (right) for #(—T,) = (1,0). Red points show estimated values from measured
heterodyne signal and estimated motion-to-voltage transduction. See text in Sec. F.1.3 for assumptions.
Black curves show corresponding no-free-parameter theory prediction. For this panel, Ty = T'/n and T,
are indicated in the bottom left gray box. (c-€) Same as panel (b) but for increasing values of 7;. For
these measurements, we used the same Cye as in Sec. 7.1.
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Figure F.4: Experimental verification of initial state preparation protocol Il - part Il. (a) 612(¢)
(black curve), with cyan and yellow regions corresponding to initial state preparation protocol Il (=7}, <
t < 0) and Cqeg (0 <t < T), respectively. (b) Bloch sphere representation of Z(t) (left), 1 — F(¢)
(middle) and |Z(t)| (right) for #(—T,) = (1,0). Red points show estimated values from measured
heterodyne signal and estimated motion-to-voltage transduction. See text in Sec. F.1.3 for assumptions.
Black curves show corresponding no-free-parameter theory prediction. For this panel, Ty = T'/n and T,
are indicated in the bottom left gray box. (c-€) Same as panel (b) but for increasing values of 7;. For
these measurements, we used the same Cye as in Sec. 7.1.
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Figure F.5: Experimental verification of initial state preparation protocol Il - part Ill. (a)
612(t) (black curve), with cyan and yellow regions corresponding to initial state preparation protocol
1 (=T, <t <0)and Cqeg (0 <t <T), respectively. (b) Bloch sphere representation of Z(t) (left),
1 — F(t) (middle) and |Z(t)| (right) for #(—T,) = (1,0)T. Red points show estimated values from
measured heterodyne signal and estimated motion-to-voltage transduction. See text in Sec. F.1.3 for
assumptions. Black curves show corresponding no-free-parameter theory prediction. For this panel,
Ty =T/n and T, are indicated in the bottom left gray box. (c-e) Same as panel (b) but for increasing
values of T7. For these measurements, we used the same Cqeg as in Sec. 7.1.
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Xe(w;) = (K/2 — iw;)™! via K: the cavity linewidth, and g¢; are obtained from charac-
terization of the MIM system (Secs. 4.4.2 and 4.4.3). However, p; requires additional
characterizations, which were unfortunately not undertaken. In this light, we make the

assumption that p;(wy) = p2(w2) which amounts to assuming:

(a) Both bare! mechanical modes are in thermal equilibrium with their respective baths,

and the modes and their baths are at the same temperature.

(b) The photodetector gain at wy ~ w§0) is equal to the photodetector gain at wy =~ wéo).

Under this assumption, we estimate Z(t) = (z,(t), zo(t))" as

Vip(t)
o (t) B Vli(_Tp)

w0= (V) () "

where V3;(—T),) denotes the heterodyne signal corresponding to independent measure-

ment of x1(—1},), while V1,(¢) and Va,(t) denote the heterodyne signal corresponding
to measurements of z;(¢) and x(t) for t € (T, 0], respectively?. As a result, it is this
estimated Z(t) = (w1(t), zo(t))" that is shown in Figs. F.3-F.5(b-e). We also note that
in order to calculate 1 — F, we utilized the dot product of theoretically predicted '’ ()
and estimated Z(t) for t € (7, 0.

Finally, we show the estimated values of the figures of merits, i.e, 1 — F(0) and
|£(0)| in panels (b) and (c) of Fig. F.6. We find the estimated 1 — F(0) to be sufficiently
small for our purposes. The agreement to theory is qualitatively reasonable, and given
our assumption above, any further inference is not straightforward. The estimated |Z(0)]

is also sufficient for our purposes, and is in good agreement with theoretical prediction.

1To be precise, bare here means the membrane modes in the presence of the probe and the LO beams.
We expect the probe beam (Pprone = 7 uW, A /21 ~ —0.05 MHz) to produce a ~10 Hz photothermal
spring shift, ~1 Hz spring shift due to radiation pressure DBA and ~0.5 Hz damping due to radiation
pressure DBA.

2Note that in Eq. (F.6), we are not required know the precise value of the temperature or the photode-
tector gain. However, Ref. [188] lists values of our photodetector’'s gain at two frequencies separated
by ~1 MHz around 20 MHz (the same frequency range of our detection), and they differ by 9 parts in
10%.
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Figure F.6: Experimental verification of initial state preparation protocol Il - part IV. (a)

012(t) (black curve), with cyan and yellow regions corresponding to initial state preparation protocol Il
(=T <t <0) and Cgeg (0 <t < T), respectively. (b) 1 — F(0) versus T1 = T'/n. Red points show
estimated values from measured heterodyne signal and estimated motion-to-voltage transduction. See
text in Sec. F.1.3 for assumptions. Black curve show corresponding no-free-parameter theory prediction.
(c) Same as (b) but showing |Z(0)|. For these measurements, we used the same Cqeg as in Sec. 7.1.

F.2 On Jordan and Schur decompositions

In this section, we highlight a pitfall that one generically encounters when using the
Jordan decomposition to study perturbations of degenerate matrices (Sec. F.2.1). We

remedy this issue by utilizing Schur decomposition (Sec. F.2.2).

F.2.1 A pitfall of Jordan decompaosition

In so far (except in Sec. 7.3.2), we have studied dynamics of an N = 2 mode sys-
tem tuned in its degenerate subspace £P5 under the similarity transformation given by
M'HyeeM = T1/2+ Jy (see Eq. (7.22)), where Hye, is the dynamical matrix of the
degenerate system, the columns of M are given by the unique right eigenvector and a
specific choice of generalized right eigenvector of Hye,. Jo is a 2 x 2 Jordan block,
and in this case it is the Jordan normal form of Hy.,, and is referred to as the Jordan
decomposition [152]. Subsequently, the matrix that governs evolution in EP5 is given by

H = MﬁlHdegM—’iMilasM/T = T]I/Q—f— Jo —.AJ/T.
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However, when we smoothly perturb away from EP (here EP,), we observe that

1 i6 A B i6
Huw—r| — "1l m- B L Ty (F.7)
—e Y/p -1 2 Ce ® —A 2

i.e., Hgeg varies smoothly to a non-degenerate and non-defective H (see also Sec.2.2.4.3).

However, when they are Jordan decomposed,

T2 1 A 0
—

0 T/2 0 A (F-8)

represents a discontinuous mapping of 7 1/2 + J; to Diag(Ay, A_) with Ay = T/2+
VA2 4+ BC, via the discontinuous 1 — 0 mapping in the upper right. To be precise,
this discontinuous mapping is regardless the size of perturbation. Also, recall that for
Jordan decomposition of the non-degenerate and non-defective H, its corresponding M's

columns are the linearly independent right eigenvectors of H.

The above exercise illustrates that such a discontinuous mapping between the normal
form of a defective matrix to a non-defective one, is indeed a drawback of Jordan decom-
position, and as such is less suitable for experimental purposes where one approaches £ P
degeneracy with a finite precision. To remedy this issue, we turn to Schur decomposition
[260], below. We also note that there exist other techniques to remedy this problem, for

example: the Jordan-Arnold decomposition [96].

F.2.2 Schur decomposition

This section is divided into three parts. The first part provides a quick primer on Schur
decomposition. The second part shows that there exists a Schur decomposition that
varies smoothly when H is tuned to and around an E'P,, thereby remedying the above
pitfall. In the final part, we re-derive the result of Sec. 2.2.4.3 using Schur decomposition,

thereby allowing to predict the outcomes of “stepping off” £P5 in Sec. 7.3.2.
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F.2.2.1 A quick primer

Every complex matrix H has a Schur decomposition [260]. There exists a unitary matrix
U and an upper triangular matrix T such that UTHU = Ty, where (1) denotes conjugate
transpose. In what follows, we restrict this exercise solely to 2 x 2 matrices, the main

focus of Chapter 7.

Schur decomposition of a normal matrix H, for e.g. Hermitian, is specified by U
whose columns are the orthonormal eigenvectors of H and 7' = Diag(A, A_) where

Ay — are the eigenvalues of H.

However, when H corresponds to an EP (here EP), i.e., H = Hge and thus
defective, the orthonormal basis that specifies U is obtained by Gram-Schmidt processing
[325] of the non-orthogonal basis of the Jordan normal form. The first column of U
(denoted u4), is the normalized unique right eigenvector, and its second column (denoted
us), is a normalized generalized right eigenvector!. The above steps constitute Schur

decomposition of Hgee, Which results in

2
UlHatn= |77% 7 | =1, (F.9)
0 T/2

where for specificity and later use, the unitary matrix is denoted by Ua, and p = Wy - Hgeg
uy € C* with w; denoting the i row of U;. Note that the above transformation can be
ambiguous up to a unitary change of basis?. Observe that under a unitary change of basis,
i.e., u; — eiu; with ¢; € R and i € {1,2}, the diagonal entry of Ty remains invariant,
but p — e~¥¥1=%2) Therefore, only |p| is invariant to basis transformations in a Schur
decomposition. Finally, we also note that Tr(ngngeg) = Te(T} Ty) = [T12/2 + |pl%,

which provides a way to compute |p| in a basis independent manner, i.e.,

1Pl = \/Tr(H g Haeg) — [Tr(Hueg)|2/2 (F.10)

!We note that this particular choice of the generalized right eigenvector can be different from the one
used in the Jordan decomposition.
2Since U is unitary, unitary change of basis constitute all allowed basis transformations.
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F.2.2.2 A smoothly varying Schur decomposition near EP;

Now in order to show that there exists a Schur decomposition that varies smoothly when
H is tuned to and around an E'P,, we utilize the Jordan-Arnold decomposition [96]. It
shows than under perturbation away from EP,, there exists a smooth basis (potentially

non-orthonormal) in H in which it has a Jordan-Arnold normal form J,4 given by

T/2 1
x  T)/2
where © € C depends smoothly on H. This form (smoothly) reduces to J, (i.e., the
Jordan normal form), at an EP,, i.e.,, x = 0. Furthermore, one may intuit = to be
proportional to the strength of perturbation from an E P, by noting the eigenvalues of

Ja: T/2++/x. However, the appearance of ‘1" in the upper right is a convenience, and

one can very well choose a smooth orthonormal basis in H such that

T/2 »p

50 = r T/2

(F.12)

is the Jordan-Arnold normal form, and to be specific, we chose the orthonormal basis to be
the one used for Schur decomposition of H = Hge, in Eq. (F.9), i.e. S(z,p) = UL HU,.

Similar to J4, this normal form approaches an E P, smoothly, i.e., when z — 0.

Now what is left to be shown is to find another smooth orthonormal basis Ug, to
reduce S(x,p) into an upper triangular form. As a result, one can combine these two
smooth orthonormal basis transformations to specify a single smooth orthonormal basis
transformation Ugna = UgUa, and Schur decompose any H, smoothly to an upper

triangular matrix Ty (z, p).

It is straightforward to obtain Ug. The eigenvalues of S(x,p) are Ay =T /2+ \/zp,

and the non-orthogonal eigenvectors are vi = (1,£+/x/p)T/\/1+ |z/p|. Depending

on which basis one starts out with (v, or v_), one obtains two different orthonormal
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bases via Gram Schmidt process. For concreteness, we pick u; = v, first, and obtain

1 L = /p*

Up = —— (F.13)

SVl Vel 1

where (*) denotes the complex conjugation and finally,

T/24+Tp p\/1-|z/pl
0 T/2— /P

Ty(z, p) = (F.14)

which varies smoothly with z, and to explicitly highlight the remedial of the pitfall in
Sec. F.2.1, smooth perturbations away from E P, i.e.,
1 pet? T A Be' T
Haeg = It , +-1—H= ‘ +—1
—e /p —1 2 Ce ™ —A 2
can be Schur decomposed using the unitary Usna = UgUa, which results in a smoothly

varying upper triangular form, i.e.,

T2 o | |TR2AVEe pVI=lfel] _ A V= 2/l

0 7/2 0 T/2—\/zp 0 A
F.2.2.3 Adiabatic transport revisited using Schur decomposition
With above machinery in hand, we now proceed to re-examine the case in Sec. 2.2.4.3.

For this examination, we consider a system with its dynamical matrix H as in Eq. (2.14)

A Bei(s)
H(s) = I/2 F.15
O N BS (F.15)

and restrict ourselves to the case of “simple” control loops given by fixed parameters
(A, B,C,T) € C and real-valued 6(s) = —2nms mod 2m with 0 < s < 1, and tuned for
a duration T'. The corresponding eigenvalues of H(s) are A\ = T /2+VA?+ BC =

403



T /2 =+ dA/2 and the system's evolution is simply
iedsC=H¢ (F.16)

as in Eq. (1.1), where ¢ is the state vector being evolved and ¢ = 1/T.

Applying Schur decomposition to H(s), reduces it to an upper triangular matrix

Ty (s) via a unitary transformation given by Ty (s) = U(s)"H(s)U(s) where

T/2+6N/2 p(s)

Ty(s) = (F.17)
0 T/2—09)/2
and we chose
1 1 —u*
Us) = e | (F.18)
/1 + |u|2 uefze(s) 6719(5)
where
C C
u = = , F.19
A+ VA LBC  A+0\2 (F.19)
p=B—(A+VA2+ BC)u"
A++VA?2+ BC A+0N/2
_p_ ATVAFBC g o ATON2 (F.20)
(A+ /A2 1 BO) (A+0A/2)
and we note that p is independent of s in this case. We also note the algebraic relation
pu O (1 —Jul?
- — =—-A F.21
T+ |u2 2 <1+|u|2 ( )

Subsequently, the equation of motion as given by Eq. (F.16) transforms to

iEasEU = H,EU = (TU — EAU)EU (F22)
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where ¢ = Ucyy, and Ay = iUT%—g, and explicitly

0.0 |l w

A TR W

(F.23)

Following our prescription from Secs. 2.2.4.1 and 2.2.4.3, we compute the eigenvalues

AN of H =Ty — eAy. They are given by

+
2T 4 477 T

T 0.0 [6x2 (0,0)2 A0
5 — + -

or

)\i(S) =

T 08, 5N (062  pudb  5)D8 (1—|uf?
2 4 AT T T+ ) eT

o 2T 14 |ul?

) (F.25)

where '+' is chosen to denote the least-dissipative eigenvector of H’, and the second
form, i.e, Eq. (F.25) uses the relation in Eq. (F.21). Finally, we compute ¢, (7T) =
Tfol A;(s)ds, the phase acquired by a state vector initialized at the least dissipative

eigenvector of H’, which is given by

1 1
6. (T) zg_ / 8;9ds+ / ds\/ONT2 /1T (007 /A1 ADAT  (F.26)
0 0

1
- ? + nm mod 27 + / ds\/ON2T2 /4 + (0,0)2/4 + AD0T  (F.27)
0

T
= TT + nr mod 27 + \/6\2T2 /4 + n27w2 — 2nw AT (F.28)

where we suggestively evaluated the sum in three steps. In Eq. (F.26) we merely substi-
tuted Eq. (F.24). Then Eq. (F.27) evaluated the second term trivially, as it is an integral
of a total derivative, and finally in Eq. (F.28) we substituted 0(s) = —2nmrs mod 2.

To appreciate the power of Egs. (F.27) and (F.28), we evaluate it in several limiting

cases which are described below.
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Case l: A =0

This case corresponds to being at an E'P; with H — Hgg, and using the relation in Eq.
(F.7), we have {A — R, B — Rp,C — —R/p}, as in Sec. 2.2.4.3. The corresponding

O+ = QPyeg reads

T
Paeg(T) = TT + nm mod 27 + iV 2nTRT — n2m2 (F.29)

as in Eq. (2.57), with A in Eq. (F.28) replaced with R. The first term oc T is the usual
linear dynamical phase, the second term oc T specifies —¢p g, and at large ¢qeq has a

unique v/7-dynamical phase. We also note that in this case Eq. (F.21) reduces to

puU
v _R F.30
1+ |ul? ’ ( )

and in particular, Egs. (F.21) and (F.30) form the basis of extracting R from spectroscopy
measurements at P, (Sec. F.3.3).

Case Il: 6\ # 0, and at large T

This corresponds to the non-degenerate case as considered in Sec. 2.2.3 and Chapters 5

and 6. For large T', we Taylor expand either of the Egs. (F.27) and (F.28) to obtain

_ (T+oNT A /1 A /1 2
o (T) = 5 +nr |1 A2 mod27T+T G 0(889) ds

1/ A a4 [t 5 1
+ 7 (2&3 - W) /0 (0,0)%ds + O (ﬁ) (F.31)
or
(T +NT A (1 A2
o+(l) = (1= 5p)) med 7+ == {50 ~ o
Snimd [ A 4A3 1
+ (2&3— 5A5)+O(ﬁ) (F.32)

where we substituted 0(s) = 2nms mod 27 in Eq. (F.31) to obtain Eq. (F.32).

This furnishes the well-known result for the non-degenerate case with its first term
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o T is usual linear dynamical phase, the second term oc TP specifies —op+ [12, 87],

and the remaining terms represent dynamical phases that asymptote to zero at large T'.

Case Ill: 4\ systematically perturbed from zero, and at intermediate T

This represents the cases studied in Sec. 7.3.2 and as such it aims to connect the two
seemingly independent descriptions, i.e., the degenerate case (A = 0) in Sec. 2.2.4.3,
and the non-degenerate case (0A # 0) in the large T" limit (Sec. 2.2.3). This disconnect

maybe understood as follows:

» Case | is solely concerned with A = 0 and is a relatively new result borne out of
the works of Ref. [88, 89], wherein adiabatic transport in EPy (here EP») is uniquely

elucidated for the first time.

» Case Il is a well-known topic of investigation. However, it is generically the case
that such studies stop at the first two terms of Eq. (F.31) or (F.32), i.e., O(T) and
O(T"). But one may be curious about when 6\ — 0, and naively applying Eq. (F.31)
or (F.32) leads us nowhere. In particular, it predicts that the geometric phase diverges
for control loops where A — 0. This is indeed in contradiction to the theoretical

results of Ref. [38, 89] and the experimental demonstration in this chapter.

To address this disconnect, we examine Eq. (F.28) at intermediate values of 7" when

A ~ 0 but not exactly zero.

In particular, we focus on the radicand of the third term in Eq. (F.28) given by

¢y 3(T)? = 6N*T? /4 + n*n® — 2nw AT (F.33)

and observe that for 0 < 7' < 32T4 |2nw AT| > [6A*T?/4]. In this range of T, ¢ 3(T)?

a dominant linear dependence on T, and thus ¢, (T) — TT/2 has a dominant /T
dependence. This /T (sub-linear) dependence is a unique behavior, applies to all cases
of study i.e., whether or not d\ is zero and its range increases as 1/6\%. Finally, for

T > 874 ¢ (T)— TT/2is O(T), the well-known result in the adiabatic limit.
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F.3 Data acquisition, processing and fitting

In this section, we provide details data acquisition and its processing (Sec. F.3.1) followed
by fitting routines employed to extract the initial and final state vectors (Sec. F.3.2) as

well as the spectroscopic quantities at and around E P, (Sec. F.3.3).

F.3.1 Data acquisition and processing

All measurements reported in this chapter are derived from ringdown measurements of
the membrane modes in presence or in absence of control and auxiliary laser tones. They

are classified by the purpose serve and are listed below:

(a) Bare ringdowns

These measurements are performed in absence of any control or auxiliary laser tones and
provide the bare resonance frequency w(®) and the bare damping rate 4() of the membrane
modes. The timing sequence for these measurements are same as Fig. 7.3(third column)
except that the control and auxiliary laser tones are off. These measurement are fit to
Aelir=iwDt=0t/2) \with {A p w® 4O} are real valued fit parameters. The value of
w©® for each membrane mode is then utilized to set the demodulation frequencies for

subsequent data acquisition.

(b) Ringdowns for state vector measurement

These measurements are performed in presence of the auxiliary laser tone which does not
couple individual membrane modes. The key feature that enables these measurements is
the instantaneous! switching between control laser tones to the auxiliary tone (see Sec.
4.6.1.2). The instantaneous switching at time ¢ = ¢, can be intuited as the “sudden
approximation” of quantum mechanics [3] which has no effect on the state vector at
t = t9. Thus, setting up a ringdown measurement for ¢ty < ¢ < tpaq allows us to infer

the state vector at ¢t = t5. The timing sequence for these measurements is illustrated

1The switching time scale is ~50 ns due to the cAOM (Fig. 4.22). It is comparable to the ringdown
time of the MIM cavity 1/k: representative timescale of optomechanical interactions. However, our
data sampling interval is >50 s, thereby making us insensitive to any optical transients.
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Figure F.7: Complex averaging for the initial state vector Z(0), and its evolution to Z(T)
along a control loop in £P5: state vector component |. First column: measurements for the first
component of Z(0) obtained by transporting Z(—T},) along C,, qes. Second column: measurements for
the first component of Z(T) obtained by transporting Z(0) along a “simple” non-contractible Cgcg. For
both columns, dark gray curves: a schematic of the driving force applied to the membrane, which is
switched off at t = =T}, —Tiait. Twait = 2 msis a programmed delay used in these measurements; black
curves: 012(t) corresponding to Cp, geg (left column), and Cp, geg || Caeg (right column). Solid green, red,
dark-orange and dark-blue curves: the "complex-averaged" magnitude, the phase, the in-phase and the
quadrature part of the heterodyne signal, respectively and for measurements shown in each column. The
faint colored counterparts correspond to the individual traces. The duration of initial state preparation,
the control loop and the LIA settling are indicated as cyan, yellow and gray shaded regions, respectively.
For this measurement, we used the same membrane modes and the control parameters that tune it to
the same EP, as in Figs. F.1-F.6, 7.4-7.10 and 7.21.

in Fig. 7.3 (first and second column) The corresponding fitting procedure is detailed
in Sec. F.3.2. Finally, we note that the auxiliary tone is applied to mitigate parasitic

photothermal transients as detailed in Secs. 4.4.3.1, 4.5.3 and Eq. (4.16).

(c) Ringdowns for spectroscopy at and around EP;

These measurements are done in presence of the control laser tones that provide optical
spring, optical damping and Floquet coupling for the membrane modes. Their timing

sequence is given in Fig. 7.3(third column) and the fitting routine in Sec. Sec. F.3.3.
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Figure F.8: Complex averaging for the initial state vector £(0), and its evolution to Z(T') along
a control loop in £P,: state vector component Il. First column: measurements for the second
component of Z(0) obtained by transporting Z(—T},) along C,, qes. Second column: measurements for
the second component of Z(T") obtained by transporting Z(0) along a “simple” non-contractible Cqeg.
For both columns, dark gray curves: a schematic of the driving force applied to the membrane, which is
switched off at t = =T}, —Tiait. Twait = 2 msis a programmed delay used in these measurements; black
curves: 012(t) corresponding to Cp, geg (left column), and Cp, geg || Caeg (right column). Solid green, red,
dark-orange and dark-blue curves: the "complex-averaged" magnitude, the phase, the in-phase and the
quadrature part of the heterodyne signal, respectively and for measurements shown in each column. The
faint colored counterparts correspond to the individual traces. The duration of initial state preparation,
the control loop and the LIA settling are indicated as cyan, yellow and gray shaded regions, respectively.
For this measurement, we used the same membrane modes and the control parameters that tune it to
the same EP, as in Figs. F.1-F.7, 7.4-7.10 and 7.21.

We note that each ringdown measurement is subject to “complex averaging” as
detailed in Sec. D.1.1. In general, we acquire 70-80 individual copies of ringdown mea-
surements for the initial state preparation step, 50-500 individual copies for the control
loop traversal step, 50 individual copies for spectroscopy at £ P, step and ~30 individual
bare ringdowns, which are then subject to complex averaging and subsequent analysis.
An exemplary illustration of this procedure is shown in Figs. F.7 and F.8 for state vector
measurement and Fig. F.9 for corresponding spectroscopy at EP,. For each datapoint
corresponding to a measurement of B4e.(7"), all three types of ringdowns are performed

including the bare ringdowns to keep track of bare membrane parameters over time. Prior
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Figure F.9: Complex averaging for spectroscopy at EP,. First column: first half of the mea-
surements that determine Agp and R at EP,. Second column: second half of the measurements
that determine Agp and R at EP,. For first and second columns, dark gray curves: a schematic of
the driving force applied to the membrane near (3,3) and (5,2) membrane modes, respectively, which is
switched off at ¢t = —Tyait. Twait = 2 ms is a programmed delay used in these measurements; Second
to fifth rows in both columns shows the magnitude, the phase, the in-phase and the quadrature part
of the heterodyne signal near (3,3) membrane mode as red curves and (5,2) membrane mode as gray
curves, respectively. The faint colored counterparts correspond to the individual traces. The duration
of the LIA settling is indicated as the gray shaded region. For this measurement, we used the same
membrane modes and the control parameters that tune it to the same EP; as in Figs. F.1-F.8, 7.4-7.10
and 7.21.

to each ringdown measurement, the control parameters are tapped, software stabilized

and re-tapped as described in Sec. 4.6.2.3.

F.3.2 Fitting ringdowns for state vector estimation

Fitting ringdowns that correspond to state vector measurements is a straightforward
affair. This simplicity is provided by our measurement protocol as described in Sec. 7.1

and above.
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In presence of the auxiliary laser tone, a state vector ' evolves via:

T = —iHy,Z (F.34)
T A 0 x

O I ! (F.35)
jfg 0 )\pt,2 i)

where in the second step we expanded out the vectors and the matrix. For all measure-
ments reported in this chapter we use an auxiliary laser! with constant power P, and
detuning from cavity resonance A;. Consequently the corresponding complex eigenval-
ues {Apt,1, Apt,2} are constants given by DBA effect via Eq. (2.77) and the photothermal
effect (Sec. 4.4.3.1). As a result {zy,x2} is simply given by:

T (t) =T (to)eiw\pt’l (t—to)

wa(t) = ws(to)eHre2l=t0) (F.36)

where x;(ty) is the constant complex amplitude of the i*" component of the state at the
instant ¢ = ty. For our purposes, t, = 0: corresponds to the initial state vector and

to = T corresponds to the final state vector.

As detailed in Sec. D.2, the above motional amplitude is transduced into an electrical

signal and measured by the lock-in amplifier at two demodulation frequencies w°d ~ w%o)

and wiod ~ wéo), with the being signal low-pass filtered with a bandwidth BW <«

|w§0) - wéo)\. The corresponding demodulated (complex-valued) signals are given by:

m(t) =W ()\pt’l,WinOd) (ozlscl (t())eii/\pt’l(tito))
‘/Q(t) =W ()\pt72,w310d) (Oégl’g(to)e_ikptg(t_to)) (F37)
respectively, where a is motion to electrical signal transduction factor and W (\,w) =

(1 +i(Re(N\) — w)TBw )™ is the low-pass filter function for a signal at frequency Re(\)

that is demodulated by a local oscillator, oscillating at frequency w with a low-pass filter

For all measurements in this chapter, the value of Api/2m ~ -0.5 MHz, and the corresponding Py is
such that the intracavity optical amplitude is constant for —tgyive — 1 < t < tpag-
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whose order, bandwidth and time-constant are given by n, BW and 7gy, respectively.
Additionally, the LIA has a settling time 7y (corresponding to the 99% settling time),
that depends on n and 7. To accommodate this, we exclude from any fits the data
in an interval Ty.e after the start of a ringdown. Ty.10 is explicitly shown as light-gray

region in Figs. 7.4 and 7.5.

The signals V1 2(¢) in Eq. (F.37) are fit to:

Vi(t) = by + W()\pt,l,w?wd) (Al (to)e—z‘/\pt,l(t—to))

Va(t) = by + W (g2, w5 ) (Aa(to)e we2710)) (F.38)

respectively, with {b;, A\pt:, A;} with ¢ € {1,2} are the six complex-valued parameters,
which denote the heterodyne signal’'s background, the system’s eigenvalues in presence
of the auxiliary tone, and the amplitudes of decaying exponentials, respectively. For the
initial state preparation case with to = 0, {b;, \pt.i, A;} with ¢ € {1,2} are taken as
complex fit parameters, whereas to obtain the final state vector i.e., for to = T, only
{b;, A;} with ¢ € {1,2} are taken as complex fit parameters. The corresponding A ;
are fixed parameters set by the value obtained by fitting the corresponding initial state
preparation ringdown measurement. We justify this choice of fixing A, ; for the latter
case by noting that (@) for all control paths used in this chapter, A, ; are the same at
the start and at the end, and (b) the two classes of measurements are done in sequence

to mitigate the impact of systematic errors due to temporal drifts.

From the fits that determine the initial and the final states, we obtain:

$1(0> = Al(O)/Oél ) SL’Q(O) = AQ(O)/OQ (F39)

21(T) = A1(T) /oy 5 x2(T) = As(T) /s (F.40)

These amplitudes subsequently get utilized to compare Z(7T") to Z(0), as detailed in Sec.
7.1.4. Figs. 7.4 and 7.5 illustrate the fits to the ringdown data corresponding to initial

and final state vector measurements
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F.3.3 Ringdown spectroscopy fitting at and around E P,

In this section, we describe our fitting procedure to extract nearly degenerate eigenvalues
and state vector amplitudes proportional to nearly degenerate eigenvectors at and around

EP,, from ringdown measurements.

F.3.3.1 |Initial setup
Our procedure utilizes two key facts:
(i) We can only approach an EP, with a finite precision and accuracy.

(ii) Any matrix whether degenerate and defective or non-degenerate and non-defective,
can be Schur decomposed (Sec. F.2.2.1), and the Schur decomposed form varies

smoothly with parameters (Sec. F.2.2.2).

Using (i), we can always in-principle diagonalize the dynamical matrix H that governs

the system as Hp = S;'HSp and explicitly

A 0
Hp=|"" (F.41)
0 M
and we chose
1 vye?
Sp = - (F.42)
vie” " 1

where (1,v1e7)T and (v, 1)T are the two eigenvectors of H, which in turn is taken to
be of the form given by Eq. (F.15), i.e., the “simple” control loop parameterization. Here

(v1,v9) € C and @ is real-valued. Re-expressing H as H = SpHpSHY, and explicitly

1 A —vvhs —ePuy( Ay — A0)

H=——
1— V1V2 €_i9U1<)\+ — )\,) —’U1U2)\+ + A

(F.43)

which becomes crucial for the next steps.

Now applying Schur decomposition on H in Eq. (F.43), using the unitary U given
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1 1 —v
Ue—__+ 1 (F.44)

VIt [ve® =0 |

the upper triangular Ty = UTHU reads

A — (i4v2)(Ar—A-)
Ty = v (F.45)
0 A

and we identify the upper right entry as

p=— (vi +v2) (A —A) (F.46)

1-— V1V

Substituting p given by Eq. (F.46) in Eq. (F.21), we have

A= R = (A — ) (; _ 1) (F.47)

1-— V1V2 2

and as such, this form of A = R.g is tractable via the ringdown spectroscopy measure-
ments, as shown below. Notice that A by definition, varies smoothly around an E'P,, and
takes the role of R at EP,. As result, the right hand side of Eq. (F.47) is also expected

to vary smoothly at and around EP;.

With this setup in place, we now describe the specific manner in which we perform

and fit such ringdown spectroscopy measurements, below.

F.3.3.2 Measurement and fitting routine

The ringdown spectroscopy measurements are similar to those corresponding to the initial
state preparation in Chapter 5 (Sec. D.2), with the additional fact that the initial state
vector is proportional to (1,0)T or (0,1)T, when expressed in the basis of uncoupled
membrane modes. This is accomplished by turning off all control tones that mediate
coupling between the two chosen membrane modes, and mechanically driving one of them

for programmed time duration until £ = 0. The corresponding procedure for ringdown
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spectroscopy of membrane modes is sketched in Fig. 7.3 (third column) while Fig. 7.6
shows an exemplary ringdown spectroscopy measurement at an E'P,. Its first and second

column corresponds to initial state vector being (1,0)T and (0,1)T, respectively.

At t = 0, all control tone parameters are set to their fixed target values' and are
turned on, while the initial state vector rings down. This ringdown can be represented
as

T Mt 4oy et

#(t) = Sz' (t)Span(t) = (F.48)

,leJre—’LA2+t + .I,G_ZAQ_t

in the lab frame, with zp(t) = (v e ¥+ x_e YT Sp given by Eq. (F.42) and Sk
given by Eq. (2.79). For the two independent state vector initializations, i.e., 7 (0)

(1,0)T and 73 (0) o< (0,1)", we retrieve the following relations:

2 = —leif) (F.49)
and
:Ef) = —vz?, (F.50)

respectively, with ) indicating i*" initialization with i € {1,2}.

The above motion is transduced onto the optical field, converted into an electronic

signal, measured and demodulated by the lock-in amplifier (LIA) at two frequencies,
©

)

mod (0 mod (

0 . .
Wi ~ w; ) and W~ wy ), where w'”) is the bare resonance frequency of i*" membrane

mode. The corresponding demodulated (complex-valued) signals are given by:

Vi(t) = ar (W (Arg, wPzpe ™M+ WA wP ) vga_eM-1)
Va(t) = ag (W (Aoy, wi Doz e ™ 4 W (Mg, wy©)az_e 1) (F.51)
respectively, where o and W (\,w) are defined in Sec. F.3.2. Similar to Sec. F.3.2, the

data within the 99% settling time of the LIA (Tuett1e) interval is excluded from all fits.

Tsettle 1S €xplicitly shown as light-gray region in Figs. 7.6.

1Quick reminder: for spectroscopy measurement we set the beat-note phase 6, = 0.
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Figure F.10: Ringdown spectroscopy of Res. D(P»,d) and Reg(P>,d) (Eq. (F.47)). Left column:
data; middle column: filtered data, black star: experimentally predicted E P» location; right column: fit,
black cross: theoretically predicted EP; location. For this measurement, we used the (3,3) and the (5,3)
membrane modes with fixed control parameters: P; = 30 uW, n/27 = —45 Hz for the red-detuned
laser tones and Py = 33.5 uW, A, /27 = +3.5 MHz for the blue-detuned laser tone.

Using Egs. (F.49) and (F.50), we adapt Eq. (F.51) to encode the two independent
state vector initializations as:
Vl(l)(t) _ 0411’3}) (W(A1+, w{md)e_m”t —W(A_, winOd)’Ulvge_iAl_t)

V(l)(t) = agle&l) (W (Agy, wiod)e ot — W Ay, wiod)e~h21) (F.52)

2

and
V() = a1v2® (=W (Ary, o) e Mt L (A, wiod)em -1

\/2(2) (t) = 042.'17(_2) (—W(A2+, wg"’d)vlvge_m”t + W(As_, wg“)d)e_m?*t) (F.53)
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respectively. Upon further algebraic simplifications, the two sets of heterodyne signals

(Vl(l)(t), Vz(l)(t)> and (1/1(2)(15), ‘/'2(2)(15)) above, are subsequently fit to:

Vl(l)(t) _ A(l) (W(AH_, w]{nod)e—iAHt . W(Al_, winod)ke—iAl,t) + bgl)

VD (8) = CO (W (Agy, wirh)e et — W (A, wiod)e™2-) 10V, (F.54)
and
EALC®) . 4
V() = —cm (=W (Arp, wehe ™M 4 W (A wied)e ™) 4 b

V2 (1) = O® (=W (Agy, Wi ke 2t 4 W (Ay, wiod)e=2-t) b (F.55)

where {bgj),)\i,A(l),C’(l),C@),/{;} with i, 7 € {1,2} are ten complex-valued fit param-
eters. The bgj)s for i,7 € {1,2} encode the heterodyne signal's background, A+ the
eigenvalues. To be clear, Ay appear implicitly in Eq. (F.54) and (F.55) by way of Eq.
(2.82). The parameters { A1) O C®@} denote the common complex amplitude, and
k = vive. Subsequently, the fitted {A;,A\_,k} are used to compute R.g as given in
Eq. (F.47). Fig. F.10 illustrates measured R (P>, d) alongside D(Ps,d). Its agreement
to the theoretically predicted R, also shown in Fig. F.10, is reasonable. Finally, by
performing and ringdown measurements as close as possible to an EP, (Sec.7.1.1) thus

provides Agp and R as given in Egs. (7.3) and (7.4), respectively.

F.4 Estimating the asymptote of Bqes(T)

In this section, we describe the much awaited asymptote analysis of Bueg(T') and B, (T)
that provide estimate for ¢ 4e; and R. Throughout this chapter we have utilized three
distinct variants of asymptote analysis depending on the case under consideration. They

are described below.
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F.4.1 Casel: /R=0

For this case, we consider [Bgee(7" > 27™). T* corresponds to the duration of Cgeg
traversal, for which Baeg(7™) = ¢ deg. For Caeg defined via Yep (Eq.(7.1)) and 612(s)
with 0 < s < 1, we have T" = 05012(5)|max/4R. In the case of “simple” Cyez With
012(s) = 2mns mod 2w, T* = nw/2R.

Subsequently, for Cyey with 27 winding of 612(s), @B deg is estimated as the mean
and standard deviation of both Re(Bueg1(27* < T < Tppq)) and Re(Beg2(27* <
T < Tppq)) taken together. Tpa, denotes the maximum duration of Cye, for which we
acquired data. This exercise is illustrated in Figs. 7.8(d), 7.19(third column), 7.11(a,c-
first column), 7.12 and 7.21(a,b-first row). For the case studied in Sec. 7.2.1 that
corresponds to Cyeg With 2n winding of 612(s), we deployed B4.,(T). Here, ¢p aeq is
estimated as the mean and standard deviation of ¢p deg.1 aNd @5 deg 2, Where @p gegi is
given by the mean and standard deviation of Re(Bdegﬂ-@T* < T < Tppaq)) mod 27. This
is shown in Fig.7.10(a).

To obtain R from measurements involving Cge, With 27 winding of 615(s), we si-
multaneously fit both Im(fBgeg1(27* < T < TDAq)/\/T) and Im(Bgeg 227 < T <
Toaq)/VT) to C + a/T with {C,a} as real-valued fit parameters. R is then reported
as the C?/27m. The result of this analysis is illustrated in Figs. 7.8(d), 7.20(third col-
umn), 7.11(b,c-second column), 7.12 and 7.21(a,b-second row). For the case stud-
ied in Sec. 7.2.1 that involves Cgey with 2nm winding of 615(s), we simultaneously fit
Im(Byeg, (2T < T < Toaq)/VT) and Im (Byeg 2 (2T < T < Toaq)/VT) to the same
function as above. Subsequently, R is given by C?/2nx. This is shown in Fig. 7.10(b,c).

F.4.2 Casell: ZR#0

As described in Sec. 7.2.2.2, data corresponding to this case are analyzed via two distinct
methods. In addition, we redefine 7™ to accommodate the complex value of R as T* =
05012(8)|max/4|R|. This can be thought analogously to the non-degenerate case where

the adiabatic time-scale T,q o< 1/[0A

, where we note the appearance of |.|. For this

entire study, we considered “simple” non-contractible Cge, with 612(s) = 27s and as a
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result 7% = 7/2|R).

The first method utilizes the value of R obtained from spectroscopy measurements
at EP,, denoted as R. We then define Bes(T) = Bacg(T) — V2rRT. ¢ deq is subse-
quently obtained by taking the mean and the standard deviation of both components of

Re(Baeg (2T* < T < Tpaq)). This exercise is illustrated in Figs. 7.14, 7.17 and 7.18.

For the second method we simultaneously fit both components of the complex valued

Baeg(2T* < t < Tpaq) to a + iy/ (b, +ib;)T — 72 as prescribed by Eq. (2.57), with

{a,b,,b;} as real-valued fit parameters. We then estimate ¢ 4o = @ and R = b, + ib;.

Fig. 7.15 illustrates this analysis method.

F.5 Additional views of SSv/TG data

Here we provide additional views of the SSv/T'G data shown in panels (b,c) of Fig.7.28.
For each trace that shows the amplitude of the state vector undergoing SSv/'7'G in Fig.
7.28(b,c), Fig. F.11(b,c) shows the corresponding phase of the state vector undergoing
SSV/TG, respectively. These illustrations provide a some evidence of phase-coherence of
the motion undergoing SSv/T'G, and its loss thereof with increasing duration of control
loops (Ceg,amp,n) that produce SSV/TG. Similar to its SSGG counterpart, SSVTG is a

linear and phase-insensitive process and thereby the phase will diffuse [251-254].
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Figure F.11: Tracking the phase of motion undergoing SSv/'TG. (a) 012(¢) corresponding to
Cp,deg || Cdeg,amp,n- (b) Cyan curves: data corresponding the phase of the state vector initialized as
the least-dissipative eigenvector of H’, as inferred from its first component when traversing Cieg,amp,n
for T'= 88.5 ms corresponding to n € {1, 2, 3, 4, 5, 6, 7, 11, 13, 17}; for T' = 82 ms corresponding to
n = 64; for T'= 93 ms corresponding to n = 6—, respectively. Black curves: fit to ringdown data
(Sec. F.3.2). We note that all panels shown here share the same X and Y axes as the bottom-most
panel. (c) Same as (b) but showing the phase of the state vector initialized as the least-dissipative
eigenvector of H’, as inferred from its second component. We note that all panels shown here share
the same X and Y axes as the bottom-most panel. For this measurement, we used the same membrane
modes and the control parameters that tune it to the same EP; as in Figs. 7.27 and 7.28.
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F.6 System parameters

In this section, we tabulate various parameters that appear the two-mode optomechan-
ical model that describes the experimental two-mode system utilized in this chapter,
as described in Sec. 2.3.2, with the addition of the photothermal effect (Sec. 4.4.3.1).
The values of these parameters are obtained from device controllers (Secs. 4.4.3 and
4.6.1), cavity spectroscopy measurements (Sec. 4.2.3.3) and mechanical spectroscopy
measurements of the bare modes as well as of the coupled modes in and around all the
E P, accessed in this chapter (referred to as multi-tone DBA, see also discussion in Sec.
7.1.1). These values are listed in Table F.1. See also Sec. 4.6.3 for a complimentary study
evaluating the experimental setup’s stability over the same time period during which most

of the data presented in this chapter was acquired.
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Parameter Value Sample size Source

A (nm) 1549.987 1 Laser controller
k/2m (MHz) 2.221 £+ 0.067 21 Multi-tone DBA

€ 0.85 1 Cavity spectroscopy

Kin/K 0.41 1 Cavity spectroscopy
519 /27 (Hz) 2423438 + 8 21 Bare Ringdown
&\ J27 (Hz) 3075815 + 10 21 Bare Ringdown
59 /21 (Hz) 3330590 + 6 11 Bare Ringdown
~§0)/27r (Hz) 43+0.3 21 Bare Ringdown
59 /27 (Hz) 16.5 £ 0.1 21 Bare Ringdown
39 /27 (Hz) 3.58 + 0.06 11 Bare Ringdown
g1/27 (Hz) 4.836 + 0.10 21 Multi-tone DBA
g2/27 (Hz) 4.07 £ 0.09 21 Multi-tone DBA
g3/2m (Hz) 2.63 £+ 0.03 11 Multi-tone DBA
Ay /27 (uHz) 4.49 + 0.16 21 Multi-tone DBA
Ay /27 (uHz) 5.64 £+ 0.31 21 Multi-tone DBA
As /21 (uHz) 456 £ 0.25 11 Multi-tone DBA
Ao/27 (kHz) 53.2 £ 12.8 21 Multi-tone DBA

frequency of the i

the optical cavity and the

th

ith

1" mechanical mode.

Aq;i

mechanical mode (i.e., in the absence of any optomechanical effects). #
bare energy damping rate of the i*® mechanical mode. g;: the optomechanical coupling rate between
the photothermal coupling rate between the

Table F.1: System parameters. \: the laser wavelength. x: the optical cavity linewidth. e: the

~(0)

cavity-mode-matching efficiency. ki,: the optical cavity input coupling rate. @, ': the bare resonance
(0).
. the

q

optical cavity and the i*" mechanical mode. Ay: detuning offset of the control tones from the optical
cavity resonance(see Sec. 4.4.3 and 4.6.1). For bare resonance frequencies (w(®)), energy damping rates
(7)), optomechanical coupling rates (g) and photothermal coupling rates (A), the subscript denotes
the mechanical mode: 1—(3,3), 2—(5,2), 3—(5,3). Each value is reported as the mean =+ one standard
deviation in the second column, over the sample size indicated in the third column. The source of these
parameter values are indicated in the fourth column.
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